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Abstract: 

Energetic ion irradiation induce surface nano-scale patterns formation, ripple or wavelike 

pattern is one of the surface morphologies. Analytical solution of the BH continuum equation, using 

MATLAB applied on Si target, well-defined ripple structure were observed as a function of 

different parameters such as angle of ion incidence, ion energy, ion flux, ion species, and thermal 

diffusion coefficient 
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Introduction: 

Sputtering is the removal of material 

from the surface of solids through the impact 

of energetic particles [1]. The sputtering 

phenomenon, which is caused by the target 

surface by particle bombardment, was first 

noted by Gtrove in a dc gas discharge tube in 

1852 [2]. The evolution of the surface 

morphology during ion sputtering is a complex 

phenomenon involving roughening and 

smoothing processes. 

Depending on the properties of the substrates 

that eroded and the erosion conditions, it is 

even able to create some surprisingly ordered 

submicron/nanoscale features like dots [3] 

holes [4] nanowires [5] and ripples on the 

surface [6]. It is belived that ripples are 

produced as a result of the interplay between a 

roughening process caused by the erosion 

(sputtering) of the surface by ion energy 

dissipation at the subsurface region, and a 

smoothing process by thermal or ion induced 

diffusion driven by reducing surface energy. 

[7]  

Several theoretical models has set to 

explain the evolution of the topography under 

ion sputtering. A particularly successful model 

has been proposed by Bradley and Harper 

(BH) [8] they proposed a linear continuum 

equation by combining Sigmund's model of 

ion-beam erosion with diffusion theory. 

However, certain experimentally observed 

features, such as the saturation of the ripple 

amplitude and the appearance of kinetic 

roughening, are not predicted by the linear BH 

theory [9]. Initially the BH equation was 

extended to a non-linear equation [10], and 

then it was modified to an equation of the 

Kuramoto-Shivashinsky (KS) type [11] and to 

the anisotropic KS equation [12]. Finally by 

coupling KS equation with hydrodynamic 

model it was possible to reproduce pattern 

coarsening [13]. It is mandatory to mention 

that all the models are rooted in the famous 

Sigmund theory of sputtering [14] established 
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9 years after the first experiment of the ripple 

formation. Sigmund theory assumes that the 

local erosion rate is proportional to the 

intersection of the surface with a three-

dimensional Gaussian distribution of energy 

deposited by a collision cascade [15]. 

      Generally, ripples are typically oriented 

perpendicular to the incident ion beam 

projection in the surface plane for small angles 

of incidence (relative to the surface normal), 

whereas for large angles the observed ripple is 

rotated by 90ᵒ [16]. The variation of ripple 

wave length with ion energy [17], ion species 

[18], flux [19], thermal diffusion coefficient 

[20] have been reported. 

 

Bradley and Harper Model (BH model) 

A. Theory of Ripple Formation 

The ion sputtering with low and medium 

energy and off-normal incident ion produce a 

self-organized process at the irradiated surface 

which leads to the formation of wavelike or 

ripple structures in the submicron range.  

In 1988, based on the  Sigmund theory of 

sputtering, Bradley and Harper (BH) proposed 

a linear continuum equation to explain the 

main features of ripple formation on 

amorphous materials under ion bombardment 

[8]. The curvature dependence of the erosion 

rate produces an instability of the surface 

against periodic disturbances that causes an 

amplification of the initial roughness spectrum 

[21], i.e. the amplification of a surface 

modification is due to the difference between 

the local sputtering yields, higher at the bottom 

of the valleys, lower at top of the hills [22].  

The linear continuum equation, BH  model, 

describes the surface topography evolution 

combines the curvature dependent sputtering 

with surface smoothing via thermally activated 

surface diffusion: 

  

                                                  (1) 

where  is the height of the surface according 

to the average height,  is the erosion velocity 

of a flat surface,  is the velocity of the 

perturbed surface,  is the ion flux,  is the 

average depth of energy deposition,  is the 

number of atoms per unit volume in the 

amorphous solid,  is the effective surface 

tension coefficient in  and  directions,  is 

defined as the spatial coordinate parallel to the 

projected direction of the ion beam on the 

plane of average surface orientation and  is 

the coordinate within this plane normal to . 

