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l. Introduction and Preliminaries

Throughout this paper, R denotes an associative ring with identity and all modules are unitary. The
Jacobson radical [7] of a ring R, denoted by J(R) is the intersection of all maximal ideals of R. For a subset X
of R, the right annihilator of X in aring R is defined by r(X) = {t € R: xt =0, for all xe X}. Similarly, define
the left annihilator of X inaring R as ¢(X) ={t e R: tx = 0, for all x € X}. If X={a}, we usually use r(a)
(¢(a)). Anideal I of aring R is said to be essential if and only if I has a non-zero intersection with every non-
zero ideal of R. Let x be an element in R. Then x is said to be right (left) singular if and only if r(x) (¢(x)) is
essential right (left) ideal of R. The set of all right (left) singular ideals in R is denoted by Y(R) (Z(R)). Y(R)
(Z(R)) is a right (left) ideal of R, which is called the right (left) singular ideals of R. R is called right (left)
non-singular if Y(R) = (0) (Z(R) = (0)) and it is called semi-primitive [8] if J(R) = (0). R is called reduced [8]
if it contains no non-zero nilpotent elements, or equivalently, a> = 0 implies a = 0, for all a € R and it is
called a zero insertive (briefly, ZI) ring [11] if for any a , b € R, ab = 0 implies that aRb = 0. R is called
semi-prime [7] if it contains no non-zero nilpotent ideal. An ideal I of a ring R is said to be a nil ideal [7] if
every element of | is a nilpotent element. R is called right (left) quasi-duo [30] if every maximal right (left)
ideal of R is two-sided and it is called MERT-ring [6] if every maximal essential right ideal of R is two-
sided. R is called von Neumann (or, just regular) [27] if for every a € R, there exists b € R such that a = aba
and it is called m-regular [14] if for every element a € R, there exists b € R and a positive integer n such that
a" = a"va". R is said to be strongly regular [8] if for every a € R, there exists b € R such that a = a’0 and it is
called strongly n-regular [4] if for every a € R, there exists a positive integer n and x € R such that a" = a™"*
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x. R is said to be right (left) weakly m-regular [10] if for every a € R, there exists a positive integer n such
that a" € a"Ra"R (" € Ra"Ra") and it is called weakly m-regular if it is both right and left weakly n-regular. A
ring R is said to be right (left) sm-weakly regular [1] if for every a € R, there exists a positive integer n such
that a" € a'Ra”R (a" € Ra’'Ra") and it is called sn-weakly regular if it is both right and left st-weakly
regular. A ring R is said to be n-biregular [22] if for any a € R, Ra"R is generated by a central idempotent,
for some positive integer n. A right R-module M is called right principally injective (briefly, right P-
injective) [15] if for any principal right ideal aR of R and any right R-homomorphism of aR into M extends
to one of R into M. A ring R is called right P-injective if the right R-module Rg is P-injective. A right R-
module M is called Generalized P-injective (briefly, GP-injective) [18] if for any a € R, there exists a
positive integer n and any right R-homomorphism of a"R into M extends to one of R into M. A ring R is
called right (left) GP-injective if the right (left) R-module Rg (zR) is GP-injective. A right R-module M is
called YJ-injective [20] if for any 0 # a € R, there exists a positive integer n such that a" = 0 and any right
R-homomorphism of a'R into M extends to one of R into M. A ring R is called right (left) SGPI-ring [1]
(GP-V-ring) [29] if every simple right (left) R-module is YJ-injective. A ring R is called right (left) GP-V'-
ring [29] if every simple singular right (left) R-module is YJ-injective.

I1. Generalized Flatness and Generalized SF-Rings

The concept of generalized flatness and generalized SF-rings were first introduced in [1]. Now, in this
section we continue to study generalized flatness and generalized SF-rings.

We start this section with the following definitions.
Definition 2.1 [1]:

Let R be aring and | be a right (left) ideal of R. Then R/ | is a right (left) generalized flat if and only if for
each a e I, there exists b e | and a positive integer n such that a" = ba" (a"= a"b).

Definition 2.2 [1]:

A ring R is called a right (left) generalized SF-ring if every simple right (left) R-module is a right (left)
generalized flat.
Definition 2.3 [26]:

Let M be a left R-module and | a left ideal of R. Then M is I-complete if any left R-homomorphism from |
to M can be extended to a left R-homomorphism from R to M.

Also M is PR-complete or P-injective if M is Ra-complete, for any principal left ideal Ra of R.

Theorem 2.4:

Let | be an ideal of aring R. If R/ I is left R-generalized flat and J is any right ideal of R such that J < | or
J+1=R, then R/ 1is J-complete.

