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1. Introduction

In [4] Kelley was first introduced the concept of bitopological spaces, where two topologies 7;and t, are
defined on a nonempty set X. Throughout this paper, (X, t4,T,) is a bitopological space, and for any subset A
of X, i — Int(A) and i — CI(A) denote, respectively, the interior and closure of A with respect to the topology
T; on X. However, to avoid cumbersome expressions, let i and j refer to the first and second topologies on X,
respectively.

A subset A of a space (X, ) is called semi-open [3], (resp., regular open [1]) if A < Cl(Int(A)) (resp.,
A = Int(CI(A))). The complement of a semi-open (resp., regular open) set is said to semi-closed (resp.,
regular closed). The intersection of all semi — closed sets of X containing A is called semi — closure of A [8].

Carnahan D.A. in [9], introduced the concept of R — map and Dontchev J. and Noiri T. in [7], gave
definition of contra semi — continuous functions. Alias B. K. et al in [10], defined

(i,j) — Sc — continuity. These definitions will be mentioned in the preliminaries section. Here, in this article
a new type of continuity pursued, which is contra (i,j) — S — continutity.

2. Preliminaries

We give the following definition and results which are used in next sections.

Definition 2.1 [2]: A topological space X is said to be T; — space, if to each pair of distinct points x,y of X,
there exist a pair of open sets, one containing x but not y and the other containing y but not x.
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Definition 2.2 [5]: A subset A of a bitopological space (X, T, T,) is said to be (i,j) —Sc — open, if A isj —
semi — open and for all x € A, there exist ani — closed setF such thatx € F € A. A subsetB of X is
called (i,j) — Sc — closed if and only if B¢ is (i,j) — Sc — open. The family of (i,j) — Sc — open (resp.,
(i,j) — S¢ — closed) subset of X is denoted by (i,j) — ScO(X) (resp., (i,j) — ScC(X)).

Definition 2.3 [6]: The set N {U € 7: S < U} is called the kernel of S and it is denoted by Ker(S).

Definition 2.4 [5]: If A is a subset of a bitopological space (X, t;,t,), then the (i,j) — S¢ —interior ((i,j) —
ScInt(4)), (i,j) — Sc — closure (i, j) — ScCI(A)), and (i, j) — ScBd(A) are defined as:

1- (i,j) — ScInt(A) =U {U: U € A, U € (i,j) — ScOX)}.
2- (i,)) = ScCl(A) =N {F:AS F,X—F € (i,j) — ScO(X)}.
3- (i,j) = ScBd(A) = [(i,j) — ScCI(A)] — [(i,j) — ScInt(A)].

Definition 2.5 [2]: A space X is regular if for each x € X and each open set G containing x, there exists an
open set H such thatx € H € CI(H) € G.

Definition 2.6 [9]: A function f:X — Y is called R — map, if the inverse image of each regular open subset
of Y is regular open in X.

Definition 2.7 [2]: A space X is said to be Urysohn, if for each two distinct points x,y in X, there exist two
opensets U,V suchthatx € U,y € V,y ¢ Uandx ¢ Vand CI(U) n CI(V) = @.

Definition 2.8 [7]: A function f:X — Y is called contra-semi continuous, if the preimage of every open
subset of Y is semi-closed in X.

Lemma 2.9 [6]: The following properties hold for subsets U, V of a space X:

1) x € ker(U) if and only if U N F # @, for any closed subset F containing x.
2) U € ker(U) and U = ker(U), if U is open set.

3) If U € V, then ker(U) < ker(V).

Lemma 2.10 [5]: Let (X, 74, 7,) be a bitopological space. If (X, t;) is T; — space, then

(i,)) = ScO(X) = j — SO(X).

Theorem 2.11 [5]: Let X;, X, be two bitopological spaces. If A € (i,j)S:0(X;) and B € (i,j) — Sc0(X3).
Then A X B € (i,j) — Sc0(X; X X3).

Theorem 2.12 [5]: LetY be a subspace of a bitopological space (X,7,,7,) andA Y, ifA € (i.j)S;0(Y)
andY € i — RO(X) nj—RO(X),thenA4 € (i,j) — Sc0(X).

Definition 2.13 [10]: A function f: (X, t4,7,) — (Y, 01, 07) is called (i,j) — S¢c — continuous at a pointx €
X, if for eachj — open V of Y containing f(x), there exists an (i,j) — Sc — open set U of X containing x such
that f(U) c V.

If fis (i,j) — Sc — continuous at every point x of X, then it is called (i, j) — S¢ — continuous.