The first term on the right hand side of 

equation (1) represents the erosion rate of the 

flat surface, the second one the lateral 

movement of the structures on the surface, the 

third term represents the curvature dependent 

sputtering and the last term the surface 

diffusion.  is the thermally diffusion 

coefficient (in the case of the thermally 

activated diffusion), and  and  are the 

coefficients that describe geometrical 

distribution of the deposited energy  [8]. 

And the thermally activated diffusion 

coefficient is given by: 

                                          (2) 

where  is the surface self-diffusivity,  is the 

surface free energy per unit area,  is the areal 

density of diffusing (surface) atom,  is the 

Boltzmann constant and   is the absolute 

temperature. 

BH equation can be rewrite with Makeev 

expression as [12]:  

                                                     

(3) 
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Here,  is the erosion velocity of the planar or 

flat surface. This term does not affect the 

ripple features, such as ripple wavelength and 

ripple amplitude. The coefficient  contributes 

only to the velocity of the ripples along the  

direction (i.e. it causes a lateral movement of 

the structures), leaving unaffected the  

component of the ripple velocity. Thus, as 

expected,  for normal incidence ( ). 

 does not affect the ripple characteristics also. 

 and  are the effective surface tension 

produced by the erosion process, dependent on 

the ions incidence angle, , they are the origin 

of the instability responsible for ripple 

formation Consequently, they play a 

particularly important role in determining the 

surface morphology. The sign and the 

magnitude of  and  determine both the 

wavelength and the orientation of the ripples 

[12].  

B.  Ripple Orientation and Wavelength 

In BH continuum equation  the ripples 

orientation is determined by the coefficient  

or  having minimum values [8]. It is 

observed that  has negative or positive value 

depending on the incidence angle, while  is 

always negative. At normal incidence, 

where , ripple orientation is not 

observed; depressions or hills may evolve, 

probably as a result of the waves with different 

directions. At off-normal incidence and up to 

the critical angle  , it is observed that 

, thus the ripples are perpendicular to 

the ion beam projection on the surface. For 

larger incidence angles, where the 

ripples are parallel to the ion beam direction. 

 
 

Fig. (1) Dependence of the ripple orientation 

on the ion incidence angle, ; (a) orientation 

for small   and (b) orientation for an angle 

close to .  

 

Any perturbation of the planar surface at t = 0 

can be written as a superposition of periodic 

height modulations. For a short time each of 

the contributors (in the 1
st
 four contributors of 

equation 1) contributes to  

independently. The exponential growth of the 

height  of the ripple structure may be 

assume as: 

                                    (4)            

putting this equation in equation (1), angular 

frequency  and the growth parameter  (with 

real values of , ,  and  ) become: 

                                  (5)                                                      

                     (6)                  

Where  is the incident ion energy and  is 

the wave numbers in the direction of x and y. 

Generally, the growth parameter takes the 

form: 

     (7)                                  

where , the wave 

vector  observed exponentially is that 
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which has the largest value of  and gives the 

ripple wavelength as: 

      (8)                                     

According to equations (2) and (8), at high 

temperatures and low fluxes the wavelength 

varies as ( ), 

where  is the Boltzmann's constant,  is the 

substrate temperature and  is the activation 

energy for surface self-diffusion. and 

                                              (9)                    

In the BH model, the redeposition and 

reflection are not taken into account. Thus, the 

model is valid only for small amplitude 

features and incidence angles smaller than that 

for which the sputter yield is maximal. In 

general BH model successfully predict some 

experimental observations such as ripples 

orientation, as well as the exponential growth 

of the amplitude at short times [23]. 

 

Analytical solution of ripple orientation and 

wavelength according to BH model 

To show the induced ripples pattern due to the 

ion irradiation on the Si surface and their 

wavelengths dependence on some parameters, 

equations (4-6, 8) are used in the analytical 

solution by MATLAB program for BH 

continuum equation, but in Makaeev et al. 

expression [12]. The general solution of 

equation (3) used in the analytical solution: 

           (10) 

here 

                                          (11) 

and 

(12) 

The wavelength of the induced ripples given 

by: 

                                   (13)  

Where  is surface height at zero time,  is 

the ripple wavelength in the  or  directions. 

By changing the incident angle, ion flux, ion 

energy, and ion species, the magnitude of 

( ) will be changed, consequently the 

wavelength of ripples that induced on the solid 

surface will be changed. 

 

Result and Discussion  

A.  Incident angle 

Fig.2 Shows analytical solution for 

surface height using BH equation of silicon 

bombarded with Ar
+
 ion at incident angles (a) 

55
o 
and (b) 85

o 
off-normal.. 