Proof:

Let f:J — R /I be any right R-homomorphism. Let J — | and x € J. Since r (R /1) is generalized flat,
there exists some y e I and a positive integer n such that X" = x"y. Then, f(x") =f(X"y)=f (x")y=0asyin .
Hence f =0 and f can be trivially extended to a right R-homomorphism R — R /1. If J + I =R, then there
exists some b € Jand a € | such that b + a = 1. Therefore, for all x € J, bx + ax = x. So, f(x) = (bx) + f (ax).
Since ax e land g (R /1) is generalized flat, there exists some t < | and a positive integer n such that (ax)"
= (ax)"t. Since (ax)" is in J, we get f (@"x") = f (a"x"t) = f (@"x") t = 0. Therefore, f (x") = f (bx") = f (b)x".
Hence f can be extended to a right R-homomorphism R — R /1.

Definition 2.5:

Let M be a left R-module and Ra" a principal left ideal of R, for any a € R and a positive integer n. Then
M is Ra"-complete if any left R-homomorphism from Ra" to M can be extended to a left R-homomorphism
from R to M.
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Also, M is GPR-complete or GP-injective if M is Ra"-complete, for any principal left ideal Ra" of R.

The following result is a relation between GPR-complete with left R-generalized flat of a quoient ring.
Theorem 2.6:

Let L be a maximal right ideal of R, which is two-sided. If R / L is GPR-complete, then R / L is left R-
generalized flat.

Proof:

It is sufficient to prove that a" € a"L, for all a € L and a positive integer n. Consider, the epimorphism f: R
/L — a"R/a"L defined by f(t+L) = a"t+a"L, for all t € R and a positive integer n. If f = 0, then a"R =
a'L. Then a" € a"L. Suppose that f # 0. Then Ker f ={0} (since R/ L is a simple right R-module) and so f is
an isomorphism. Therefore, r (R / L) is a"R-complete implies that a"R / a"L is a"R-complete. Thus, the right
R-homomorphism g: a'R — a"R / a"L defined by g(a"t) = a"t + a"L, for all t € R can be extended to a right R-
homomorphism h: R— a"R/a"L. So, a" + a"L = g(@") = h(@") = h(1)a"= (@ "t + a"L) a", for some t € R. That
is,a"-a"ta" € a"L. But a"ta" € a"L, sothat a" e a"L. This completes the proof.

Theorem 2.7:

Let L be a maximal right ideal of R, which is two-sided, then the following are equivalent:

@ R /L is left R-generalized flat.

(2 R/ L is a GP-injective right R-module.
3 R /L is GPR-complete.

Proof:

1) =().

Let R/ L be a left R-generalized flat. Let (0) = | be a right ideal of R. Then, L+ I =R. Thus, R/ L is L-

complete by Theorem 2.4. Therefore, R/ L is a GP-injective right R-module.
(2) = (3). Itis obvious.

(3) = (1). Follows from Theorem 2.6.

Theorem 2.8:

Let R be a left quasi-duo, right generalized SF-ring. Then, R is a left GP-V- ring.
Proof:

Let S be a simple left R-module. Then, S =R/ L, for some maximal left ideal L of R. Since R is left quasi-
duo, then L is a two-sided ideal of R. As R is right generalized SF-ring, (R / L) r is generalized flat. So, by
Theorem 2.7, g (R /L) is GP-injective. Hence, S is GP-injective. So, R is a left GP-V-ring. ¢
Theorem 2.9:

Let R be a left quasi-duo, right generalized SF-ring. Then, R is a left GP-injective ring.

Proof:

Let S be a simple left R-module. Then, S =z R / L, for some maximal left ideal L of R. Since R is a left
quasi-duo, then L is a two-sided ideal of R. Since R is right generalized SF-ring, then (R / L) r is generalized
flat. So, by Theorem 2.8, R is a left GP-V-ring. It means that r (R / L) is GP-injective. Hence S is GP-
injective. So, R is a left GP-injective. ¢
Theorem 2.10:

If I is a GP-injective left ideal of a ring R, then r (R /1) is generalized flat and hence R is a left generalized
SF-ring.

Proof:

Let a e I. Consider the inclusion map j: Ra"—1, for some positive integer n. Since I is GP-injective, j can
be extended to f : R—I. So, a"=j@@") =f (@") =a" f (1) = a"b, where b = f (1) € I. Therefore, g (R /1) is
generalized flat and hence R is a left generalized SF-ring. ¢
Lemma 2.11[2]:
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If R is reduced, then ¢(a") = r(a"), for any a € R and a positive integer n.
Theorem 2.12 ([1, Theorem 5.1.14]):

Let R be a ring such that for every a € R and a positive integer n, ¢(a") is a right ideal. If R is a right
generalized SF-ring, then R is n-regular.

