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 The main aim of this paper is to construct Bendixson-Dulac and Dulac-Cherkas functions 

to study the maximum number of limit cycles for several families of planar dynamical 

system. We also apply the results to Lienard and biochemistry reaction systems. 
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1.Introduction 
In the qualitative theory of differential equations, research on limit cycles is an interesting and difficult part. 

We recall that a limit cycle is a periodic solution which has an annulus –like neighborhood free of other 

periodic solutions. The problem of estimating the maximum number of limit cycles for a polynomial vector 

field, which is the second part of the 16
th
 Hilbert problem [1], remains unsolved yet. The more well-known 

method for proving the nonexistence of limit cycles is the Bendixson-Dulac method and some variation of it. 

We consider   two dimensional autonomous system of differential equations  

 ̇   (   )       ̇   (   )                                                     ( ) 

defined on an open subset   of     and their corresponding vector fields    
 

  
  

 

  
 on   and the 

divergence of    is       
  

  
 
  

  
  

2. Preliminaries. 

 In this section we present the basic definitions and results necessary to prove some theorems and corollaries.  

Theorem 1.(Bendixson-Dulac)[2].If there exists a continuously differentiable function  (   ) in a simply 

connected region   such that    (   ) has constant sign and is not identically zero in any sub region , then 

the system (1) does not possess any limit cycle(closed trajectory) which  lies entirely in    
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The function  (   )  is called Dulac function of the system (1).In general it is very difficult to find a Dulac 

function for system (1).Theorem1 can be extended to multiply connected regions in order to study the 

nonexistence and existence of limit cycles of system (1). 

Theorem 2 [7].Let   be a   - connected open subsets of    with smooth boundary .If   Dulac function 

defined in  , then the system (1) has at most     limit cycles which lie entirely in    

 The method of Dulac function was generalized by Cherkas in [2].The corresponding generalized 

Dulac function are called Dulac-Cherkas function and are defined as follows. 

Definition [2].Let       (   )in some open region       A function     (   ) is called a Dulac-

Cherkas function of system (1) in   if there exist a real number     such that 

    (        )           (  )                                                                                            (2) 

Theorem 3[2].Let   be a    connected region and  be a Dulac-Cherkas function of system (1) in   such 

that    *(   )     (   )   } has   ovals in   Then system  (1) has at most     limit cycles in 

 ,any existing limit cycle is hyperbolic. 

In [2, 4] are considered the generalized Lienard system of the form 

 ̇           ̇  ∑   (  )
 
      with      . 

for such systems constructed a Dulac-Cherkas function. See [3, 6] for details about constructions of 

Bendixson-Dulac and  Dulac-Cherkas functions . 

3. The main results. 

In this section, we discuss the nonexistence and existence of limit cycles of planar differential systems by 

using the qualitative theory of ordinary differential equations. 

Theorem 4.Suppose that D is a simply connected domain and if either   ( ) or   ( )    ( ) does not 

change sign and vanishes at most on a set of measure zero in D. Then the system 

 ̇   ( )   ( ) ( )    (   )             ̇   ( )  ( )    (   )                                        (3) 

has no limit cycles in D, where           
 ( )  

Proof. First construct the Dulac function    (   )  
 

 ( )
  .Along solutions of system (3), we derive that 

   (       )   
 ( ) . Second construct the Dulac function    (   )  

  

 ( )
, we have 

    (       )   
 (  ( )   

 ( ))  According to the hypothesis,    (       ) is constant sign in D for 

      The result follows by Theorem 1.∎ 

Theorem 5.Suppose that D be a    connected region (   ) in    and if either   ( ) or   ( )    ( ) 

does not change sign and vanishes at most on a set of measure zero in D. Then the system (3) has at most 

    limit cycles which lie entirely in    

Proof. Since D be a    connected region, then the result follows from Theorem 2 and Theorem 4. ∎ 

 Using the same technique of proof as that in Theorem 4, we prove the following result. 
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Theorem 6.Suppose that D is a simply connected domain and if either   ( ) or   ( )   ( ) does not 

change sign and vanishes at most on a set of measure zero in D, then the system 

 ̇   ( )  ( )          ̇   ( ) ( )    ( ) 

has no limit cycles in D, where           
 ( )  

Theorem 7.The system        ̇   
 
( )(       ( ))    (   )    

(4) 

                                          ̇   ( )  (           ( )       ( )) 
 
( )    (   ) 

has no limit cycles, where  ( )  ∫ ( )     ( )        * + and     are real parameters. 

Proof. First if    , we take  the Dulac function  (   )  
       

  ( )
 Then it follows that 

    (     )    (   )          is a constant sign in the region     or      The x–axis is 

invariant because  ̇    on    ,hence there are no limit cycles in the whole plane by Bendixson-Dulac 

Theorem. Now if    , multiply the vector field by a function  (   )  
     

  ( )
, then phase portrait of 

system (3) is essentially unchanged if we multiply the vector field by a non-zero function. 

Since   (     )   , then the system is exact hence the system (4) has no limit cycles.∎ 

 We use the same proof as in Theorem 7, to obtain the following result. 

Theorem 8.The system 

 ̇   ( )  (                ( )) 
 
( )    

 

 ̇  (      ( )) 
 
( ) 

has no limit cycles, where  ( )  ∫ ( )      ( )        * + and     are real parameters. 