 
Fig.(2) Surface height of silicon bombarded by 

Ar
+
 ion with energy 250eV, flux=3.2*10

16
/cm

2
 

s, arbitrary thermal diffusion coefficient (B)=1 

nm
4
/s, and incident angle 55

o
 (a) and 85

o
 (b).  

 

Analytical solution shows that the orientation  

of  the created ripples or wave-like pattern of 

the surface is  depending on the incident angle 

of incoming ions with respect to surface 

normal, the wave vector of ripples with 

wavelength is aligned parallel to the projection 

of the ion beam for angle of 55
o
 off-normal on 

the irradiated surface. By further increasing of 

the incident angle to 85
o
 off-normal, the ripples 

rotation have been observed.  

For oblique  angle, less penteration and higher 

sputtering have been oberved which indicate 

that the upper layers near the surface  

participate in surface evolution and the driving 

force of the redeposit atoms along the ion 

beam direction increased and the ripple follow 

the ion beam projection, but for angles less 



 
Journal of Zankoy Sulaimani- Part A (JZS-A), 2014, 16 (1) 

 A طؤظارى زانكؤى سليمَانى بةشى

 

 33 

than  critical for example at  55
o
, the sputtering 

yield is smaller and the penetration is higher 

which induce the redistribution of the target 

atoms which defected and perturbuted due ion 

bombarding at the same time the driving force 

of the redeposited atoms on the surface has less 

range of motion. The cooperation between 

both effects could produce wave motion of the 

surface atoms normal to the ion beam 

projection.  

These results are similar to the experimental 

results of Charbel Said Madi [24], as well as to 

results of the  silicon surface irradiated at room 

temperature by 250eV Ar
+
 ion at various 

incidence angle. Notably, at incidence angle 

55
o
 off-normal parallel mode ripples and angle 

85
o
 perpendicular mode ripples wave vector 

appeared with the ion beam projection.  

 

B. Ion Flux 

The ripple pattern, in particular its 

wavelength,  depends also on the ion flux, , 

i.e., the number of incoming ions per area and 

time units. The ripple wavelength is very 

sensitive to parameters such as ion flux and 

temperture. These dependences mainly 

originate from both the relaxation process and 

concentration of the mobile defects on the 

surface. 

Erlebacher, et al [19], for silicon surface 

bombarded by 0.75keV Argon ion at 67.5
o
 to 

normal in the 500-600
o
C range, they reported 

that the ripple wavelength was decrease with 

ion flux, as . Also a decrease of the 

ripple wavelength was reported for silicon 

surface irradiated by 1keV O2
+
 beam at 

incident angle of 52
o
, where in this case the 

quantitative dependent was not addresed [25].  

Analytical solution for BH equation for the 

imaginary part of surface height of silicon 

bombarded by Ar
+
 ion with energy (2keV) at 

incident angle of 67.5
o
, shows the ripple 

wavelength inversly dependence on the flux, as 

shown in Fig.3.  

 

Fig.

3 Surface height of silicon bombarded by Ar
+
 

ion with energy 2keV, arbitrary thermal 

diffusion coefficient (B)=0.1 nm
4
/s , incident 

angle 67.5
o
, and flux (a) 1*10

16
/cm

2
.s, (b) 

1*10
17

/cm
2
.s,  and (b) 1*10

18
/cm

2
.s.  

C.  Ion species 

Different ion species can induce various 

morphology on targets of the same material 

and the wavelength of the  wavelike pattern 

that form on the target surface for different ion 

species. Fig.4 shows the analytical solution of 

BH model for ripple formation on silicon 

surface irradiated by different ions (He, Ne, 

Ar, Kr, and Xe) with 8 keV at an incidence 

angle of 60
o
. It shows that the ripple 

wavelength is small for heavier incident ion 

(Xe) than that of the lighter ion (He). 

 

Fig. 

4 Surface height of silicon bombarded by ions 

(a) He (b) Ne (c) Ar (d) Kr and (e) Xe with 

energy 8keV, arbitrary thermal diffusion 

coefficient (B)=10 nm
4
/s, incident angle 60

o
, 

and flux 1*10
18

/cm
2
.s.  

