JZS (2015) 17-1 (Part-A)

Journal homepage www.jzs.uos.edu.krd
Journal of Zankoi Sulaimani pY

Part-A- (Pure and Applied Sciences)

Restricted Detour Polynomials of Straight Chains of
Graphs

Gashaw A. Mohammed-Saleh

Salahaddin University/Erbil-College of Science-Department of Mathematics-Erbil-IRAQ,

E-mail: gashawaziz@gmail.com

Article info Abstract

Original: 11 Dec. 2014 Recurrence relations for the restricted detour polynomials of straight
Revised: 29 Dec. 2014 chains of vertex identified and edge-introducing graphs are obtained. Then,
ﬁﬁ;ﬁiiﬁjiﬁ:g[ 2015 restricted detour polynomials for chains of hexagons and pentagons are also
20 June 2015 obtained with their restricted detour indices.

Key Words:

Restricted detour distance,
Restricted detour diameter,
Restricted detour index,

Restricted detour
Polynomials, Chains of
graphs.

Introduction

In this paper, we consider finite connected graphs without loops or multiple edges. For concepts and
notations undefined here, see [2] and [3].

The restricted detour distance between vertices u and v in a connected graph G, denoted by
D*(u,v) or D;(u,v) is the length of a longest u — v path P such that < V(P) >= P, [4]. It is clear that
D*(u,v) = 0 if and only if u = v, and D*(u, v) = 1if and only if uv is an edge of G. The restricted detour
diameter of a connected graph G is denoted by Diam™*G and defined as

Diam*G = IB?;X{D*(u’ )}

An induced u — v path of length D*(u, v) is called a restricted (or an induced) detour path [6].
Moreover, a connected graph G is called a restricted detour graph if D*(u, v) = d(u, v) for every pairs u, v
of vertices in G. It is clear that all trees, complete graphs, and complete bipartite graphs are restricted detour
graphs. The Wiener index of G with respect to restricted detour distance is denoted by dd*(G) and defined

by
dd*(G) = Z D, v),
wv

and called restricted detour index of G [6].
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The restricted detour polynomial of G, denoted by D*(G; v) is defined as follows [1, 6]:
D*(G, X) — z xD*(u,v) .

u,v

One may easily notice that

6*
D*(G; x) Z c* (G, k)xk,
k=0

in which C*(G, k) is the number of unordered pairs of vertices u, v of G such that D;(u,v) =k, and " is
the restricted detour diameter of G.

Let u be a vertex of G, and let C*(u, G; k) be the number of vertices v of G such that D*(u, v) = k,
then the polynomial defined by

D*(u,G;x) = Z C*(u,G; k)xk,
k=0

is called the restricted detour polynomial of vertex u.
It is clear that

D*(G;x) = % > D@D +p )
uev(G)
where p is the order of G.
One may easily notice that

d
dd"(6) = —=D"(G;%) l=1.

In [1] and [6] authors obtained restricted detour polynomials and indices of some compound graphs.
In this paper, we obtain restricted detour polynomials for some other graphs, namely, straight chains of
vertex identified graphs and edge introducing graphs.

Chains of Vertex Identified Graphs

For disjoint graphs G, and G,, let u be a vertex of G; and v be a vertex of G,, then the vertex-
identifying graph G4 e G, is the graph constructed from G; and G, by identifying u and v. And, the edge-
introducing graph G, : G, is the graph constructed from G, and G, by adding a new edge joining u and v.
In 1993, Gutman [5] obtained H(G; * G,;x) and H(G; : G,;x) in terms of the Hosoya polynomials of G,
and G, with respect to (standard) distance. With respect to restricted detour distance, we have the following
theorem:

Theorem 2.1.[1] Let u be a vertex of G; and v a vertex of G,, then

(1) D*(Gl L Gz;x) = D*(Gl, x) + D*(Gz,x) + D*(u, Gl;x)D*(U, Gz;x)
—D*(u, G;x) — D*(v, Gy; x).
(2) D*(Gy : Gy;x) = D*(Gq;x) + D*(Go;x) + xD*(u, G1; Xx)D* (v, Go;x). m

