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Abstract
In this paper we study the classical Lie symmetries method for a two'dimensional pa*ial differential

equation (pOd) wUcn is catted the Thermal Eipulsion EqYdr.oll1l. rve obtained reductions to an ordinary

differential equation of a second order (ODE) called priniipal (ODE)'.Then we analyzed some problems of

the Thermal Expulsion Equation wtren it is invariant to ihe stretching group to derive an approximate

solution of the Expulsion dquation corresponding to impulsive boundary conditions, when these conditions

are clamped and a slowly varying happens in them with respect to time again.
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Introduction
Symmetry analysis plays an important
rule in the theory of Differential Equation

[i-3]. Finding a general solution for most

of the Partial Differential Equations
(PDEs) of science and engineering is too
difficult. Instead, we are usually satisfied

to find particular soltrtions defined by
specific initial and boundary conditions. If
the PDE is invariant to a group of
transfonnation, then among its solutions

will be some of their own images under

transformation. These invariant solutions

are generally easier to be calculate than

the others; oftenly they may be calculated

by solving an Ordinary Differential
Equation (ODE). Original symmetry

method for reducing the order of (ODEs)

and the number of independent variables

for both linear and non-linear(PDE).
Probably the most useful Point
transformation of the (PDEs) is those,

which fonn a continuous Lie Point
symmetry group (the classical Lie point
symmetry method). The method for
determining the sYmmetrY group of
differential equation is straightforward

and described in several books as in [1- 5]

and many papers like [3,6-15] Let
F (2, t, T {z,t),Tr,T,,Trt,Tr,,Trr) 

: A, a I z

<b, t>a (1)
be partial differential equation in one

dependent variable T and two independent

variables z and t .and let T =@(z,t) be

solution of eq.(1) ,then
T* =T*(T,z,t;a)
z* = z* (T,z,t;c) (2)

t*=t*{T,z,t;e)
be the one pararneter (e) transformation
group to the variables T, z and I , then the

infinitesimal transformation to this group is

z* - z +t ((z,t,T) + O(€') (3)

t * -t +e r (z,t,T) + O(e')

T* -T + t r1(z,t,Q + O(e2 )
If the eq.(l) is invariant under eq .(2), the

infinitesimal transformation of eq.(1) is

v:ta2+rat+ryaT $)
\\4rere 4,r ,ry are functions of z,t,T. These

coefficients can be determined from the

()O
invariant conditionf En'A+ - ry (5)
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dz elt dT

the general solution to eq.(5) can be found
by solving the characteristic equations

Now in this paper we are discussing the

classical Lie point symmetries of a two-
dimensional Thermal Expulsion equation,

T T1:72' (11)

which arises in the theory of expulsion of
compressible fluid from a long tube where

I is the temperature, z one-dimension and

r is the time in the semi * infinite pipe [5];
Also we are using the invariant of this

Expulsion Thermal equation under the one

- parameter stretching group which
provides reduction to an ordinarY

differential equation ofthe a second order,

then we analyzed some problems of the

Expulsion Equation using similarity
solution, when the boundary conditions
are clamped and when they have a slowly
varying to derive an approximate solution

of the Expulsion equation corresponding

to impulsive boundary condition.

2- The Thermal ExPulsion Equation
2.1- Classical Point Symmetries of
Expulsion Equation
We consider the one parameter (e) Lie

point transformation of (z,t,T) in given in
eq.(3) then
T*r*: Tr+ t frlrJ , T*y: T1+ e [rl,J ,

T*dr* = Trrl e fry*J 02)
Its straightforward to establish from

eqs.(10) the following relations in [8],[13]

[q,J : ry,+ (rtr -t)Tr 4, T,- q T/ - (r T,T,

(1 3)

t qJ : rl,+ ( 4r, -1)7, -t,Tt - * r"2 -q T, T,

(14)