Corollary 2.13:

A reduced right generalized SF-ring R is strongly n-regular.
Proof:

Since R is reduced, then by Lemma 2.11, ¢(a") = r(a"), for every a € R and a positive integer n. Therefore,
by Theorem 2.12, R is m-regular. This implies R is strongly n-regular, as R is reduced. ¢

Following [21], aring R is called ERT-ring if every essential right ideal of R is a two-sided ideal.

Lemma 2.14[24]:

If R is an ERT-ring, then R/ Y(R) is reduced.
Proposition 2.15[16]:

For aring R. If Y(R) = (0) (Z(R) # (0)), then there exists 0 £y € Y(R) (0 #y e Z(R)) such that y*= 0.
Theorem 2.16:

Let R be aring. The following are equivalent:

@ R is strongly mt-regular.

2 R is a right generalized SF-ring and ERT-ring.

Proof:

(1) = (2). It is obvious.

2 = (1). By Lemma 2.14, R/ Y(R) is a reduced ring. We claim that Y(R) = (0). Suppose that Y(R) #
(0), then by Proposition 2.15, there exists 0 # y e Y(R) such that y* = 0. Let N be a maximal right ideal
containing r(y"). Since r(y") is an essential two-sided ideal of R, then N must be an essential two-sided ideal
of R. On the other hand, since R/ N is generalized flat and y e N, there exists ¢ € N and a positive integer
n such that y" = y"c, whence 1-c € r(y") < N, yielding 1 € N, which is contradicts N = R. This proves that R
is reduced ring.

In order to show that R is n-regular, we need to prove that a"R + r(a") = R, for any a e R and a positive
integer n. Suppose that a"R + r(a") # R, then there exists a maximal right ideal L containing a"R + r(a"). But
a € Land R/ L is generalized flat, there exists b € L and a positive integer n such that a" = ba", whence 1-b
e 1(@") =r(a") c L, yielding 1 € L, which contradicts L # R. In particular, a"t + d = 1, for some t € R and d
e r(a"). Whence, a"ta" = a". This proves that R is strongly n-regular. ¢
Lemma 2.17 [7]:

Let R be aring, thena € J(R) if and only if 1 - at is invertible in R, for eacht € R.

Recall that a ring R is a right uniform [8] if every right ideal of R is essential.
Theorem 2.18:

Let R be aright generalized SF-ring.
@ If ¢(a") = (0), for some positive integer n, then a is a right invertible.
2 If J(R) is reduced, then J(R) is a nil ideal of R.
3 If R is a right uniform ring, then R is a division ring.
4  Z(R)<IR).
Proof:
(1) Let a € R with ¢ (") = (0), for some positive integer n. If a"R # R, there exists a maximal right ideal L
containing a"R. Since a € L and R/ L is generalized flat, there exists b € L and a positive integer n such that
a" = ba". Whence, 1- b € ¢(a") = (0), yielding 1 € L, which contradicts L # R. Therefore, a’R = R. Then, a"t
=1 and hence a" is a right invertible in R [1, Theorem 5.1.12]. Therefore, a(@"" t) = 1. f we sets=a"" t € R,
then as = 1, a is a right invertible.
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(2) Let a € J(R), then by Corollary 2.13, J(R) is strongly n-regular and hence there exists b € J(R) such that
a" = a""b. But a € J(R), then by Lemma 2.17, (1-ab)u = 1, for some u € R, this implies that (a" - a™"b) u =
a". Thus, a"= 0 and hence J(R) is a nil ideal of R.
(3) Suppose that Y(R) # (0), then there exists a maximal right ideal L containing Y(R). Forany 0 #y €
Y(R), givesy € L, but R/ L is generalized flat, then there exists x € L and a positive integer n such that y"
= xy", whence y" e r(1-x). On the other hand, since R is a right uniform, then r(1-x) is an essential right
ideal of R. Thus, 1-x € Y(R) < L, this implies that 1 € L, contradicting L # R. Therefore, Y(R) = (0). On the
other hand, since R is uniform ring, then for every a € R, r(a") = (0), then by (1) R is a division ring.
(4) Let x € Z(R), then for any t € R, we have ¢ (1-xt) = (0), which implies that (1-xt) is right invertible, so
that x € J(R). Whence, Z(R) c J(R).
Definition 2.19 [26]:

Let | be a right ideal of a ring R. Then, the set I = {x € R: xI < I} is the idealizer of I in R.
Theorem 2.20:

Let L be a maximal right ideal of R. Then, R / T is right R-generalized flat if and only if 1/ 1 is left IGP-
injective if and only if I/1is IGP-complete.
Proof:

It is easy to see that R / I is right R-generalized flat if and only if I/ I is right I-generalized flat. Also, we
note that I is a maximal left ideal of I, which is two-sided. Hence applying the left analogue of Theorem 2.7,
the proof can be completed. o
Corollary 2.21:

If M a simple left R-module over a commutative ring R, then M is generalized flat if and only if M is GP-
injective if and only if M is GPR-complete.

