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Abstract
We present a method for perforrnin g qwantitative onalysis of probabilistic sysierrs with infinite state

spaces: given an initial state srrrr, a ilt F'of final states, and a ritional 0 >0, compute a rational p such that

tr,.prouluullityofreachinge*oms;,xisbetweenandpr$'wepresentanalgorithmworkinginbreadth
firsimanner to perform qfantitative'analysis of infinite state Markov chains, and provide sufficient

conditions for termination of our algorithm'
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processes comrnunicating via channels

which are unbounded and unreliable in
the sense that theY can non-

deterministically lose messages. The

motivation behind these works is that the

probability of by which messages are lost

inside the channels must be taken into

account since we are dealing with
unreliable communication, in spite of
assigning weight to each of the transitions'

In ittit paper, we extend the general

framework of [1,8] from the context of
transition systems to that of Markov

chains (with potentially infinite state

spaces). We consider the quantitative

inalysis problem: given an initial state

siri,, a set F of final states, and a rational

0>0 (corresponding to the precision of the

analysis), compute a rational p such that

the probability of reaching F from s;2i1 is

between p and p+6. To solve the above

problem, we have designed an algorithm

l.Introduction
The extension of the applicability of
Model-checking to infinite state systems

has become zur interesting challenge. In

[1] a general framework is presented for
verification of infinite state transition
systems based on the assumption that the

transition relation is monotanic with
respect to a well-quasi ordering an the set

of states (confi gurations).
Recently, several attempts have been

made for model ehecking of infinite state

systems with probabilistic behaviour. The
presence of probabilistio behaviour in
sotrne systerns is due to the weights

defined for the transitions that are sources

for the dynamics of the system. Such

weights cause the Presence of
probabilities of occurring configurations
next to a specified one. The works inl2'7)
consider prababilistic lossy channel

systems: systems consisting of finite state

ffi
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based on a simple procedure presented in
t6] that constructs a reachability tree
starting from slrx in a breadth-first manner.
The main contribution of this paper is to
provide sufficient conditions under which
the algorithm is guaranteed to terminate.
These conditions are:

" The Markov chain is finitely spanning,
i.e there is a natural number,K such that, if
a state s2 is reachable from a state sr, then
s2 is reachable from sr within K steps.
. The Markov chain is coarse, i.e, there is
a rational o,>0 such that each enabled
transition leads to a probability of change
which is at least u.
Next, we relax the soarseness condition
and consider those Markov chains which
are almost coorse:
the probability of reaching a node
violating the coarseness condition from
the initial state s;,x before reaching a

closed node is less than 0. We show that
our algorithrn still terminates in case the
Markov chain is almost coarse.
Related Work The works in [3-5,7] all
consider probabilistic lossy channel
systems. However, these papers only
consider qualitative analysis: is the
probability of reaching F from si111 eQual

to one? t6l Considers quantitative
analysis. However, no arguments are

given for proving termination of the
algorithrn. Recently, Rabinovich has

presented an algorithm in [2] for solving
the quantitative analysis problem for
probabilistic lossy channel systems. The
algorithm solves both reachability and
repeated reachability (in repeated
reachability we compute the probability
by which the set of final states is visited
infinitely often). The algorithm of [2] is
different from the one we present in this
paper. Furthermore, it can not be extended

to other classes of infinite state Markov

chains such as probabilistic Petri nets. I''or
instance, it relies on the existence of a
fn.jte attractor in the Markov chain. An
attractor is a set of states which is
reachable from each state in the Markov
chain with probabilify which is equal to

one. In the case of probabilistic lossy

channel system, the set of states with
empty channels form a finite attractor.
However, in the case of probabilistic Petri
net, finite attractors fail to exist, and

therefore the algorithm of 121 is trot

applicable. On the other hand, our
algorithm, based on a simple breadth-first
procedure is much more
intuitive than the one presented in [2]. Our
algorithm does not rely on the notions of
attractors or even strongly connected

components as is the case with all existing

decidability proofs (known to us) of
infinite state Markov ehains' In fact, we

regard showing that a smali number of
simple conditions are sufficient to

guarantee the termination of the breadth-

first algorithm as one of the main

contributions of this paper.