3. Contra (i,j) — S¢ — continuous

Definition 3.1: A function f: (X, 74, 7,) = (Y, 01,03) is said to be Contra (i,j) — S¢c — continuous, if the
inverse image of every j — open set of Y is (i,j) — S — closed set in X.
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Contra (i,j) — Sc — continuous is clearly j — contra semi — Continuous. However, the converse does
not hold in general, to see this consider the following example:

Example 3.2 LetX ={a,b,c,d}, 7, = {0,{b},{c},{b,c}, X}, 1, = {®,{a},{a, b}, X} and
Y={xyzw}o ={0{y},Y} o, ={0,{x}, Y}

Let f: (X,74,75) = (Y, 04, 0,) be a function defined by; f(a) = w, f(b) = x = f(d),

f(c) =z.Then f isj— Contra semi — continuous function, but is not Contra (i,j) — Sc — continuous,
Since f ' ({x}) = {b,d} & (i,j) — ScC(X).

Corollary 3.3: A function f: (X,t4,7,) = (Y,0y,0,) is said to be Contra (i,j) — Sc — continuous, if the
inverse image of every j — closed set of Y is (i, j) — S — open setin X.

Theorem 3.4: For a function f: (X, 14, 7,) = (Y, 04, 0,), the following statements are equivalent:
1) f is Contra (i,j) — Sc — continuous.

2) The inverse image of every j — closed set of Y is (i,j) — S — open setin X.

3) For each x € X and each j — closed set B in Y with f(x) € B, there exists an

(i,j) —Sc —open set A in X such that x € A and f(A) € B.

4) f((G,)) — ScCl(A)) < j — ker(f(A)), for every subset A of X.

5) (i,J)) — ScCU(f~1(A)) € f~2(j — ker(A)), for every subset A of Y.

Proof:

1= 3: Letx € X and B be j — closed set in Y with f(x) € B. By(1), it follows that

fFTAY-B)=X—f"Y(B) is(i,j)—Sc— closed set inX, sof~1(B) is(i,j) —Sc— open set inX.
Take A = f~1(B), we obtainx € A and f(A4) € B.

3 = 2: Let B bej — closed set inY withx € f~1(B). Since f(x) € B, by(3), there exists an (i,j) — S¢ —
open set A in X containing x such that f(4) < B. It follows that

x € A C f~Y(B). Therefore, f~1(B) is (i,j) — Sc — open setin X.
2 = 1: Follows from Corollary 3.3.

2 = 4: Let A be any subset of X and lety & j — ker(f(4)). Then by Lemma 2.9 there exists j — closed
set F containing y such that f(A) N F = @. Hence, An f~1(F) = @, since f~(F) is (i,j) — Sc — open,
then (i,/) — ScCL(A) N f~H(F) = 0. So, f((i,j) — ScCL(A))NF =@ and hencey & f((i,)) — ScCL(A)).
Thus

F((0)) = ScCl(A) € j — ker(f(A)).

4 = 5: Let B be any subset of Y. Then by(4), f ((i,j) - SCCl(f‘l(B))) C j — ker(B) and hence, (i,j) —
ScCl(f~X(B)) € f71(j — ker(B)).

5= 1:Let B be any j — open setinY. Then by(5), (i,j) — ScCL(f~*(B)) < f~*(j — ker(B)).

177



JZS (2015) 17-2 (Part-A)

By Lemma 2.9 f~1(j — ker(B)) = f~1(B), so

(L)) = ScCU(f*(B)) < f1(B) and f1(B) € (i, /) — ScCL(f 71 (B)) always.

Therefore, (i,j) — ScCL(f~*(B)) = f~*(B). We obtain f~*(B) is an (i,j) — S¢ — closed in X.
Thus, f is contra (i, j) — S¢ — continuous.

Proposition 3.5: If a function f: (X,t;,7,) = (Y,01,0;) is contra (i,j) — S¢ — continuous and (Y, g;) is
regular, then f is (i, j) — S — continuous.

Proof:

Let x be any point in X andV be any j —open set of Y containing f(x). Since (Y,a]-) is regular, so there
exists j —open setG inY containing f(x) such thatj—cl(G) € V. Sincef is contra (i,j)—S; —
continuous, so by Theorem 3.4 there exists an (i, j) — S — open set U of X containing x such that f(U) <
j—Cl(G) € V.Hence f(U) < V. Therefore f is (i,j) — S — continuous.