Let G4, G, ..., G, be pairwise disjoint graphs, each is connected, and let p; = 2 be the order of G;
for i =1,2,..,m. Moreover, let u;, v; be distinct vertices of G;. Define the straight chain of identifying
graphs G,, as the graph constructed from G,, G,, ..., G,, by identifying vertices u;,,; and v; for all i =
1,2,..,m—1,thatis

Im=Gm-1°Gm =(Gm-2°Gn-1) * G =061 ¢ Gy ¢ Gpq* G (2.1)

The graph G,,, is shown in Fig.2.1, where v; = u;;4.
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R

Fig.2.1. The straight chain graph Qm

It is clear that

PGn) = ) p(G) = (m = 1),
i=1

m
aGn) = ) a(G).
i=1
A recurrence relation for obtaining D*(G,,,; x) is given in the following theorem:
Theorem 2.2. Form = 2,

D*(Gm; x) = D*(Gm-1;X) + D*(Gy; x) + D" (Upn, G X)D* (Vin—1, Gm-1;X) — D (U, G X)

— D*(Vin-1,Gm-1; %), (2.2)
where
m-—1
m-1 :
D* (W1, Gy X) = Z (ZEY DD, G x) - D} +1, (2.3)
i=1
in which

}/(]) = DGj(uj'vj)'
Proof. Since G, = Gm—1 * Gy, then by Theorem 2.1(1), we get (2.2). Thus, we need to determine
D*(Vm-1,Gm-1;x). Let w be any vertex of G,,_;. Suppose w € V(G;) fori =1, 2,..,m — 1. Then, from
Fig.2.1,
m-—1
D (W, Vn_y) = DG, (W, ;) + z D§, (uj,v)).
j=i+1
The polynomial corresponding to this distance from v,,,_4, is
Fi(W; x) _ xDGi(W,Vi)+Z;n=_i_,1_1Dj(uj,vj) _ xDGl.(w,v,-) xz;’;}_ly(j).
Thus, summing for all w in G;, we get
Fy(x) = xZrisa¥O) xP6i w0 = (YWD [p* (v, G x) — 1],
wev(G;)
with taking v; as a vertex of G;, .
Now, summing up for i = 1,2, ..., m — 1, and adding 1, corresponding to the distance form v,,_, to
itself, we get the formula given in (2.3).m
To illustrate the use of the formula for D*(v,,_1, Gm—1; X), We give the following example:

Example. Consider the graph G, shown in Fig.2.2. We can find
y(2) =2andy(3) =3,
D*(vy,Gy;x) =1+ 2x + x3 + 2x%,
D*(v5,Gp;x) =1+ 2x + x2,
D*(v3,G3;x) = 1+ 2x + 2x3.
Thus
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D*(v3,G3;x) = xZj=20r)) [2x + x3 + 2x*] + x27=30)) [2x + x?]
2= [2x +2x3] +1
=x°Q2x +x3+2x") +x3Q2x +x?) +x°Q2x + 2x3) + 1
= 2x% 4+ x8 4+ 2x® + x° + 2x* + 2x3 + 2x + 1.

Let G4, Gy, ..., G, be m copies of a connected graph G of order p > 2 with a pair of fixed distinct
vertices u and v as their identified vertices in the corresponding copies. Such straight chains of identified
vertices is denoted by G,,,(G), and D*(v, G; x) is the same for each copy, and for all j,

y() = DGi(ui'vi) = Dg(u,v).

Therfore,
m-1 m-1
D v = D De(uv) = (m—i=DDe(wv)
j=i+1 j=i+1
Thus, by Theorem 2.2,
m-—1
D*(Vim-1,Gm-1(G);x) = Z xM=i=DDeW[D* (v, G x) — 1] + 1.
i=1

Hence, we have the following result:
Theorem 2.3. Form > 2,

D*(Gm(G);x) = D*(Gm-1(G);x) + D*(G;x) — D*(u, G; x) + [D*(u, G; x)

m-1
—-1] {[D*(v, G;x) —1] Z x(M=i-DDg(wv) 4 1.} n
i=1
In Theorem 2.3, suppose that G is a hexagon Cg, and let u and v are diametrical vertices in Cg, then