The same behavior was found by Ziberi et 

al [26], for Si irradiated with Ar
+
, Kr

+
, and Xe

+
 

ions at incident angle 15
o
 with ion energy 500-
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2000eV range. Bhattacharjee, et al [18], 

concluded that the ripple wavelength varies 

inversely with the mass of the incident ions, 

for Si target bombarded at an incidence angle 

of 60
o
 with 8keV He

+
, N

+
, O

+
, and Ar

+
 ions. 

 

D. Ion Energy 

The ion energy is an adjustable parameter 

of central importance in quantifying the ripple 

formation of various substrates [6]. 

Figure (5) shows the effect of different 

incident ion energies (250, 750, & 1200) eV of 

Ar
+
 ion by an incident angle 60

o
, on Silicon 

surface, the result indicate that the ripple 

wavelength decrease with increasing incident 

ion energy. Similar trend have been observed 

by Brown [27], when they investigated the ion 

beam erosion-induced ripple formation on Si 

surface that irradiated by Ar
+
 ion at incidence 

angle of 60
o
 from the surface normal, 

temperature 990 K and fluence 7.2x10
19

 

ions/cm
2
. The ripple wavelength decreased 

from 740 nm to 350 nm with an increase in ion 

energy from 0.25 keV to 1.2 keV following a 

nearly inverse square dependence on ion 

energy in Bradley Harper theory.  

 

Fig.(5) Surface height of silicon bombarded by 

Ar
+
 ion with flux 7.2*10

18
 /cm

2
.s, arbitrary 

thermal diffusion coefficient (B)= 100 nm
4
/s, 

incident angle 60
o
, and incident  ion energy (a) 

250 eV , (b) 750 eV, and (c) 1200 eV. 

        In contract, some research groups 

observed a linear energy dependece of the 

ripple wave length; for silicon surface by Ar
+
 

bombardment at 60
o
 incident angle in the ion 

energy range 50-140keV [7]. Also for silicon 

surface irradiated with Ar
+
, Kr

+
, and Xe

+
 ions 

at angle 15
o
 in the energy range 400-2000eV 

[26]. These inconsistent in the results can be 

attributed to the thermal diffusion, if thermally 

activated surface diffusion is the dominant 

process for surface smoothing, the wavelength 

dependence on energy of bombardment is 

given by . On the other hand in the 

absence of thermal diffusion, ion-induced  

effective surface diffusion becomes 

dominating contributor in thermal diffusion 

coefficient and it expected the energy 

dependence as  [17]. 

 

E.  Thermal diffusion coefficient 

The wavelength is found to increase with 

diffusivity as discussed by Bradley and Harper 

[8]. Bradley and Harper suggest, based upon a 

linear instability theory that the dominant 

wavelength should scale according to equation 

(1). 

In our simulation we reprted that the 

wavelength increases by increasing thermal 

surface diffusion coefficient as shown in Fig. 

6.  

 
Fig.(6) Surface height of silicon bombarded by 

Ar
+
 ion with energy 500eV, flux 2.87x10

16
 

/cm
2
.s at incidence angle of 15

o
, and arbitrary 

thermal diffusion coefficient, B, (a) 0.01 nm
4
/s, 

(b) 0.1 nm
4
/s, and (c) 1 nm

4
/s.  

      Similar result is found by Das [20], for 

different thermal diffusion coefficient (2*10
-48

, 

2*10
-47

, and 2*10
-46

 m
4
/s) at angle 15

o
 and 

fluence 2.87*10
17

 ions/cm
2
 of argon ion that 

irradiated Silicon.  

 

Conclusion 
Analytical solution of Si surface 

modification by different ions based on the BH 

model shows the variance of wavelength of 

produced ripples or wavelike pattern with 



 
Journal of Zankoy Sulaimani- Part A (JZS-A), 2014, 16 (1) 

 A طؤظارى زانكؤى سليمَانى بةشى

 

 35 

incident angle, incident ion energy and flux, 

ion spesies and thermal diffusion coefficient.  

The ripples on the silicon target surface that 

irradiated by Ar
+
 ion oriented with incident 

angle, it is perpendicular or parallel to the ion 

beam projection on the target surface at an 

angles of 55
o
 and 85

o
, respectively. The ripple 

wavelength decreases with increasing ion flux 

and ion energy.  

Ion species affect on the wavelength of the 

ripple induced on the silicon surface. The 

wavelength is small for heavier incident ion 

(Xe) than that of the lighter ion (He). Finally, 

the thermal diffusion coefficient, B, affected       

on the ripple wavelength, as B increase λ 

increased. 
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