Proof:

Directly it is true. ¢
Theorem 2.22:

Let R be a left quasi-duo left generalized SF-ring. Then R is a right GP-V-ring.

Proof:

Let A=R/J(R). Since R is a left generalized SF-ring, A is a left generalized SF-ring. Also, R is left quasi-
duo implies A is left quasi-duo. A gain A is semi-primitive, so A is reduced. Therefore, A is strongly z-
regular and hence is right quasi-duo. Therefore, by duality of Theorem 2.8, R is a left GP-V-ring.
Theorem 2.23:

Let R be a generalized SF-ring. If ¢(a") < r(a), for each a € J(R) and a positive integer n, then J(R) = (0).
Proof:

Let 0 #a € J(R). If RaR + r(a) # R, then there exists a maximal right ideal L of R such that RaR +r(a) c L.
Since R is a generalized SF-ring, then R / L is right generalized flat. Therefore, there exists b € R and a
positive integer n such that a" = ba". This implies that (1-b) € ¢(a") < r(a) < L, then we obtain 1 e L, this
is a contradiction. Therefore, RaR + r(a) = R. Then, 1 = x + ¢, for some x € RaR and ¢ € r(a). This implies
that a = ax + ac = ax. Therefore, a(1-x) = 0. Since X € RaR < J(R), then by Lemma 2.17, (1 - x) is
invertible. Therefore, a = 0. This is a contradiction with a # 0. Whence, J(R) =(0). ¢

1. Main Results

In this section several results on generalized flatness and generalized SF-rings will be found. Moreover, we
compare them with regular rings, left non-singular, strongly regular, strongly n-regular, n-biregular and s=-
weakly regular rings under some conditions.

We start this section with the following result.
Theorem 3.1:

159



JZS (2015) 17-2 (Part-A)

Let each principal right ideal a"R of a ring R be projective, for each a € R and a positive integer n and | is
an ideal of R such that R / I is GPR-complete. Then, R/ I is left R-generalized flat. Further, if R is reduced,
then R / I will be right R-generalized flat.

Proof:

Leta e land g: a"R — a"R / a"l be a natural map, for some positive integer n. Let f: R/1—a"R/a"lbea
homomorphism defined by f (t + I) = a"t + a"l, for some positive integer n. Clearly f is an epimorphism.
Since a'R is projective, there exists a homomorphism h: "R — R / I such that f h = g. Since R/ I is a"R-
complete, h extends to a homomorphism  h: R — R /1. Let g = f h. Now, for all x € a'R, g (x) = f (h (X))
=f (h(x)) = g(X). So, g extends g. Therefore,a" +a"l =g(@") =g (@") =g (1) a"= (@"t +a"l) a", for some t € R
and a positive integer n. So, (@"- a"t a") € a"l. Therefore, a"ta"e a"l implies a"< a"l. Hence R/ I is left R-
generalized flat.

Assume that R contains no non-zero nilpotent elements and a € I. Since R / | is left R-generalized flat,
there exists some xe |l and a positive integer n such that a" = a"x. So, (a"- xa")? = a®" - a"x a" - xa®" + xa"xa" =
0. Therefore, by assumption, a" - xa" = 0, which implies a" = xa". This implies that R / | is right R-
generalized flat. o
Corollary 3.2:

If R is a commutative ring in which each principal ideal a"R is projective, for each a € R and a positive
integer n, then any cyclic module, which is GPR-complete is generalized flat.

Theorem 3.3:

Let R be a ring with every simple right R-module is right GP-injective. Then
(1) For each a € R, there is an x € Ra"R such that a"= a"x, for some positive integer n.
(2) For each ideal I in R, R/ I is left R-generalized flat.
(3) For each maximal right ideal L of R, which is two-sided, R / L is right GP-injective.
Proof:
(1) Let a € R. Suppose that a" = a"x, for every x e Ra"R and for every positive integer n. Then, a" # a"Ra"R.
Let 3 = {K: K is aright ideal of R, a" ¢ K, a"Ra"R < K}. Order 3 by inclusion. Then, 3 # ¢ as a'Ra'R € 3.
Let C be a chain in 3. Let f =][pcD. Then B € I and P is an upper bound of C. Therefore, by Zorn’s
lemma, 3 has a maximal element K,. Let X = (@"R + K,) / K,. Now, K, is a maximal submodule of a"R + K,
[for K, is a submodule of a'"R + K, such that K, c K; = a"R + K, then a" ¢ K;. Also, a"Ra"R < K, < K. So,
K; € 3, then K, is a maximal element of 3 implies K; = K,]. Therefore, X is a simple right R-module and
hence a"R is complete by hypothesis. Therefore, the natural map f: a"R— ("R + K,) / K, can be extended to
g: R—>(@"R + K,) / K,. Then, a" + Ko=f (a") = g(a") = g(1)a"= (a"t + Ky)a", for some t € R, which gives ("R
-a'ta") e Ko. But a'ta" e K, implies a" e Ko, a contradiction. Therefore, a" = a"x, for some x € a"Ra" and a
positive integer n.
(2) Leta e I, from (1), there exists x € a"Ra" < | such that a"= a"x, for some positive integer n. This implies
that R/ | is a generalized flat left R-module.
(3) From (2), R/ I is a generalized left R-module. This implies that R / L is a GP-injective right R-module by
Theorem 2.7. o
Theorem 3.4:

The following conditions are equivalent for a reduced ring R.
(1) R is left weakly n-regular.
2 R is left GP-injective.
3 R is left SGPI-ring.
4) R is strongly m-regular.
Proof:
1) = (2).
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Let S be a simple left R-module. Then, S= R/ L, for some maximal left ideal L of R. As R is a left weakly
n-regular, then Rx" = Rx"Rx", for some positive integer n. So, there exists some y € Ry"R such that x" = yx".
So, R/ L is a generalized flat right R-module. Therefore, R / L is a GP-injective left R-module, that is, S is
left GP-injective and hence R is a left SGPI-ring.

(2) = (3). Itis obvious.
3) = (4).

We shall first show that a” = 0, for every a € R and a positive integer n. Suppose Ra" = ( Ra")?, for some a
e J(R) and a positive integer n, then 0 = Ra" / ( Ra™) is a finitely generated left R-module and hence has a
maximal element p / (Ra®"). Now, Ra" / p is a simple left R-module, so by hypothesis, Ra" / p is GP-
injective. So, there exists a left R-homomorphism f: R— Ra" / p, which extends the canonical
homomorphism 7: R— Ra"/ p. Then a" +p=7(@") = f (@") =a" f (1) = a" (ya" + ), for some y € R yielding
a"+ pu=aya"+ u Hence (@ - 1) a" € p. But a € J(R) implies a"y - 1 is a unit. Therefore, a" € p. This
contradicts Ra" # p. Thus, Ra" = ( Ra")?, for all a € J(R) and a positive integer n. Then, a"= Y™, x;a™y;a™,
for some x; € R, yi € R. This implies (1-Y7%, x;a™y;) a" = 0. Since a € J(R), 1-Y"_, x;a™y; is a unit. So, a"
= 0. Since R is reduced, then a = 0. Also, by Theorem 3.3, R is a generalized SF-ring. Thus, by Corollary
2.13, R is strongly n-regular.

(4) = (1). Itis obvious. ¢

Recall that a ring R is right (left) weakly continuous [23] if J(R) = Y(R) (J(R) = Z(R)), R / J(R) is regular

and idempotent can be lifted modulo J(R).
Lemma 3.5 [23]:
Every regular ring is right (left) weakly continuous.

Theorem 3.6:

If R is a right generalized SF-ring and R has a finite number of maximal right ideals whose product is
contained in J(R), then J(R) = (0).

Proof:

Let Ny, N,,..., N, be maximal right ideals of R such that N;N,...N,, < J(R).

First, suppose that J(R) is non-zero reduced. If x € J(R) and since x € N, and R / N, is generalized flat,
then there exist positive integers ny, , Ym € Ny, such that x™m = 1y, x™m, which implies that 1- y,, € r(x™m).
Since J(R) is reduced and x € J(R), then r(x) = r(x™m), thus 1- y,, € r(x™m) = r(x). Therefore, X = yX. Since
VYmX € J(R) € Nt and R / Npq is generalized flat, then there exist positive integers Nyt , Ym1 € Nt Such
that x™m-1 =y, x™m-1 and we continue this process we get X = Y1 X.

Finally, we have y; e Nj, 1 <i<msuchthat y;Y¥,... ymaYm€ Ni1Ny... Ny cJ(R)and X =Y1 Vs... Ym1 Ym
X. Now, t (Y1V¥2 ...¥m1Ym) = 1, for some t € R, which yields x = 1x = t(y1 ¥, ... ym) X = 0, which is a
contradiction.

Now, suppose that J(R) is not reduced. Then there exists 0 = a € J(R) such that = 0. Since a € J(R) = Ny,
and R / N, is generalized flat, then a = by, a, for some by, € Ny, Since ba € J(R) < Np.p and R/ Ny iS
generalized flat, then a = b,a = by, by a, for some b1 € Ny and so one. Finally, we have b; e N;, 1 <i <
msuchthatby by... bne Ny Ny... Ny, < J(R)and a=b;b,...by1bya.