2. Markov Chains
Definition l. A Markov ckain M is an

ordered pair (S,P) where S rs a

(potentially infinite) set of states and P is
a mappingfrom SxS io the set of rational
numbers in the interval [0,]J such that

L,P(t,s'):/Vs eS.

A Markov chain induces a transition
system (S, -"+) where the transition
relation -+ is given by s1--s, if and only if
P (sr, s2)>0. In this manner, concepts

defined for transition systems can also be

lifted to Markov chains. In the following
we give a number of definitions which are

concepts related to transition systems and

thus to Markov chains.
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Definition 2. Let (S,n) be a transition
system, and F be a set of final states af S,

for se S, we de.fine distance dist(s) of s to

be the minimum natural number k such

that F is reachable from s within k steps,

i.e there is a sequenc€ s6, s7, ..., ssaf states

with s:so, sks F and si --+ ,ri+r for i: 0S

i<k, denoted by s-k F, In case $ F*, we

define dist(s) :a.
Definition 3. A transition system (5, *+) is
said to be ffictive if the followirtg two

conditions are satisJied

- Post is computa&/e V se S.

- Reachability is decidable in S.

Definition 4. A transition system (5,--+) is

said to be of span K if Jbr each se S, we

have dist(s)S K or dist(s):x. Moreover,

we say thqt a transition system is finitely
spanning if it is o{span K.

Definition 5. We say that a transition
systern is monatonic (with respect to a
prearder 9 l.F is upward closed, and,

s/-+ s2 and stl ss imply tlzat there is s,l

with sj+ st and sz*t"

In [9], the following theorem is shown,

which gives sufficient conditions for a

transition system to be finitely spanning.

Theorem 1. If a transition systern is
monotonic and well-qwasi ordered then it
is finitely spanning

Definition 6. Let (5,*) be a transition
system, a computation r (from ss) af S is

an infinite sequence of states

sa s/, .... We use t(i) to denote si.

Let F be a set of'final states, we use (s p0

F) to denote the set

{lrlru(0):s and ! i. n (i) e F}

and we use (s I q1 eefore Q2) for Qr, Q:
g S to denote the set

{xln (0)=s and I j.n ff) e Qr and V icj
n (i) c Qz)
A state s is said to be of coarseness u if V
s' e S, P(s,s')>O implies that P(s,s') >- a'

A Markov chain M:(5, P) is said to be of
coarseness o ifeach s e S is ofcoarseness

a, and we say that M is coarse if M is of
coarseness a fclr some a >0. Notice that if
M is coarse then the underlying transition

system is finitely branching that is fol3nV
siate s in the system the set post(s) is

finite, however the converse is not

necessarily true.
A Markov chain (S,P) induces a natural

measure on the set of comPutations

starting frorn any state s € S' In the

following we recall some basic notions

from measure theorY [10].

Definition 7z A o-olgebra I over a set Q

is a subset of the set of all subsets of Q (i'e

/ is a subsit af the power set of 0) such

that the following three conditions hold:

-Qe A
- for any A eA, A' el (A" is the

complement oJ A)
-forA,BeA,AuBeA

Definition 8: A measurable space is a
pair (Q,l) eonsisting of a non empty set
-A 

and a o-algebra A of its subsets that qre

called measuYable sets.

Definition 9: A probability measure

defined on a measurable space (Q,A) is a

mapping Prob: A -+ [0,U suclt that
pri\{a):l and is countably additive, that

is, for anY A,B e L,

Prab ( A u B ) :Pro6 (A) + Prob (B)'

83



(JZS)lournal af Zankoy Sulaimani, September2006' 9(1) Part A
A ,#r, (t)1 .$q r"1 ,L*rt;t* 'srtb,PtiF

Definition lU A probabilistic space is a

triple {Q,l,Prob) where (Q'l) is a

measurable sqace and Prob is a

probabitity tneasure defined on (CI,/)'

Consider a state s in a Markov chain

M:(S,P). On the sets of computations that

start at s, The probabilistic sPace

(Q,l,Proby4) is defined as follows:
g is the set of all infinite sequences of
states starting from s, I is the o-algebra

generated by the basic cylindric sets D,
io, .u..y , . sS*, and the ProbabilitY
measure Probrw is defined bY

Probu @,): n P$i,si*il where
0,...,n-l

U:56,51,,..,5n.