D¢, (w,v) =3,

D*(u,Cq;x) = D*(v,Cg;x) = 1+ 2x + x3 + 2x*,

D*(Cg;x) = 6 + 6x + 3x3 + 6x*.
Then, by Theorem 2.3,

D*(Gn(Co);x) = D*(Gr—1(Ce); x) + (6 + 6x + 3x3 + 6x*) — (1 + 2x + x3 + 2x*)

m—-1
+ (2x + x3 + 2x%) {(Zx +x3 + 2x%) z x3(m—i—1)+1}_

=1
Solving this recurrence relation, we obtain:
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m—1
D*(Gm(Ce); x) = D*(G-1(Ce); x) + (5 + 6x + 3x3 + 6x*) + (2x + x> + 2x*)? 2 x3(m=i-1)
i=1
= D*(Gm—2(Ce); x) + 2(5 + 6x + 3x3 + 6x%)

m-—1 m-1
+ (2x + x3 + 2x*)? {z x3(m—i=2) 4 z x3(m—i—1)} - ...
i=1 i=1
m-1m-j
= D*(G1(Cg); x) + (m — 1)(5 + 6x + 3x3 + 6x*) + (2x + x3 + 2x*)2 Z Z x3(m=i=j)
j=1 i=1
Hence, we have the following theorem:
Theorem 2.4. Form = 2,
m-1m—j
D*(gm(ce);x) = m(S + 6x 4+ 3x3 + 6x4) +1+4+ (Zx + x3 + 2x4)2 Z Z x3m=i-) m
j=1 i=1

Let G = Cs, then G,,,(Cs) is a straight chain of m pentagons, (See Fig.2.3.). Then it is clear that

Fig.2.3. The straight chain of 3 pentagons 93 (Csi)-

D*(u,v) =3,
D*(u,Cs;x) = D*(v,Cs;x) = 1+ 2x + 2x3,
D*(Cs;x) =5+ 5x + 5x3.
Thus, by Theorem 2.3,
D*(Gm(Cs); x) = D*(Gn-1(Cs); x) + (5 + 5x + 3x%) — (1 + 2x + 2x3)

m-—1

+ (2x + 2x3)[1 + (2x + 2x3)] Z x3m=i-1)

=1
m-—1

= D*(Gnoa(Cs)i) + (4 + 5x + 5x%) + (2 + 24%)% ) w31,
i=1
Solving this recurrence relation, we obtain D*(G,,,(Cs); x) as given in the next theorem.

Theorem 2.5. For m > 2,

m—-1m—j

D*(Gn(Cs);x) =1+ m(4 + 5x + 5x3) + (2x + 2x3)? z Z x3m=i-)) g
j=1 i=1
Taking the derivatives of D*(G,,(Ce); x) and D*(G,,(Cs); x) with respect to x and putting x = 1, we
get the restricted detour indices of G,,,(C¢) and G,,,(Cs) as given in the next result:

Corollary 2.6. Form = 2,

(1) dd*(Gn(Ce)) =2m?(5Sm+1) —m,
(2) dd*(Gn(Cs)) = 8m3 + 8m? + 4m.
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Chains of Edge-Introducing Graphs

Let G4, Gy, ..., G,,, m = 2, be pairwise disjoint graphs, each is connected, and let p; > 2. Moreover,
let u;, v; be distinct vertices of G;, for i = 1,2, ..., m. The straight chain of edge-introducing graphs J,, is
defined as the graph constructed from G,, G,, ..., G,, by introducing m — 1 new edges u;,,v;, for i =
1,2,..,m — 1. Itis clear that

Im=dJm-1:Gn==01:Gy: 1 Gp_q: Gpy.
The graph J,,, m = 3, is shown in Fig.3.1.

Fig.3.1. The straight chain of edge-introducing graph J,.

