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Abstract

In this paper we study the classical Lie symmetries method for a two-dimensional partial differential
equation (PDE) which is called the Thermal Expulsion Equation, and we obtained reductions to an ordinary
differential equation of a second order (ODE) called principal (ODE). Then we analyzed some problems of
the Thermal Expulsion Equation when it is invariant to the stretching group to derive an approximate
solution of the Expulsion Equation corresponding to impulsive boundary conditions, when these conditions

are clamped and a slowly varying happens in them with respect to time again.
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Introduction

Symmetry analysis plays an important
rule in the theory of Differential Equation
[1-3]. Finding a general solution for most
of the Partial Differential Equations
(PDEs) of science and engineering is too
difficult. Instead, we are usually satisfied
to find particular solutions defined by
specific initial and boundary conditions. If
the PDE is invariant to a group of
transformation, then among its solutions
will be some of their own images under
transformation. These invariant solutions
are generally easier to be calculate than
the others; oftenly they may be calculated
by solving an Ordinary Differential
Equation (ODE). Original symmetry
method for reducing the order of (ODEs)
and the number of independent variables
for both linear and non-linear(PDE).
Probably the most useful point
transformation of the (PDEs) is those,
which form a continuous Lie point
symmetry group (the classical Lie point
symmetry method). The method for
determining the symmetry group of
differential equation is straightforward

and described in several books as in [1- 5]
and many papers like [3,6-15] Let
FitTEt), ., 1, Tuly,T2) =0, a<z
<b t>0 (1)

be partial differential equation in one
dependent variable T and two independent
variables z and t ,and let T =0(z,t) be
solution of eq.(1) ,then

T*=T*(T,z,t;8)

F*=g*(T,2,1,€) (2)

r=t*(T,2.1;8)

be the one parameter (g) transformation
group to the variables 7, z and 7, then the
infinitesimal transformation to this group is
2% =z +e &zt T) + OE") (3)
t*-t+e1(zt,T) +OE")

T* T +en(ztT) + OFE)

If the eq.(1) is invariant under eq .(2), the
infinitesimal transformation of eq.(1) is
V=&z+t0t+ndT (4)

Where &1 ,7 are functions of z,4,7. These
coefficients can be determined from the

0
invariant condition & ‘é; + T-é; +=1 )
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the general solution to eq.(5) can be found
by solving the characteristic equations

i _dt_dl o

s T 7
the general solution contains two constant,
the first independent variable x(z?) is
called similarity variable and the second is
dependent variable f{x) , i.e. the similarity
solutionis @) = F (z,1f(x))
And by substituting this similarity solution
in eq.(1), then the original PDE is reduced
to ODE by variables x and f{x).
If eq. (1) invariance under a one-
parameter stretching group in [4-6]

T*=3°T %=}t | z*=Az, (7)
where 1 is the group parameter that labels
the individual transformation , @ and f are
parameters connected by a linear relation
Ma+ NB=L (8)

where M, N, L are fixed constants
determined by the structure of a particular
PDE. Thus only one of the family
parameters o and $ can be chosen
independently, as we see the values of a

and B in particular problems are
determined by the boundary and initial
conditions. Then the characteristic
equations are

ok _d

7= - SR ¢ 1

And by solving three independent integrals
of eq. (9) we obtain

x=z/1"% y ) =1/1"*

Tey=0"% y) , x=z/"%  (10)

If eq.(10) is substituted into eq.(1l) , an
ordinary differential equation for y must
result because y is function of only one
argument namel x =z / 1" the convenient
name for this ODE is the principal
differential equation because similarity
solution can be found by solving the
related ODE rather than PDE it self .

Now in this paper we are discussing the
classical Lie point symmetries of a two-
dimensional Thermal Expulsion equation,

TT,=T. (11)
which arises in the theory of expulsion of
compressible fluid from a long tube where
T is the temperature, z one-dimension and
¢ is the time in the semi — infinite pipe [5];
Also we are using the invariant of this
Expulsion Thermal equation under the one
- parameter stretching group which
provides reduction to an ordinary
differential equation of the a second order,
then we analyzed some problems of the
Expulsion Equation using similarity
solution, when the boundary conditions
are clamped and when they have a slowly
varying to derive an approximate solution
of the Expulsion equation corresponding
to impulsive boundary condition.

2- The Thermal Expulsion Equation
2.1- Classical Point Symmetries of
Expulsion Equation

We consider the one parameter (€) Lie
point transformation of (z,47) in given in
eq.(3) then
T*«=T,+¢e[n.], T*»=Tite[n],
T*z"'z* =Tzt¢€ [7722] (12)

Its straightforward to establish from
eqs.(10) the following relations in [8].[13]

[nJ=n+(nr-t)Tr & o=t TP & T. T,
(13)

[772]3 772+(?77' ’fz) Tz "Tth~ 5T T22 -1r Tz Tt

(14)
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(1=

nzz + (2;]zT - §zz)Tz - TzzTi + (77[ - 252)

TZZ - sz;z =& (777"'1' - 2@2']‘)7‘22 -

fﬂT; = T“T,sz =35 T, 1, 1T, -2r,T.T,

(15)
The eq. (11) is the

infinitesimal transformation in eq. (3)

invariant to

provided that the following conditions are

satisfied:

V=Ez+10t+n0T
BT ¥, =T% ., (16)

Substituting the formulas in egs.(12) into
eq.(16) and replacing T *,.,T*....
wherever occurs ,