3 Quantitative AnalYsis
We shall consider the following problem

for Markov chains which is the main goal

of this paper in hand:

Quantitative AnalYsis
Instance: A Markov chain M:(S,P), a

state s;rx e S, a set F of final states, and a

rational0 >0.

Task: Compute a rational p such that p (
Prob4a(sinil FO fJ < p *g
In other words, given a state sinil &t7d d

rational 0, compute a rational p such that

the probability of reaching F from s;411 lies

between P and P+e' The idea of the

procedure presented in [6] is the same as

the one we give here, but there has not

been presented any condition for

termination.We use Ye! (M,sini) to denote

the value of the variable I'es after the

algorithm has explored the reachability

tree up to depth7 (i.e any element (s,r) in

store is such that sinit -b s), when the

aigorithm is run on Markov chain M with
initial state s,7x. We define Nd (lll,sin1) in a

similar manner.

Algorithm - Quantitative Analysis

Input
An effective Markov chain M:(S,P), a
state s;rr € ,S, a set of final states F, and a

positive rational 0.

0utput
a raiional p such that the probability of

reaching F from s;n1 is greater than or

equal to p and less or equal to P+0'

Variables
Yes, No:Q (Qis the set of all rational

numbers)
storei with elements in S*0 initially

empty
begin
1. add (s,,r,l) to the end of store

2. repeat

3. remove (s,r) from store

4. if se Fthen Ytt':fss*r

S.else if se .F* then $o;:No*r

6. else

7. for each s'e Post(s)

8. add (s',r*P(s,s')) to the end of store

9. until Yes+No> l-0

10. return(Ies)
end

4 Correctness and Termination
In this section, we Prove that the

quantitative analysis algorithm terminates

in .urc the Markov chain M is coarse and

finitely spanning, so the quantitative

analysis pioblem is solvable for effective'

,o*r. and finitelY sPanning Markov

chains.
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,- Lemma 1. The quantitative analysis
algorithm terminates in case M is coarse
andfinitely spanning.
Proaf,, Let K be the span of l|[, and a its
coars€ness. So any state s from which F is
reachable (i.e s4 F*) satisfi.es dist(s)SK,
so from any such state, F is reachable
wiih probabitity at least aK. Hence the set

of paths avoiding Fv F* forever has

measure 0.so Probu(s,r,, F 0 Fu F*):1.
Therefore limi**(Ye! +Nd):l. Hence we

can reach a point where fss+NoZ l'0 for
some positive rational 0 wltich guarantees
the termination af the algorithm.

Lemma 2. If the quantitative analysis
algorithm terminates at depth j tken
Y;! (M,s,n,)SProbw(si,* t Orys Ye!
(M,s;ri)+0
Proof, The variable Yes is the surnmatian
of the probabilities of those which will get
inta F eventually, so at depth i sorne paths
muy not hsve reached F, sa it is straight

forward thot Ye{ (M,sini) lProbu6i,;r

FOfi ,So ,s Nd(M,sinil, which is the

summation of the probabilities af those

computations that will never reach F, thst
is Nd (M,s,n,) SProbm(sin,, F f-A-sfouD,
From the inequality Ye!+Nd sl we

From the above two lemmas we can state

the following theorem

Theorem 2. The quantitative analysis
problem is decidable for effictive, coarse
and finitely spanning Markov chains.

5. Almost Coarse Markov Chaius
Lel M:(S,P) be a Markov chain, and iet
ae Q.We define Bad(M,a) to be the set:

lsiIsi?<P(s,s')<a)

In other words, the states in Bad(M,u) arc

those which violate the ooarseness

condition.
Recall that Fx:FuF*' Let a,ate Q with a
>0. We define Coarse(M, a,a) to be the

set:

lsi the probability of st fl*i Bqfore

Bad(M,a) is greater than or equal ta l-a$

Definition tt. Let M be s Markov chain

with the initial stGts sinit, we say that M is
almost coarse fram sx,i1 d and only if for
any oJ)0, 3 a>0 such that

siniteCoarse(M,a,o).
We show that the quantitative analysis

algorithm still terminates in case M is

finitely spanning and I o,>0 and rrl<0 such

that qaj, E Coarse(M,a,a) "