(6)
€rrl

the general solution contains two constant,

the first independent variable x(2,il is
called similarity variable and the second is

dependent vafiablef(x), i.e. the similarity
solutionis @(z,t): F (z,t,f(x))
And by substituting this similarity solution
in eq.(l), then the original PDE is reduced
to ODE by variables x andf(x).
If eq. (1) invariance under a one-

parameter stretching group in [a-6]
T*:i"T , t*:i!t , z*: )"2, {7)
where ,t is the group parameter that labels

the individual transformation , a and fl are

parameters connected by a linear relation
Ma+ Nfr:L (8)
where M, N, L are fixed constants

determined by the structure of a particular
PDE. Thus only one of the familY
parameters 0 and P cafl be chosen

independently, as we see the values of o
and F in particular Problems are

determined by the boundary and initial
conditions. Then the characteristic
equations are

dT 
=dz =d! (9)

dTzpt
And by solving three independent integrals

of eo. (9) we obtain
*:)i/'B .vk):T/to/fr
T (z,t) : f li 'r' 

,*, , x: z / t|/f (10)

If eq.(10) is substituted into eq.(l) , an

ordinary differential equation for y must

result because y is function of only one

argument ou*.i, : z / tt/ fl,the convenient

name for this ODE is the PrinciPal
differential equation because similarity
solution can be found by solving the

related ODE rather than PDE it self .
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I rl,rl:

r7", + (7r7,, - €,,)7, -toT, + (ry, -2€z)

Tr, * t rT,, + (ln. - 2€r.)7"' -

SrrTr' *t,,TtT,2 -3€rTzTzz *TrTtT* -ZT..T,TE

(1 s)

The eq. (11) is invariant to the

infinitesimal transformation in eq. (3)

provided that the following conditions are

satisfied:

V:$z*tAt+r707
If T*T*,*=T*.,., (16)

Substituting the formulas in eqs.(12) into

eq.(16) and replacing T *,*,T * -,.,

wherever occurs ,

(T + er1 + O@\){Tt + sTtt + o(e211 =

Trr+€T7rr+A@2)

Yields to the equation Tq, +7,4 = U *
Now Substituting the formulas in

eqs.(13,14,15) in the above equation we

are left with a polYnomial equation

involving the various derivatives of T

whose coefficients are certain derivatives

of (, t and n only dePend on z,t and T, we

can equate the individual coefficients to
z:ero ,leading to the comPlete set of
determining equations which shown in
table (1) :

by solving set of determining equation we

obtain
(:crz+cr, T:c3, ry:0

The vector flrelds span where ci are

arbitrary constants then the symmetry

algebraof the expulsion equation vt: 0
t, v2: z dz , :yj: 0z

2.2- Invariant of the Thermal Expulsion

Equation under Stretching Gro".P

If the PDE in eq . (11) in [8] invariant

under the familY in eq.

(7) with M: l, N :'1, L : -2 i.e' a

_F:_2
And if we substituting eq (10) into eq'

(11). We will first obtain the partial

derivatives,
d . d 1 -l-l

T. =gtV-'y(x)+ ti eL zt f ' 
),,,- p. r\-a.t - , 

B

Then Tt : t?-t @Y -ri') ,x: z 1-1/f 
'p

.dvv= -:-"dx
a -l d-l

and T, =tVtV j,=tV j,, Tzz : 1tu-

ztrf i,where/ -di
dx

By substituting these partial derivatives in

eq(ll),we obtain

9 y +xy i -G y : 0 (r7)

this equation is the principal (ODE)' Now

1- whln a = - ll2, F = 3lZ in [5], the eq'

(12) becomes
3 y +xYz -0

This equation can easily be integrated and

we get
y:6 l(x, +c2)

the integratio
,where c is the constant of

2- The boundary and initial conditions; m

[s], [7]
i toii= i, t>o; T (* , t) : o ; T(z

,0):0 , 0<.2<ot

which correspond to clamp temperature

problem.The Condition T (0,t) : I requires

u : 0, 9 = 2,then the eq. (12) becomes

2 i +xyi :0 (18)
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Table (1): The Set of Determining Equations of Symmetries of Expulsion
Equation

coefficient variable of the term coefficient variable of the term

71r: 0 T n12L:A ln

?lt -h: 0 TT, -2t ,:A 7,"

t,:0 TT, nn-2rrr:A 7,"

