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Introduction

Mashhour [8] introduced the concept of preopen sets. Nasef A.A. and Noiri T. [9] introduced a new class of
functions called almost precontinuous, while Levine N. [6], defined the weakly precontinuous functions. In
this paper almost and weakly I,-continuous functions are introduced by using the concept of 1,-open sets [2].

Throughout this paper by a space (X, 1) (or simply X) is meant a topological space on which no separation
axioms are assumed unless explicitly stated. The closure and the interior of a subset A of a space X is denoted
by CI(A) and Int(A), respectively while, 1,-CI(A) and l,-Int(A) is denoted by the Ip,-closure and ly-interior of
A respectively.

A subset A of a space (X, 1) is called semi-open [6] (resp., preopen[8], a-open [10], B-open[5] and regular
open) set if Ac CI(Int(A)) (resp., A< Int(CI((A)), AcInt(CI(Int(A))), AcCI(Int(CI(A))) and A=Int(CI(A)) and
A is said to be a 6-open set in X for each xe A, there exists an open set U in X such that xe UcCI(U)cA[12].
The complement of a semi-open (resp., preopen, a-open, B-closed, regular open and 6-open) set is called semi-
closed (resp., preclosed, a-closed, regular closed and 6-cosed) . Also 75 (resp., t¢) denotes the family of all
regularly open (resp., 6-open) sets in a space X that form a topology for X.
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1. PRELIMINARIES
In this section we recall some basic definitions which are used in this paper.
Definition 1.1 [2]: A subset A of a topological space (X, 1) together with the empty set is called an I,-open

set if pInt(A) # ¢. The family of all l,-open sets of X is denoted by 1,0(X, t) or 1,0(X).

Definition 1.2[12]: A subset A of a topological space (X, 1) is said to be a 6-open (8-open) set in X if for each
xeA, there exists an open set U in X such that xeUcCI(U)cA (resp., xeUcInt(CI(U))cA). A point xe X is
said to be the 8-closure (8-closure) of BX, if B CI(U)=¢ (resp., B/ Int(CI(U))=¢) for each open (resp.,

open) set U in X containing X. The complement of a 8-open (resp., 3-open) set in X is called a 6-closed (resp.,
8-closed) set in X.

Definition 1.3 [8]: A function f: X —Y is called pre-continuous (resp., semi-continuous) if f *(U) is a
preopen (resp., semi-open) set in X for every open (resp., semi-open) subset U in Y.

Definition 1.4: A function f: X—Y is said to be almost precontinuous [9] (resp., almost continuous [11]) if
the inverse image of each regular open subset of Y is a preopen (resp., open) subset in X.

Definitionl1.5 [3]: A topological space (X, t) is called hyperconnected if every non-empty open subset of X
is dense. A hyperconnected space sometimes is called irreducible.

Theorem 1.6 [2]: A topological space (X, t) is hyperconnected if and only if every non-empty l,-open set in

X is dense.

Corollary 1.7 [2] : If a space (X, 7) is hyperconnected, then [,O(X)= pO(X), (where pO(X) is the family of
all pre-open sets of a space X).

Definition 1.8 [3]: A function f: (X, 1) — (Y, o) is called regular closed if the inverse image of each open

subset in Y is a regular closed subset in X.
Lemma 1.9[2]: Every super set of a non-empty I,-open set is I,-open.

Lemma 1.10 [2]: If a non-empty subset A of a topological space (X, 1) is a -open set in X, then CI(A) is lp-

open.

Definition 1.11[2]: A function f: (X, 1) — (Y, o) is called lp,-continuous at xe X, if for every open set U in
Y containing f (x), there exists an l,-open set G in X containing x such that f (G)cU. f is said to be I,-

continuous if it is l,-continuous at each point of X.

Proposition 1.12[2]: Every pre-neighbourhood of any point x in a space X is an l,-open set.

Lemma 1.13 [1]: Every regular open subset of a space X is 5-open.

Proposition 1.14[2]: A function f: (X, t) = (Y, o) is I,-continuous if and only if for every open subset A of

Y, £ (O) is l,-open in X.
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2. Almost and Weakly I,-Continuous Functions.

In this section, almost I,-continuous and weakly I,-continuous functions in topological spaces are defined,

several characterizations and some properties of these functions are obtained.

Definition 2.1:A function f: X =Y is called almost I,-continuous at xeX if for each open set H in Y

containing f (x), there exists an lp-open set G in X containing x such that f (G) < Int(CI(H)).

Definition 2.2:A function f: X—Y is called weakly I,-continuous at xeX if for each open set H in Y

containing f (x), there exists an lp-open set G in X containing x such that f (G) cCI(H).

It can be stated that f: X—Y is almost (resp., weakly) lp-continuous if they are almost (resp., weakly) Ip-

continuous function at each xe X.