In the following result, shows that (i,j) — S, — continuous need not be Contra (i,j)—S; —
continuous:

Example 3.6: LetX ={a,b,c,d}, 1, ={0,{b},{c},{b,c}, X}, 1, = {0,{a},{a, b}, X} and
Y = {x, }’: Z, W}, 01 = {@, {y}; Y}, 0-2 = {Q' {X}, Y}

Let f: (X,74,75) = (Y, 04, 0,) be a function defined by f(a) = f(b) = f(d) = x,and f(c) = z
Then f is (i,j) — S¢ — continuous but not contra (i, j) — S — continuous, since
f1{xh) ={a,b,d} & (i,)) — ScC(X).

Proposition 3.7: If (X, ;) isT; — space, then the function f: (X, t4,1,) = (Y, 0y,0,) is contra (i,j) — S¢ —
continuous if and only if it is j — contra semi — continuous.

Proof: Follows from Lemma 2.10.

Proposition 3.8: If a function f:(X,tq,72) = ([1Y%,01,0,) is contra (i,j) —S;— continuous,
then g, of: (X,74,7,) = (Yy, 04,0,) is contra (i,j) — S — continuous, for each k € I, where g, is the j —
projection of [ Y, onto Y;,.

Proof: Let V, be any j — open set in Y, . Since gy, is j — continuous, so gi *(V}) is j — open in [ Y. Since f
is contra (i,j) — Sc — continuous, so f~* (g,;l(Vk)) = (grof) (V) is

(i,j) — Sc — closed set in X. Therefore g, of is contra (i, j) — S — continuous, for each k € I.

Proposition 3.9: If a function f:(X,74,7,) = (Y,04,0,) is contra (i,j)—S;— continuous and
g: Y,01,05) = (Z,n1,1m2) isj — R — map, then gof is contra (i, j) — S — continuous.

Proof: Let V be any j — regular open set in Z. Since g is j — R — map, so g~ (V) is j — regular open set in Y
and since every regular open set is open set, so g~1(V) is j — open set inY. Since f is contra (i,j) — Sc —
continuous, so (gof)~*(V) = f~*(g7*(V)) is(i,j) — Sc — closed set inX. Therefore, gof is contra
(i,j) — S¢ — continuous.
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Proposition 3.10: Let f: (X, t4,72) = (Y, 04, 0,) be a function. Then f is not contra (i, j) — S — continuous
atx € X if and only if x isan (i,j) — S; — boundary point of the inverse image of aj — closed set in Y
which containing f (x).

Proof: If Part: Suppose that f is not contra (i,j) — S — continuous at x € X. Then there exists j — closed
setF inY such thatf(U)n (Y —F) =+ @, for every(i,j) —Sc— open setU inX, implies thatU n
f~Y(Y — F) # @, therefore we have,

x € (i,)) = ScCUf~(Y = F)) = (i,)) — ScCl(X — f~1(F)). However, sincex € f~1(F), sox € (i,)) —
ScCU(f~1(F)). Therefore, x € (i,j) — S¢Bd(f 1 (F)).

Only if part: Suppose that x € (i,j) — SCBd(f‘l(F)), for some j — closed set F of Y. Now, let f is contra
(i,j) — S¢ — continuous at x. Then by Theorem 3.4, there exists an

(i,j) — S¢ — open set U of X such that f(U) € F. Therefore, x € U € f~1(F) and hence

x € (i,j) — ScInt(f~2(F)), sox & (i,j) — ScCl(X — f~1(F)), and hence ,

x & (i,j) — ScBd(f~1(F)), which is contradiction. Therefore f is not contra (i, j) — S — continuous.
Proposition 3.11: Let f: (X, 74, 12) — (Y, 04, 0,) be contra (i, j) — S — continuous. If Y is

j — closed subset of a bitopological space (Z,714,1,), then f: (X, t4,72) = (Z,n4,1n3) is contra (i,j) — S¢ —
continuous.

Proof: LetV be any j — closed setin Z. ThenV nY isj — closed set in Y. Since

f:(X,14,75) = (Y,04,0,) is contra (i,j) —Sc — continuous, so by Corollary 3.3 f~1(V nY) is(i,j) —
Sc —opensetinX, but f(x) €Y, foreachx € X and thus f~*(V) = f~X(V nY) isan (i,j) — Sc — open set
in X. Therefore by Corollary 3.3 f: (X, 14,7,) = (Z,14,1,) is contra (i,j) — S — continuous.