The existence of u and rrr guarantee the

termination of the quantitative analysis

algorithm by making little changes in the

code, replacing line 5 in the code by the

following two lines:

5a. else if se ,F*,n.n Yr-:No+r

5b. else if se Bad(M,a) then B':B+r

and replac.ing line 9 bY:

Which concludes the following theorem

Theorem 3. The quantitative analysis

problem is decidable for ffictive, finitely
spanning and almost coarse Markav

chains.
6. Probabilistic Petri Nets

We define a variant of Petri nets where

each transition is assigned a weight

defined by a natural number.

notice that
Probps(s;nx I OfSsf Probpl(s;ni1 F 9. until Yes+No+BZl+a-0
F*Beforefi. It follows that Ye{ S
prii*(r,,,iF ory 

= 
t-Nd Lemma 3. The quantitative analysis

The rcsuli follows from the fact that algorithm terminates in case M is fi'nitely
Yel+Nd> \-e *"hun the algorithm spanning and syil scoarse(M,a,a) for
terminates. sotne a, and u <0'
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Definition 12. The S+uple (P, T, I, O, w)

where (P, T, I, O) is a Pe{ri net and
w :T*+li is a function from
the set of transitions lo the set of natural
numbers (i.e assigning to each transition
a weight) is said to be probsbilistic Peffi
net.

The following demonstrates how to

construct Markov chain from probabilistic
Petri nets:
Let X be the set of all possible markings
of the probabilistic Petri net R-(P, T, I, O,

w). for each peXdefine:
enabled(p) :{ t : t is an enabled transition
at p]"
We define p:f,xX__r[0,1] by:

Z*Q)
P(pl,p2)= a\P*Pz::-. if lteT

L*Q')
t'eenabled\pl)

6(Pr,t): Fz, and 0 otherwise.

Note that 6 is the next state function of the
Petri net (P, T, I, O).Now it is easy to
show that (X, P) is a Markov chain which
we prove as following:
The summation in the numerator is a part

of that in the denominator, so P(pr, l"tz) is
always between 0 and 1 which is the first
condition of Markov chain. For the second

condition consider a marking p with the

set of its successors post(p), now adding

all the probabilities F(!r,p') V It'€
post(p) will result in a fraction with equal

numerator and denominator. In the
following we prove the sufficient
conditions for the termination of the
quantitative analysis algorithm for
probabilistic Petri nets.

Theorem 4. The Mat kov chain indueed by

a probabilistic Petri net is bath coarse

andfinitely spanning
Regarding the condition of being finitely
spanning, it follows directly from the

monotonicrf of the wqo( on markings

and the assumption that the set of final
states is upward closed. Regarding the

condition of coarsenesslet B:min{ w(t) | t
e $, and let:

p
"-;n'1r I

l'

Now it is obvious that P(p,tr1')> u V ti
and p', because the smallest positive value

which the numerator takes is the minimum
weight among all the weights assigned to

the transitions, and the greatest value

which the denominator attains is the

summation of the weights of all the

transitions. Depending on the above

theorem we deduce that the quantitative

analysis problem is solvable for

probabilistic Petri nets.

T.Probabilistic Lossy Channel Systems

A Probabilistic lossy channel system {, is
the tuple (S,C,M,T,L,w) where (S,C,M,T)

is an LCS, ), e [0,1], and w is a maPPing

from T to the set of positive natural

numbers, in the following we derive the

Markov chain induced bY the above

model:
First we compute probabilities of reaching

states through loss of messages. For

x,ye M*, we define # (x,Y) tobe
the number of different ways by which we

can delete symbols in word y in order to

obtain x. also define:
P{x,Y):#(x,il |W'#r 0- A)#.