Tr: 0 llt - T.T:A T, T,

tr:0 TTt T, trr:0 7,5

n*t,,:A Tt Trc:0 7,7,,
n :0 I -itr:0 7,7,,
2n,,- (,,:0 T, -Tr:0 T,Tu

@

With the boundary condition y (0) : l, y
(*):o
and the similarity solution has the form T
(z,t):y(x), x:z/l/2
when T(O,t) : F(t), where F(t) is a slowly
varying function of time ,wo try the

solution of the fann T(z,t) : F(t) y(x) , x
:z/p(t) (19)
where y(x) is the function determined by
eq. (18) that satisfies the boundary
conditions y$):1 andy(*):A , and P(t) is
a function yet to be detennined , now since

d ,T',-r,
it'z''-"t
if we integrate eq.(11 ) with respect to z
from zero to infinity,we will find

!-{ar= -?.-(0,/) (20)
dt!2

if we substitute eq. (19) in to eq'(20), we

will find

*rr'oea;!+*r=JoW
(21) Now from eq (18) we find that

-- n, u2
o = 2yll + lxyydx = -2y(o) - J?d.

Where the integrat lWax (the sec'ond

0

equality) is obtained by integration by

parts
6

we find that 
J 

( y'/2) dx :2 since Y(0) : 1

0

, y(*)=0ofeq.(l8)
@

we find that 
J 

( y'/2) dx :2 since Y(o) : 1

0

, y (oo):0 of eq.(l8)
Thus

#eF'(t)P(t)) = #
, if we multiply this equationb1 P(il f $)
and integration we will find

?(F'?(t)P(t))' ='1o,1r;d, , rhen.tJLo

r, l%
I I"'1s;ds I

P(t)=# 122)
F '(t)

Then from eq"(19) T, (0,t) : r(r)i(0)
P(t)

(23)
it 

"n 
UV substituting eq. (22)in eq.(23) we

obtain

rcz
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Tr(0,1): r,(r)i(o)

[i . '1s )ds 1"li J

3- The boundary and initial conditions in

t5l
T, (0,t): l, T (*,0: a, T Q,0):0

Correspond to clamp heat flux problem

requires that a : 1, F : 3 then the

similaritysolution
l,/ Z

T ( z,t) = t " Y (x), x = --17
t"3

Then the principal (ODE) in eq.(17)

becomes 3 y+xy i -Y' :A Q4)
with the boundary condition i (0) :-1, y

(* )= 0 Now when the heat flux is a slow

varying function with respect to t Tz (0,t)
: -G(t)
we try the solution of the form I (2, t) : G

(t) p (t) y {x), x : z / P (r) (25)
As before we substitute eq. (25) in eq. (20)

,l- q 2 I

*lo'(r)P'o) I+* | = o(,) (26)
dtl 6/ l
By integrating eq.(26)from zero to infinity
and then integrate by parts we find so that

' (t) P' (r) ]= G U) or

P(t1 = [t+io 1';a' )'

I rt'tu dx:1
0

3- Diseussion

Classical Lie sYmmetry method is a

new and powerful tool for constructing

reduction for partial differential equation'

If we know a sYmmetry group for PDE, bY

using algebra symmetry of PDF, we can

calculate the similarity solution by solving

the related (ODE) rather than PDE it self'

The substitution of trial solution such as in

eq (19,25) nrade up of grou-p- invariant

r.O,rt" the PDE to an ODE, and help us for

reduction the boundary value problem with

PDE to boundary value Problem with

(ODE), and to find some information about

f Qj) using a slow varying in it with

respect to t.

i;t'

and r (o,r) = v (0,[o ,,1i' t' ,*)n
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