Corollary 1.The following systems  

 ̇   
 
( )(                

       
 )    

                                          ̇   ( )  (             (    
   

 

 
   

   
 

   
 ) 

 
( )        and 

 ̇   ( )  (             (    
   

 

 
   

   
 

   
) 
 
( ) 

 ̇  (               
       

 ) 
 
( ) 

has no limit cycles, where   ( )        * + and        are real parameters. 

Proof. We take  ( )            
       

   and  ( )            
       

 . Apply 

Theorem 7 and Theorem 8, the corollary follows. ∎ 
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 In this paper we also consider the system 

 ̇   ( )  ( )    ( ) 

(5) 

 ̇    ( ) ( )   ( )    ( ) 

where         and ( )  ∫ ( )    and  ( )  ∫ ( )    are a primitive functions of  f and g 

respectively 

Theorem 9.Suppose that D is a simply connected domain and if either   ( ), ( )  ( )    ( ) ( )-  or 

  ( ) ( )(,  ( )    ( )- does not change sign and vanishes at most on a set of measure zero in D. Then 

the system (5) has no limit cycles in D. 

Proof. First construct the Dulac function    (   )  
 

     ( )   ( )
  .Along solutions of system (5), we 

derive that    (       )  
  ( ), ( )  ( )   ( ) ( )-

  
 (   )

 Second construct the Dulac function    (   )  

 

  ( )   ( )
 .Then we have   (       )  

  ( ) ( ),  ( )   ( )-

  
 (   )

  The conditions imply that    (       ) 

is constant sign in D for       The result follows by Theorem 1.∎ 

 In [8], the author discussed Lienard's equation 

 ̈   ( ) ̇  ( )                              (6) 

where f and g are real polynomials satisfying the conditions     and     ( )      ( ),and proves the 

equation (6) has no algebraic closed solutions. Equation (5) is equivalent to the system 

 ̇           ̇     ( )  ( )                                      (7) 

which is a special case of system(5) when  ( )   .It is easy to derive the following result by Theorem 9. 

Corollary 2. Suppose that D is a simply connected domain and if either  ( ) ( )    ( ) ( )    (  ) 

or ( ),     ( )-   (  ) , then the system (7) has no limit cycles in D. 

 Note that if  ( ) is a constant sign in a simply connected region D, then the system (7) has no limit 

cycles in D.  

Now we use Dulac-Cherkas function to study limit cycles for a generalized Biochemistry reaction systems 

 ̇         ( ) 

(8) 

 ̇         ( ) 

It was studied in [7], the following Biochemistry reaction model 

 ̇           

(9) 

 ̇           
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where      is positive integer and         and obtained some sufficient conditions for the 

boundedness of solutions and the existence of limit cycles of (9).Clearly, system (8) contains of the model 

(9) when   ( )    . 

Theorem 10.Let   be a  (   ) connected region in     If       ( )    then the system (8)has at most 

   limit cycles in    any existing limit cycle is hyperbolic. 

Proof. We construct a Dulac-Cherkas function in the form  

 ( )     ( )                          (10) 

The curve  ( )    has no closed curves. Moreover, from (2) and (10) we get 

 (   )      ( )  ((   )(   ( )       ) ( )  (        )  ( )    (   )  

Setting       we get   (   )  ,( ( )  .  
 

 
/-  

 

 
    ( ) 

Thus   does not depend on x .According to the hypothesis, then  (   )    and the result follows by 

Theorem 3.∎ 

Corollary 3.Let   be a  (   ) connected region in    If    
(   ) 

 
  then the system (9) has at most 

    limit cycles in    any existing limit cycle is hyperbolic. 

Proof. By recursive calculations, and proceeding in the proof of Theorem 10 by taking  ( )        then 

the corollary follows. ∎ 

Corollary 4. Let   be a simply connected region in     

1. If       ( )     then the system (8) has no limit cycles in    

2. If    
(   ) 

 
  then the system (9) has no limit cycles in  . 

Proof. Because   be a simply connected region, hence corollary follows directly from Theorem 10, 

Corollary 3 and Theorem 1. ∎ 

In [6], studied the differential system  

                                                              ̇   
 
( )   

 
( )    (   ) 

(11) 

 ̇     ( )    (   ) 

where       and   are   functions .For system(11), Gine  has constructed a Dulac function of the form 

     ( ), where   is an arbitrary constant. But in fact   is not a Dulac function for system (11) if   
 ( )  

  or  
 ( )   because    (     )      ( )[  

 ( )       ( )] Nowwe construct a Dulac function for a 

general system of (11). 

Theorem 11.Consider the differential system  

 ̇   
 
( )   

 
( )    (   ) 
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(12) 

 ̇   ( )  ( )    (   ) 

If  
  

 ( )

 ( )
    or  

  
 ( )

 ( )
   in a simply connected region D, then system (12) has no limit cycles in D. 

Proof. We choose a Dulac function in the form  (   )  
 

 ( )
.The divergence of the vector field (     ) 

equals 
  

 ( )

 ( )
.According to the hypothesis then    (     )  is a constant and is not identically zero in D and 

the result follows by Theorem 1.∎ 

Conclusion. 

 There is no general method for determining an appropriate Dulac and Dulac –Cherkas function for a given 

system (1). In this work we apply the Bendixson-DulacTheorem and Dulac-Cherkas method to give an upper 

bound of the number of limit cycles for several families of planar systems. 
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