Also for wl, w2 (mappings from the set of
channels to M*) define

P1(,x,1,w2)=fl Pr(wi(c),w2(c))
ceC

We take Pr((sr,wt),(sz,wz))= P1(w1,w2) if
s1=S2 &fld 0 otherwise, define

w(s,w): Z*tt)
teenahled(s,w)

P1((s1,w1;, (s2,w2),r)=if t((s1,w1)"x)

undefined then 0

(w (x) /ut (s 1, w fi . P {t((u,w 1 ) "r), 
(s2,w2))

is
else
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and the probability function is defined as

following:
P((s1,w1),(sr,*r))= 

E
P;((s1,w1),(sz,wz)J)
Where the surnmation runs over all the t's

in the system. The function t that has

taken (sr,wr) as argunlent is defined in [7]
After we have shown how the
probabilistic lossy channel system can

intluce Markov chain. We can state that

the quantitative analysis problem is
solvable for probabilistic lossy channel

systems due to almost coarseness of
probabilistic lossy channel system which
we will state in the following.

Theorem 5. For an initial state sin;1 and
rtslA, 3 a >0 suck that sirte
Coarse({VI,u,a) where M is the Markov
chain induced by a prababilistic lassy

channel system.

In the following, we describe the main

ingredients for the proof. For any i* ft,

where S ir rh. set of natural numbers, let
S;:{s I #s:j}. The proof relies on the

following two properties:
- Since each message inside a channel
may be lost with a fixed probability )'
during each step, the probability of losing
messages increases with the size of the

state. Starting from a state s e S,,,, for some

t{€ bl, the probability that we reach a

state s'€ iy'' with ly''> .If decreases

exponentially with .I{. This means that
starting frorn any state, a computation
tends to visit states with smail sizes before

reaching a state with a large size. In fact,

starting from a state se S,11 for some

Me b{, the probability of reaching an

initial state before reaching a state in ,9,v

can be made arbitrarily close to one bv
increasing the value of /f.

The above proPertY imPlies that a

computation with a high probability will
return to the set of initial states

"many times" before reaching a state with
a large size .

- Let K be the sPan of rH. We know that

for each initial state sir;l, either spl; e F" or

sinit is at distance (at most) K from F*'
Therefore, there is positive pe p such that

any computation starting from s;r;1 will
visit Fx before visiting Sr with a

probability which is at least p. This means

that each time a computation returns to an

initial state, the probability of reaching F*
before reaching a large state (with size

greater than K) is bounded below.

Together, the two properties imply that

starting from an initial state, we can make

the probability of reaching F* before ,S7g

arbitrarily large by increasing the value of
N. This gives the result, since wo can now

define fl to be the smallest Positive
rational such that there are states s, s'with
se S where

S = U Si and P(s, s')=a
0<i<N

The following lemma shows the first
property, namely for a state se .S14, we can

make the probability of reaching an initial
before S7g arbitrarily close to one by

increasing the value of M

Lemma 4. Consider MeS, s€ Su, and

aeg with ot > 0. There ls cm 1/ €H

such that Probu(sF So psfue-Sr)> l-rtt
Proaf. I{e cansider an abstraction of M
(figure t.) which is a Markov chain

M;(51,P7), where S,s:{0,1,2,...} and P1

is defined as Jbllows:
- P/i,i+l):v; for i > A, where vt is the

largest rational such that there is a state

se Siwith

I P(s,s'):vi
.r'eSiuSr+l

In other words, vi is the largest

probability by wltich, if we start from a
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state in Si, tlten we do not decrease the
size in the next step.

- P1(i,i-1):pi: I- vifor i > 0.

- PA(ij):0 otherwise.
Intuitively, a state i in Me represents an
abstraction of the set S;in M. The claim of
the lemma fotlows from tlte foltowing two
properties af M1:
- For natural numbers MfMz<Ms and
se Srra we have
Probpl(s I Sy1 Betqre Sul>Probp11(M2 |
Mt Before Ms)
In other wards, the Markov chain M,t
tends ta move to tke left less than M. This

follows immediately from the definition of
Ma. I'here is an N such that
ProbTyls(tr{ | 0 Ae.fore N) >- I- ra

To show this, cansider s e Si. We know
that the probability af not decreasing the
size of the channel is at rnost
(t J,)" t + 1i+ t1 ), ( t -))i
We know tltat for larger values of i, the
ratio pt/v; gels arbitrarily large. We let L
be the least index for which iZ L implies
p/vi > 2. In fi lJ it is shown that

Zpi
Probrwe(tt t O s_fusN):#-

Z,P'
l*0

wlzere
i

Tlrtt
Pl= ,

T7,i
j=1

We natice thatfcr i > L, we have pi 2y

i; r ,,.