(T +en+O@EONT, +en, +O(")) =

T, +é&n,, +O0(e")
Yields to the equation Tn, +T,p =1,

Now Substituting the formulas in
eqs.(13,14,15) in the above equation we
are left with a polynomial equation
involving the various derivatives of T
whose coefficients are certain derivatives
of & tand 1 only depend on zt and T, we
can equate the individual coefficients to
zero ,leading to the complete set of
determining equations ~which shown in
table (1) :
by solving set of determining equation we
obtain
E=gztey,; T=6¢, u=0
The vector fields span where ci are
arbitrary constants then the symmetry
algebra of the expulsion equation ~ v;= &
L, vi=20z, Vv3=0z

2.2- Invariant of the Thermal Expulsion
Equation under Stretching Group
If the PDE in eq . (11) in [8] invariant
under the family in eq.
(HwithM =1, N=-1,L=-2 ie. a
e ff =2
And if we substituting eq (10) into eq.
(11). We will first obtain the partial
derivatives,

~1

i

a 5 = 1 J
T =24 yx)+tf(——zt? )y
"B B

£

Then T, =1t* M,XSZI“UQ
B
. dy
YT &
a -l a-l
and T =tPtPyp=tPfp, Tuz=1%"
g
/B 3 where ¥ =Y
Y y e

By substituting these partial derivatives in
eq(11),we obtain

By +txyy-ay=20 a7

this equation is the principal (ODE). Now
1- when o = - 172, B = 3/2 in [5], the eq.
(12) becomes '

39 +xy =0
This equation can easily be integrated and
we get

y=6/(x*+c*) ,wherec is the constant of
the integratio

2- The boundary and initial conditions; in

[51, 7]
TO0=1,t0, T(@,)=0 ; T
0)=0, 0<z<co

which correspond to clamp temperature
problem.The condition T (0,t) = 1 requires
0.= 0, B = 2, then the eq. (12) becomes

2y +xyy=0 (18)
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Table (1): The Set of Determining Equations of Symmetries of Expulsion

olatlon g 3505 o 4S

Equation

coefficient | variable of the term coefficient | variable of the term
ne= 0 T 777“2§z:0 Tzz

Ny =4 = 0 TT[ =21 220 th

& =0 TT, ner-2er=0 | T

7 =) T - 17,7=0 T L

érT =0 TTt Tz fTTZO Tz3

n+1,=0 T; =0 T, T,

r/zz:o I '3€T:0 Tszz

2 N (fzz':o I, ‘TTZO T} 1z

With the boundary condition y (0) = 1, y
(o) =0
and the similarity solution has the form T
@0 =yx), x=z/t"
when 7(0,2) = F(t) , where F(t) is a slowly
varying function of time ,we try the
solution of the form T(z,t) = F(t) y(x) , x
=z/p) (19)
where y(x) is the function determined by
eq. (18) that satisfies the boundary
conditions y(0)=1 and y()=0, and P(t) is
a function yet to be determined , now since
d T°
dt( 5=
if we integrate eq.(11 ) with respect to z
from zero to infinity ,we will find
® 2

L1 —:C-—dz =-T.(0,0)

dt; 2 :

if we substitute eq. (19) in to eq.(20), we
will find

(20)

42y p(0) [Pd] = 2O
Gl 0P [Fdd= =5

(21) Now from eq (18) we find that

@ o0 2
A sq® T T _ L
0=2315 + ofxyydx— 25(0) J S

Where the integral J.xy}'»dx (the second
0

equality) is obtained by integration by
parts

we find that j‘( y¥2) dx =2 since y(0) =1
0

, y (c0) =0 of eq.(18)

We find that [(y%2) de =2 since y(0) =1
0

, y (00) =0 of eq.(18)
Thus

;}“Z—(zF%nP(r» - £

P (1)
. if we multiply this equation by P() F°(1)

and  integration  we  will find
-2-—-——————-(F2(t)P(t))2 = lj'F *(s)yds , then
2 0
, 7
{ j F 2 (s)ds ]
PEy = = F(t) gl
F(n)y(0)

Then from eq.(19) 7= (0.9 = =575

(23)
Then by substituting eq. (22)in €q.(23) we
obtain
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LOYH = rsyyo)

; P2
l:j'FB(s)ds}

3- The boundary and initial conditions in
[5]

T, (0)=1T(0,8)=0T(z0=0
Correspond to clamp heat flux problem

requires that o = 1 , B = 3 then the
similaritysolution
1 z
T(z,t)=r’-/’ x), X 8 —
y(x) 7zt

Then the principal (ODE) in eq.(17)
becomes 3 j+xy y -y? =0 (24)
with the boundary condition y (0) =-1, 'y
(0 )=0 Now when the heat flux is a slow
varying function with respecttot 7z (0,1)
=-G(1)

we try the solution of the form 7' (z, 1) = G

Wp®)yE, x=z/p@®) (25
As before we substitute eq. (25) in eq. (20)

d Ty’

2162 nP () [Zax | = Gt 26
dt{ ® ()()j2 ®» @6
By integrating eq.(26)from zero to infinity
and then integrate by parts we find so that

gr[Gz(t)P%t)]z G (1) or

! ]G(s)ds

b4
G 2y 5 }

P(t) = {
and {ﬂ ' ]%
7(0,t) = y(0) u(:)jG(s)ds
0

“] »2) dx =I

3- Discussion

Classical Lie symmetry method is a
new and powerful tool for constructing
reduction for partial differential equation.
If we know a symmetry group for PDE, by
using algebra symmetry of PDE, we can
calculate the similarity solution by solving
the related (ODE) rather than PDE it self.
The substitution of trial solution such as in
eq (19,25) made up of group invariant
reduce the PDE to an ODE, and help us for
reduction the boundary value problem with
PDE to boundary value problem with
(ODE), and to find some information about
T (0,1) using a slow varying in it with
respect to 1.
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