Theorem 3.12: A function f: (X, t4,1,) = (Y, 04, 0,) is contra (i,j) — S — continuous at x € X if and only
if for eachj — closed setV containing f(x), there exists an (i,j) —S; — open setU containing x such
that f(U) c V.

Proof: Follows from Theorem 3.4.

Theorem 3.13: If a function f:(X,14,7,) = (Y,0y,0,) is contra (i,j) — S, — continuous at x, then for
each j —closed set A containing f (x), there exists an i — closed set F such that

F(F) C A,

Proof: LetA be anyj — closed set containing f(x). Since f is contra (i,j) —Sc — continuous, so by
Theorem 3.12 there exists an (i,j) — S; — open set U containing x such that f(U) € A. Since U is (i,j) —
Sc — open set, so for all x € U, there exists an i — closed set F such that

x € F € U, this implies that f(F) < f(U) < A. Hence, f(F) < A.

Theorem 3.14: A function f: (X, 74, 7,) = (Y, 01,0;) is contra (i,j) — S — continuous if and only if f is
j — contra semi — continuous and for each x € X and each j — closed set V of Y containing f (x), there exists
an i — closed set F in X containing x such that f(F) € V.

Proof:
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If part: Letx € X and letV be anyj — closed set of Y containing f(x). Since f is contra (i,j) — Sc —
continuous, so by Theorem 3.4 there exists an (i, j) — Sc — open set U in X containing x such that f(U) <
V. Since U is (i,j) — Sc — open set, then for each x € U, there exists an i — closed set F such that x € F <
U. Therefore, f(F) < V and since f is contra (i, j) — S — continuous, so f is j — contra semi — continuous.

Only if part: LetV be any j — closed set in Y. To show f~(V) is (i,j) — Sc — open setin X.
Since, f is j — contra semi — continuous, then f~1(V) is j — semi — open set in X. Let

x € f~1(V), then f(x) € V, by hypothesis there exist an i — closed set F in X containing x such that f(F) <
V, implies that x € F € f~1(V). Therefore, f~1(V) is (i,j) — Sc — open set in X. Hence, by Corollary 3.3
f is contra (i,j) — S¢ — continuous.

Theorem 3.15: Let f;: (X4, 74, 72) = (Y, 01,072) and f5: (X3, 74, 72) = (Y, 01, 0,) be two contra (i,j) — S¢ —
continuous functions, where (Y, g;) is Urysohn space. Then

{(xq,x5): fi(x1) = fa(xp)}is (i,j) — S¢ — closed set in the product space X; X X,.
Proof: Let A = {(xq,x2): f1(x1) = f2(x3)}. To show (X; X X,;)\A is (i,j) — Sc — open set.

Let (x1,x,) € A. Then f;(x;) # f,(x3), since (Y,aj) is Urysohn space, then there exist j — open setsV;
and V, containing f; (x;) and f, (x,) respectively, such that j — CI(V;) nj — ClL(V,) = @.

Since, f (k=12) is contra(i,j) —Sc— continuous, fi *(j — Cl(Vk)) is(i,j) —Sc— open set
containing x; in X; (k = 1,2). Hence, by Theorem 2.11 £ (j — CI(Vy)) x f5*(j — CL(VR)) is an (i, ) —
Sc — open set. Further(xy,x,) € fi2(j — CL(VY)) x f52(j — CL(V,)) € (X1 X X)\A. Therefore (X; x
Xo)\Ais (i,j) — S — open set. Hence, A is (i,j) — S¢ — closed set in the product space X; X X,.

Corollary 3.16: If a function f:(X,t4,72) = (Y,0y,0,) is contra (i,j) —Sc — continuous and (Y, aj)
is Urysohn space, then A = {(x, x2): f(x1) = f(x)}is (i,j) — Sc — closed set in the product space X X X.

Proof: Follows from Theorem 3.15.

Theorem 3.17: A function f: (X, 74,7,) = (Y, 07,03) is contra (i,j) — S, — continuous, if for each x € X,
there exist an i — regular closed and j — regular closed set A of X containing x such that f|A: A — Y is contra
(i,j) — S¢ — continuous.

Proof: Let F be any j — closed set of Y containing f(x). Since f|A is contra (i,j) — S — continuous, so
there exists an (i,j) — S — open set U in A containing x such that (f|A)(U) € F. SinceA €i—RO(X) N
j—RO(X), so by Theorem 2.12 U is (i,j) — Sc — open set in X and hence, f(U) < F. Therefore, by
Theorem 3.12 f is contra (i, j) — S — continuous.
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