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 Recurrence relations for the restricted detour polynomials of straight 

chains of vertex identified and edge-introducing graphs are obtained. Then, 

restricted detour polynomials for chains of hexagons and pentagons are also 

obtained with their restricted detour indices. 
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Introduction 

 In this paper, we consider finite connected graphs without loops or multiple edges. For concepts and 

notations undefined here, see [2] and [3]. 

 The restricted detour distance between vertices   and   in a connected graph  , denoted by 

        or   
        is the length of a longest     path   such that         , [4].  It is clear that 

          if and only if    , and          if and only if    is an edge of  . The restricted detour 

diameter of a connected graph   is denoted by        and defined as 

          
   

{       }  

An induced     path of length         is called a restricted (or an induced) detour path [6]. 

Moreover, a connected graph   is called a restricted detour graph if                for every pairs     

of vertices in  . It is clear that all trees, complete graphs, and complete bipartite graphs are restricted detour 

graphs. The Wiener index of   with respect to restricted detour distance is denoted  by         and defined 

by 

       ∑  
       

   

  

 and called restricted detour index of   [6]. 
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The restricted detour polynomial  of   , denoted by         is defined as follows [1, 6]: 

        ∑          

   

 

One may easily notice that 

       ∑           

  

   

 

in which         is the number of unordered pairs of vertices     of   such that   
        , and    is 

the restricted detour diameter of  . 

 Let   be a vertex of  , and let           be the number of vertices   of   such that          , 

then the polynomial defined by 

          ∑            

   

 

is called the restricted detour polynomial of vertex  .  

It is clear that 

        
 

 
( ∑             

      

)  

where    is the order of  . 

One may easily notice that 

       
 

  
        |     

 In [1] and [6] authors obtained restricted detour polynomials and indices of some compound graphs. 

In this paper, we obtain restricted detour polynomials for some other graphs, namely, straight chains of 

vertex identified graphs and edge introducing graphs. 

 

Chains of Vertex Identified Graphs 

 For disjoint graphs    and   , let   be a vertex of    and   be a vertex of   , then the vertex-

identifying graph        is the graph constructed from     and    by identifying   and  . And, the edge-

introducing graph        is the graph constructed from    and    by adding a new edge joining   and  . 

In 1993, Gutman [5] obtained            and            in terms of the Hosoya polynomials of     

and    with respect to (standard) distance. With respect to restricted detour distance, we have the following 

theorem: 

Theorem 2.1.[1] Let   be a vertex of    and   a vertex of   , then 

(1)                                           
          

                        

(2)                                           
             

 

 Let   ,   , …,    be pairwise disjoint graphs, each is connected, and let      be the order of    

for          . Moreover, let       be distinct vertices of   . Define the straight chain of identifying 

graphs    as the graph constructed from   ,   , …,    by identifying vertices      and    for all   

         , that is  

                                                                                                

The graph    is shown in Fig.2.1, where        . 
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It is clear that  

      ∑            

 

   

 

      ∑      

 

   

 

A recurrence relation for obtaining          is given in the following theorem: 

Theorem 2.2. For      

                                                                                   

                                                                                                                                         

where 

                ∑ { ∑        
                   }   

   

   

                                                                   

 in which 

        
(     )  

 Proof. Since            , then by Theorem 2.1(1), we get (2.2). Thus, we need to determine  

               . Let    be any vertex of     .  Suppose         for            . Then, from 

Fig.2.1, 

     

             

        ∑    

         

   

     

 

The polynomial corresponding to this distance from     , is  

            
       ∑          

   
          

         ∑        
       

Thus, summing for all   in   , we get  

       ∑        
     ∑     

      

       

  ∑        
     [             ]  

with taking    as a vertex of      . 

 Now, summing up for            , and adding 1, corresponding to the distance form      to 

itself, we get the formula given in (2.3).  

 To illustrate the use of the formula for                , we give the following example: 

Example. Consider the graph    shown in Fig.2.2. We can find 

       and         

                         

                     

                      

Thus  

Fig.2.1. The straight chain graph  

  
 …     

   

• • • • • • • 
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             ∑     
 
   [         ]   ∑     

 
   [     ] 

  ∑ 
   [      ]    

                                      

                               . 