Now, u (1 - by b,...by) =1, for some u € R, which yieldsa=1a=u(1-b;b,... by) a=0. Thus, J(R) is
reduced and we get J(R) = (0) and by Theorem 2.18 (4), Z(R) < J(R). Whence, Z(R) = (0). ¢
Corollary 3.7:

Let R be a left weakly continuous, right generalized SF-ring and R has a finite number of maximal right
ideals whose product is contained in J(R). Then R is regular.

Proposition 3.8 [16]:

For any R. If Z(R) NY(R) # (0), then there exists 0 = x € Z(R) N Y(R) such that x*= 0.

Remark 3.9 [17]:
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If L is an essential right ideal, then Rr/ L cannot be projective. We consider the condition (*): R satisfies
t(a) cr(a), forany a € R.

Theorem 3.10:

Let R be a ring satisfy condition (*). If every simple right R-module is either generalized flat or projective,
then Z(R) N Y(R) = (0).

Proof:

First suppose that Z(R) n Y(R) is non-zero reduced ideal of R. If 0 = x € Z(R) n Y(R), r(x) is an essential
right ideal of R and XR m r(x) = (0). Let a € R such that 0 = xa e r(x). Since Z(R) n Y(R) is reduced, then
(xax)? = xa (x’a)x = 0 implies that xax = 0, and therefore (xa)> = (xax)a = 0, which yields xa = 0, a
contradiction.

Now, suppose that Z(R) n Y (R) = (0), then by Proposition 3.8, there exists 0 =t € Z(R) n Y(R) such that
t = 0. We will prove that RtR + r(t) = R. If not, let L be a maximal right ideal containing RtR + r(t). Since
r(t) is an essential right ideal, then R / L cannot be projective by Remark 3.9, whence it is generalized flat.
Since R / L is generalized flat, then there exists d € M and a positive integer n such that t" = dt". Since t* = 0,
thenn=1,sothat t=dtand we obtain 1-d € ¢ (t) cr(t) c L and 1 € L. Whence, L = R contradicts the
maximality of L. Therefore, R = RtR + r(t).

Now, 1=u+v,u e RtR, v e r(t), which implies that t = tu. Since u € Z(R) and Rt n ¢(t) = (0), thent=
0, a contradiction. Whence, Z(R) nY(R) = (0).

Corollary 3.11:

Let R be a right weakly continuous ring satisfy condition (*). If every simple right R-module is generalized
flat or projective, then Z(R) n J(R) = (0).

Corollary 3.12:

Let R be a right weakly continuous ring satisfying condition (*). If every simple right R-module is
generalized flat or projective, then R is regular.
Proof:

Since R is weakly continuous, then Y(R) = Z(R) = J(R). By Corollary 3.11, J(R) n Y(R) = (0) = J(R) n
Z(R). Hence, J(R) = (0).Whence, R is regular. &

Theorem 3.13:

Let R be a semi-prime ring satisfying condition (*), for which every simple right R-module is either
generalized flat or projective. Then R is left non-singular.
Proof:

Suppose that Z(R) = (0). Then, by Proposition 2.15, there exists 0 # y € Z(R) such that y* = 0. Set L = RyR
+ r(y). Let K be a complement right ideal of R such that E = L & K is an essential right ideal of R. Then,
KRyR < K n RyR ¢ K n L = (0) implies (RyRK)? = (0). Since R is semi-prime, then RyRK = (0), which
yields K c r(y) < L. Whence, K =K n L = (0). This shows that E = L is an essential right ideal of R. Now,
suppose that L # R. Let N be a maximal right ideal of R containing L. Then, R/ N is generalized flat, then
there exists u € N and a positive integer n such that y" = uy", which yieldsn=1and 1 —u e ¢(y) = r(y) = N.
Thus, 1 € N, contradicting N = R. Therefore, L=Rand 1=s+t, wheres € RyR, t e r(y) and we have y =
ys + yt = ys. Now, Ry n ¢(s) = (0) implies that y = 0. This is a contradiction. Whence, R is left non-
singular.v ¢
Corollary 3.14:

If R is a semi-prime left weakly continuous ring satisfying condition (*) such that every simple right R-
module is either generalized flat or projective, then R is regular.

Recall that a ring R is called FGP-injective [3] if for any 0 # a € R, there exists 0 # ¢ € R such that 0 = ac
= ca and any right R-homomorphism from ac € R to R extends to an endomorphism of R.