It is obvious that

P(Im) = X21p(G), and q(Jm) =m — 1+ X2, q(Gy).
A recurrence relation to obtain D*(J,,,; x) is given in the following theorem:

Theorem 3.1. Form = 2,

D*(Jm; x) = D" (Jm=1;%) + D*(Gp; x) + xD* (Upy, Gy X)D* (Vpn—1, Tmn—1; %), 3.1)
where
m-—1
. m-—1 .
D*(vm_l,ﬂm_l;x) = Z {xm_l_l xzj:i"'ly(J) D*(Ul', Gi; X)}, (32)
i=1
in which
v() = Dz, (; vy).
Proof. Since
Im = Im-1:Gm,

Then applying Theorem 2.1(2), we get (3.1). Thus, we need to find D*(v;,—1, Jm—1; X). Let w be any
vertex of J,,—1, thatis, w € V(G;) for some i = 1,2, ..., m — 1. Then, from Fig.3.1., we notice that
D}, W, Voy) = xPimea O = D (w,v) + (m =i = 1) + B3 D ),
The polynomial corresponding to this restricted distance from v,,,_; in J,,—1 iS
Ri(W; x) = xmi-1 xDEi(W:Vi) xZ}n:_iLY(j),
in which
y(D = D¢, (w;, vy).
Therefore, summing for all w in V(G;), we get
F= Y Rwix) = xmoit B0 3T Pote
wEeV(Gy) wev(G;)
= xm-i-1 xz}i_iily(j)Dgi(vi,Gi;x).
Now, summing up fori = 1,2, ..., m — 1, we get the formula (3.2). Hence the proof is completed.m
Let G4, G, ..., Gy, be m copies of a connected graph G of order p > 2 with a pair of fixed distinct
vertices u and v as their ends of the new edges introduced in the corresponding copies. Such straight chain of
edge-introducing graph is denoted by J,,(G) which D*(v, G; x) is the same for each copy of G, and for all j,
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() = Dg,(uy, vi) = Dg(w, v).

Therefore,
m-—1
> () = m—i - DD v).
j=it1
Thus, by Theorem 3.1,
m-—1
D*(Vm—1, Im-1(G); x) = Z{x(m_i_l) x(M=i=DPW) p*(y, G; x)}.
i=1
Hence, we have the next result:
Theorem 3.2. Form > 2,
m—1m—j
D*(Jm; x) = mD*(G; x) + xD*(u, G; x)D* (v, G; x) x(M=i=)A+Dguv) § (3.3)
j=1 i=1

Proof. From (3.1) in Theorem 3.1, we get for m > 2,

m-—1
D*(Jm; x) = D*(Jm-1;%) + D*(G; x)+xD*(u, G; x)D*(v, G; x) {Z x(m“"”“*”&(“'”)}-
i=1
Solving this recurrence relation, we obtain the required formula (3.3).m

Corollary 3.3. Form = 2,

—1m—j

Z x4 m=i=D 1t (3.4)

i=1

3

D*(Jm(Ce); x) = m(6 + 6x + 3x3 + 6x*) + x(1 + 2x + x3 + 2x*)2

IIM

in which u and v are diametrical vertices in Cq.

Proof. From the proof of Theorem 2.4, we have Dée(u, v), D*(u, Cg; x), D*(v, Cg; x) and D*(Cg; x). Then,
using Theorem 3.2, and simplify the result, we obtain (3.4).m

Corollary 3.4. Form = 2,

m—1m—j
D*(Jm(Cs); x) = m(5 + 5x + 5x3) + x(1 + 2x + 2x3)? xm=i=j) % (3.5)
j=1 i=1
in which u and v are as shown in Fig.2.3.

Proof. From the proof of Theorem 2.5, we have D¢_(u,v) = 3, D*(u, Cs;x) = D*(v, Cs; x) and D*(Cs; x).
Then, using Theorem 3.2, and simplifying the result, we obtain (3.5).m

Corollary 3.5. Form = 2,
(1) dd*(Jmnm(Cs)) = 24m3 + 24m? — 9m,
(2) dd*(Im(Cs)) =ZTm? +3m? +2m.

Proof. Take the derivatives of D*(J,,(Ce);x) and D*(J,,(Cs); x), given in Corollaries 3.3 and 3.4 at
x =1, and simplifying the results.m
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