L

fr$
l=l

where pt = r

T7,j
J=l

We conclude that by choosing N to be

sufficiently lorge, the value of Zp can
i=1.

be made arbitrarily large, i.e we can get

Prohae(M I O Ae.{ore N ) arbitrarily close

to one.

Proof of Theorem 5. Let p be a positive
rational such that, for each initial state s,

there is a sequence,s6,J7,...,$7, where
l-l

0 < I < X, p sfr, P(si, si* ), s:sp, 8I1d s7

a=0

eF*
The rational p exists since K is the span of
M. Notiee that si # ^Sr 

for i: 0< i < I , and

that p is a lower bou:rd on the measure of
computations that originate from an initial
state and reach,[* before reaching Ss.

We consider four sets of states, namely

fl*, Sa ,Sr and,STy where Ne H and /D-K.
Consider an initial state sE,So, the state s

satisfi es the foloowing properties:
- Proby f, F0 (F*v Sv)):l: a

computation that starts tiorn s and does

not visit Sr, it will visit F* by probability
one by similar reasoning to lemma 4.

- Prabpa(sF f* a*efue Sx)> p: follows

from definition of p.
- Prabnr(sl SN Aefore S/ :0: since N>K.
Let v be a rational s"ct, ttrat Probv$l So

Before Sd > v for each s e ,Ss' Such a v
exists, since Sr is finite and since for each

state s E ,Sr, 6 F S, Before S6J holds rvith

non-zero probability. This means that each

s e ,Sr satisfies the following properties:
- Probu(s I olso v Sil):1
- Probpl$l ,So Before Sv)2v: bY

definition of v.

2"

: .. , "S;71 : \ld
i .'; l : "'rI$

. t::,:. .,!,t 1.aiX:;;i.!4.!,:.-.:::ii lti

Fig. 1. The Markov chain Ma
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From the properties stated above, we
define a new abstract Markov chain
shown in Figure 2. Mp:(Ss,P6), where
,Ss:{0,1,2,3\. Intuitively, the states 0,I,2,
and 3 represent the abstractions ofthe sets

F*, ,Sa Sr, and S,r,, respectively. The
probability function Pr is defined by the
labels on the arcs shown in the figure.
Frorn the properties of So and Sr described
above, it follows immediately that for
each se 56

Probam(lt o Bnfor, 3)< Prab*rfsF r*
Bq{ore Sfl
From the definition of Mt it is
straightforward to verify that

ProbMs(t I A Aeforq 3) =
(1- v)(1-p)

By lemma 4, and the definition of v, we
can choose ffto make v arbitrarily close to
one. In particular we can choose,M
sufficiently large such that:

>I- at(r-v)(r- tt)
We can now define a to be the smallest
positive rational such that there are states
s, s'with
r. U Sr and P(s, s')='0,

0sr<N

t,,,..

Fig.2. Simplified Markov chain Mb

S.Conclusion.
We have presented a methodology for
solving the quantitative analysis problem
for a class of infrnite state Markov ehains.

The method is based on a simple breadth-
first procedure presented in t6] giving
sufficient conditions to guarantee the

termination of the procedure. In this
paper, we have considered two classes

namely probabilistic Petri nets and

probabilistic lossy channel systems. We

have coneluded that the quantitative
analysis is decidable fbr both models by
proving that the Markov chains induced
by these two,models satisfy the conditions
for termination.
There are two interesting directions for
future research.
- The extension of the method concluded
in this work in order to carry out the
quantitative analysis of liveness properties

rather than safety properties.
- In this rvork, rve have concluded the
decidability of quantitative analysis of
probabilistic lossy channel systems, while
in 141 the decidability of qualitative
analysis is concluded for it. On the other
hand, we have defined a probabilistic
version of Petri nets and concluded the

decidability of quantitative analysis for it.
The remaining challenge is to conclude

the decidability or undecidability of the
quaiitative analysis for probabilistic Petri
nets.
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