 

 

Let   ,   , …,    be   copies of a connected graph   of order     with a pair of fixed distinct 

vertices   and   as their identified vertices in the corresponding copies. Such straight chains of identified 

vertices is denoted by      , and            is the same for each copy, and for all  ,  

        
                 

Therfore,  

∑     

   

     

 ∑        

   

     

                 

Thus, by Theorem 2.2,  

                   ∑                [             ]    

   

   

 

Hence, we have the following result: 

Theorem 2.3. For      

                                            [         

  ] {[           ] ∑                   

   

   

}  

In Theorem 2.3, suppose that   is a hexagon   , and let   and   are diametrical vertices in   , then 

   

          

                                   

                       

Then, by Theorem 2.3, 

                                                        

            {           ∑            

   

   

}  

Solving this recurrence relation, we obtain: 

• 
• • 

• • 
• 

• 

• 
• 
• 

• 

• 
• 

• 

• 
•    

 
Fig. 2.2. 
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                                                       ∑          

   

   

                               

             {∑          

   

   

 ∑          

   

   

}    

                                                   ∑ ∑           

   

   

   

   

 

Hence, we have the following theorem: 

Theorem 2.4. For      

                                           ∑ ∑           

   

   

   

   

  

Let     , then        is a straight chain of   pentagons, (See Fig.2.3.). Then it is clear that 

 

           

                                

                   

Thus, by Theorem 2.3, 

                                                 

         [          ] ∑          

   

   

                                    ∑          

   

   

  

Solving this recurrence relation, we obtain              as given in the next theorem. 

Theorem 2.5. For      

                                    ∑ ∑          

   

   

   

   

   

 Taking the derivatives of              and              with respect to   and putting    , we 

get the restricted detour indices of        and        as given in the next result: 

Corollary 2.6. For    , 

(1)    (      )  
 

 
            

(2)    (      )              

Fig.2.3. The straight chain of 3 pentagons   

• 

• • 

• 
• 

• • 
• 

• • • • 

•     
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Chains of Edge-Introducing Graphs 

Let   ,   , …,   ,    , be pairwise disjoint graphs, each is connected, and let     . Moreover, 

let       be distinct vertices of   , for          . The straight chain of edge-introducing graphs    is 

defined as the graph constructed from   ,   , …,    by introducing     new edges       , for    

         . It is clear that 

                            

The graph          , is shown in Fig.3.1. 

 

 

 

It is obvious that 

      ∑      
 
      and           ∑       

 
    

 A recurrence relation to obtain          is given in the following theorem: 

Theorem 3.1. For      

                                                                                           

where 

                ∑ {         ∑        
                  }

   

   

                                                               

 in which  

         

 (     )  

Proof. Since  

            

Then applying Theorem 2.1(2), we get (3.1). Thus, we need to find                . Let   be any 

vertex of     , that is,         for some            . Then, from Fig.3.1., we notice that  

              

                
             

                ∑    (     ) 
    

      

The polynomial corresponding to this restricted distance from      in       is  

                 
   

          ∑        
       

in which  

          

 (     )  

Therefore, summing for all   in      , we get 

      ∑        

       

         ∑        
     ∑  

   (    )

       

 

                      ∑        
        

                     

Now, summing up for            , we get the formula (3.2). Hence the proof is completed.  

Let   ,   , …,   , be   copies of a connected graph   of order     with a pair of fixed distinct 

vertices   and   as their ends of the new edges introduced in the corresponding copies. Such straight chain of 

edge-introducing graph is denoted by       which           is the same for each copy of  , and for all  , 

•  
 
• • • • • • • • • 

 
 

 
 

 
  

 
… 

Fig.3.1. The straight chain of edge-introducing graph Im.  
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Therefore, 

∑     

   

     

                 

Thus, by Theorem 3.1, 

                   ∑{                                    } 

   

   

 

Hence, we have the next result: 

Theorem 3.2. For      

                                     {∑ ∑              
      

   

   

   

   

}                              

Proof. From (3.1) in Theorem 3.1, we get for      

                                               {∑              
      

   

   

}   

Solving this recurrence relation, we obtain the required formula (3.3).  

Corollary 3.3. For      

                                            {∑ ∑          

   

   

   

   

}            

in which   and   are diametrical vertices in   . 

Proof. From the proof of Theorem 2.4, we have    

      ,           ,  
          and         . Then, 

using Theorem 3.2, and  simplify   the result, we obtain (3.4).  

Corollary 3.4. For      

                                     {∑ ∑          

   

   

   

   

}                              

in which   and   are as shown in Fig.2.3. 

Proof. From the proof of Theorem 2.5, we have    

        ,                       and         . 

Then, using Theorem 3.2, and simplifying the result, we obtain (3.5).  

Corollary 3.5. For      

(1)                           

(2)             
  

 
   

 

 
   

 

 
 . 

 Proof. Take the derivatives of               and             , given in Corollaries 3.3 and 3.4 at 

   , and  simplifying the results.  
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