Recall that a ring R is called right (left) Kasch ring [19] if every maximal right (left) ideal of R is a right
(left) annihilator.
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Lemma 3.15 [3]:

If R is a right Kasch right FGP-injective ring, then J(R) = Y(R) = Z(R).
Lemma 3.16 [25]:

If Y(R) = (0) and ¢ (a) c r(a), for every a € R, then R is reduced.
Theorem 3.17:

Let R be a right Kasch and FGP-injective ring satisfying condition (*) for which every simple right R-
module is generalized flat or projective. Then R is strongly regular.
Proof:

Since R is a right Kasch and a right FGP-injective ring, then by Lemma 3.15, Z(R) = J(R) = Y(R). Also, by
Theorem 3.10, Z(R) nY(R) = (0), which implies Z(R) = Y(R) = (0). Therefore, by Lemma 3.16, R is
reduced. Let 0 # a € R, we shall prove that aR + r(a) = R. If not, then there exists a maximal right ideal L
containing aR + r(a). Since R is a right Kasch ring, then there existst € R such that L = r(t). Let x = at +,
wheret € R,y € r(a). So, X € aR + r(a) < r(t) and tx = t(at + y) = 0, since ty = 0, then tat = 0. But R is
reduced, so we have at = ta = 0, which implies t € r(a) c r(t), therefore t*= 0, since R is reduced, then t = 0,
which is a contradiction. So, aR + r(a) = R. Inparticular, 1 = ax + v, where v e r(a) and x € R, so a = a’x.
Whence, R is strongly regular.

To prove the next result we need some statements and definitions as follows:

Proposition 3.18 [8]:
Let R be aring, then the following statements are equivalent.
(1) R is a strongly regular ring.
2 R is regular and reduced.
3 Every principal right ideal of R is generated by a central idempotent.

Recall that a non-zero ideal 1 of R is called a minimal ideal [7] if there is no ideal J of R such that 0 — J
l.

Definition 3.19 [28]:

Let R be aring. An element k € R is called a minimal element if kR is a minimal ideal of R.

An element e € R is called right minimal idempotent if e is a minimal element and e = e.

An idempotent e € R is called semicentral if ea = eae, for eacha € R.

Definition 3.20 [28]:

Aring R is called right min-abel if every minimal right idempotent element of R is right semicentral.
Proposition 3.21 [28]:

Let R be a right min-abel, then R is MERT-ring if and only if R is right quasi-duo.
Proposition 3.22 [30]:

If R is right (left) quasi-duo and J(R) = (0), then R is reduced.
Theorem 3.23:

Let R be a ring satisfies ¢(a) < r(a), for each a € J(R). Then, the following statements are equivalent:
(1) R is a strongly regular ring.
2 R is right min-abel, MERT and a right generalized SF-ring.
Proof:
(1) = (2). Follows from Proposition 3.18 and Proposition 3.21.
(2 = (1). Suppose that there exists 0 = x € J(R) such that x* = 0. Let | = RxR + r(x). If | # R, then there
exists a maximal right ideal Q of R such that | < Q. Since R is a right generalized SF-ring, then R/ Q is
right generalized flat, then there exists d € R and a positive integer n such that x"= dx". Since x* = 0, then
we get n = 1 and hence x = dx. This implies that (1-d) € ¢(x) < r(X) < Q. Therefore, 1 € Q, thisis a
contradiction since | # R. In particular, 1 = s + t, for some s € RXR and t € r(x). This implies that x = xs.
Since s € J(R), then by Lemma 2.17, 1-s is invertible in R. Therefore, x = 0, this is a contradiction. Whence,
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J(R) is a reduced ideal of R. Now, suppose that 0 =y € J(R). Since J(R) is a reduced ideal, then for any
positive integer m, we have ¢ (y™) = ¢(y) = r(y) = t(y").

We set P = RyR + r(y). If P = R, then there exists a maximal right ideal N of R such that P = N. We use the
same method in Theorem 2.23, we get J(R) = (0). Then by Proposition 3.21, R is right quasi-duo. Therefore,
by Proposition 3.22, R is reduced.

Suppose that there exists an element a € R such that aR + r(a) # R. Then, there exists a maximal right
ideal L of R such that aR + r(a) < L. Since R is a right generalized SF-ring, then R / L is right generalized
flat. Then there exists ¢ € L and a positive integer n such that a" = ca". This implies that (1 -¢) e¢(a") =
r(@") < L. Therefore, 1 € L. This is a contradiction since L # R. Therefore, aR + r(a) = R. In particular, ab + t
=1, for some b € R and t e r(a). This implies that a’b = a. Whence, R is a strongly regular ring. ¢
Definition 3.24 [26]:

An additive subgroup L of a ring R is a weakly left ideal of R if for every x € L and for every t € R, there
exists a natural number n such that (tx)" e L. The notation of a weakly right ideal of a ring R is defined
similarly.

Recall that a ring R is an LW-ring (RW-ring) [26] if every left (right) ideal of R is a weakly right (left)
ideal of R.

Theorem 3.25 ([12], Lemma 2):

Let R be a semiprimitive ring. If every left annihilator of an elemenet of R is a weakly right ideal of R, then

R is reduced.
Theorem 3.26:

The following statements are equivalent for a ring R:

(1) R is a strongly m-regular ring.

2 R is an LW left generalized SF-ring.
3) R is an LW right generalized SF-ring.
Proof:

(1) = (2) and (1) = (3) are obvious.

(2) = (1). R/ J(R) being a semi-primitive LW-ring is reduced by Theorem 3.25. Also, R is a left generalized
SF-ring implies R / J(R) is a left generalized SF-ring. Therefore, by Corollary 2.13, R / J(R) is strongly =-
regular. Let L be a maximal left ideal of R. Then, L/ J(R) is a left ideal of R / J(R) and thus L / J(R) is an
ideal of R /J(R) (since a strongly z-regular ring is left and right duo). Thus, L is an ideal of R. Therefore, R
is left quasi-duo. Thus, R is strongly w-regular. Hence (2) implies (1).

3) = (1) can be proved similarly. ¢

Theorem 3.27 [9]:

If R is a ZI, left GP-V'-ring, then R is reduced.

Recall that a ring R is called a quasi ZI-ring [29] if for any non-zero elements a, b € R, ab = 0 implies that
there exists a positive integer n such that a" # 0 and a"Rb" = 0.

Proposition 3.28 ([29], Proposition 3.1):

If R is a quasi ZI, left GP-V'-ring, then R is reduced.
Theorem 3.29:

Let R be a quasi ZI, left GP-V'-ring. If R is a right generalized SF-ring. Then, R is a w-biregular ring.
Proof:

Since R is a quasi ZI and left GP-V'-ring. Then by Proposition 3.28, R is reduced.

Now, for any 0 = t € R and a positive integer n, r(Rt'"R) = ¢(Rt"R) = ¢(Rt") = r(t"R) = r(t"). FE = Rt'R +
r(t") and also Rt"R n r(Rt"R) = (0), then E = Rt"R @ r(Rt"R).

Let E # R, then there exists a maximal right ideal L of R such that E < L. Since R is a right generalized SF-
ring, then R/ L is right generalized flat and t" € L, there exists b € L and a positive integer m such that (t")™
= b(t")™. Now, (1-b) € ¢((t"™) = r(t") < L. Then, 1e L, this is a contradiction. Now, R = E = Rt"R @
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r(Rt"R). Since every idempotent element in a reduced ring is central. Then, Rt"R is generated by a central
idempotent. Whence, R is a n-biregular ring. ¢
Corollary 3.30:
Let R be a ZI, left GP-V'-ring. If R is a right generalized SF-ring, then R is n-biregular.
Proof:
Follows from Theorem 3.27 and by using the same method as in Theorem 3.29, we get the result.
Finally, we give the following result.
Theorem 3.31:

Let R be a quasi ZI and left GP-V'-ring. If every simple right R-module is either YJ-injective or a
generalized SF-ring, then R is a right st-weakly regular ring.
Proof:

To prove that R is a right st-weakly regular ring. We prove that Rt*'R + r(t*") = R, foreach t € R and a
positive integer n. suppose that there exists b € R such that Rb*R + r(b") = R, for all positive integer n.
Then, there exists a maximal right ideal L of R such that Rb¥R + r(b") < L. Therefore, R / L is either YJ-
injective or generalized flat.

First suppose that R / L is YJ-injective, then there exists a positive integer m such that (b")™ = 0 and any
right R-homomorphism from (b™™R to R/ L can be extended to Rinto R/ L.

Now, we define a right R-homomorphism f: (0™)™R — R /L as f(b"x)=x+L, forall x € R.

Now, f is a well-defined because R is a quasi ZI ring. Therefore, 1 + L= f(b™) =yb"™ + L,y € R. Then,
(1-yb™) e L. Since y(b"™) € Rb*R c L, then 1 e L, this is a contradiction since L # R. Next, R/ L is a
right generalized SF-ring. Therefore, b" € L, then there exists X e L and a positive integer m such that (b")"™
= x(b"™. Therefore, (1-x) ¢ (b™). But R is a quasi ZI and a left GP-V'-ring, then by Proposition 3.28, R is
reduced. Therefore, (1-x) € ¢(b"™) = r(b") < L. This implies that 1 e L, this is also a contradiction.
Therefore, R&*'R + r(t") = R. If we set ct?'d + x = 1, for some x € r(t"), ¢, d € R. Then, t"= t"ct*"d. Whence, R
is a right sm-weakly regular ring. ¢
Corollary 3.32:

Let R be a ZI and a left GP-V'-ring. If every simple right R-module is either YJ-injective or a generalized
SF-ring, then R is a right st-weakly regular ring.

Proof:
Follows from Theorem 3.31 and Theorem 3.27.
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