Remark 2.3: Every lp,-continuous function is almost I,-continuous and every almost I,-continuous implies

weakly I -continuous. But the converse in each case is not true in general as shown in the following examples:

Example 2.4: (1) Let X = {1, 2, 3} with t1 = {@, X, {1}, {2, 3}} and 12 = {o, X, {2}, {3}, {2, 3}}. Define a
function f :(X, 11)—>(X, 1) by: f (1)=2, f (2)=3 and f (3)=1, then f is weakly I, -continuous but it is neither

almost I, —continuous nor an I, -Continuous function.

(2) Let X ={1,2,3}and 11 = {@, X, {1}, {2}, {1, 2}, {2,3}}, =2 = {o, X, {1}.{1, 2}, {1, 3}}. Then define a
function f : (X, 11)—>(X, 12) by: f(1)=3, f (2)=2 and f (3)=1, then f is an almost I,-continuous function but not

l,- continuous.

Proposition 2.5: Every almost pre-continuous function (resp., weakly pre-continuous) is an almost I,-

continuous (resp., weakly lp,-continuous) function.
Proof: The proof is obvious.

However, the converse of Proposition 2.5 is not true in general for both cases as shown in the following

example:
Example 2.6: Let X = {a, b, ¢, d} with 11 = {o, X, {b}, {c}, {a, b}, {b, c}, {c, d}, {b, ¢, d}, {a, b, c}} and

w2 ={@, X, {a}, {b}, {b, c}, {a, b}, {b, d}, {a, b, c}, {a, b, d}, {b, ¢, d}}. Let f: (X, 11) =(X, 12) be a function
which is defined by f (a) = f (b) = f (d) = b and f (c) =a. Then fis both almost and weakly I,-continuous but it

is neither almost pre-continuous nor weakly pre-continuous function.

Recall that a topological space (X, 1) is said to be locally indiscrete if every open subset of X is closed [7].
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In the following proposition we give some conditions which make the converse of (Proposition 2.5) true.

Proposition 2.7: Let f: X—Y be a function, where X is a hyperconnected (or locally indiscrete) space. Then f
is almost pre-continuous (resp., weakly pre-continuous) if and only if f is an almost I, -continuous (resp.,

weakly I, -continuous) function.

Proof: Follows from Proposition 2.5 and corollary 1.7

Theorem 2.8: If a function f : X — Y is weakly I, -continuous, then for each xeX and each 6-open set H in

Y containing f (x), there exists an I, - open set U in X containing x such that f(U)c H.

Proof: Letf be weakly I, -continuous and let xeX and H be a 6-open set in Y containing f(x). Then there
exists an open set G in Y such that f (x)eGc CI(G)cH. Since f is weakly I, -continuous, then there exists an

I,-open set U in X containing x such that f (U) cCI(G)c H.

Corollary 2.9: If a function f : X — Y is weakly I, -continuous, then the inverse image of each 6-open set in

Y is an I, -open set in X.

Proof: Let H be a 0-open setin Y. To show f1(H) is I, -open in X, let f(x) e H. Since f is weakly I, -continuous,
then by (Theorem 2.8) there exists an I, -open set U in X such that xe U and f(U) < H. This implies that f(x)
e f(U) =H for all xe X. Since f (U)cH, then Ucf ( f (U)) = f *(H). So Uc=f (H). Since U is I, —open,
then by Lemma 1.9 f "}(H) is an I, -open set in X.

Corollary 2.10: If a function f :X — Y is weakly I,-continuous, then the inverse image of each 6-closed set in

Y is an lp-closed set in X.

Proof: Follows from Corollary 2.9, by complementation.

Corollary 2.11: Let f: X — Y be a function. If for each xe X and each open set H in Y containing f(x), there
exists a 3-open set U in X containing x such that f (CI(U))cInt(CI(H)) (resp., f (CI(U))cCI(H)), then f isan

almost I, -continuous (resp., weakly I, -continuous) function.

Proof: Since U is f-open, then by (Lemma 1.10) CI (U) is I, -open. Take G = CI(U), then f is an almost

(resp., weakly) I,-continuous function.
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Theorem 2.12: If a function f: (X, t) >(Y,o) is weakly lp-continuous, then f: (X, 1) —(Y,00) is l,-continuous.

Proof: Let Ocace. Then O is 0-open. Since f is weakly I, -continuous, then by (Corollary 2.9) f (O) isan I, -
open set in X and then by (Definition 1.11) f is I, -continuous.

A space X is called an extremally disconnected, if the closure of each open set in X is open [7].

Theorem 2.13: Let f: X — Y be a function and Y be an extremally disconnected space. Then f is weakly I, -

continuous if and only if the inverse image of each 6-open set in Y is an |, -open set in X.

Proof: Let f be a weakly I, —continuous function. Then by (Corollary 2.9) the inverse image of each 6-open

setin Y isan I, -open set in X.

Conversely, let the inverse image of each 6-open set in Y be an I, -open set in X. To show that f is weakly I,

-continuous, let H be any open set in Y containing f(x). Then CI(H) is 6-open, therefore by the hypothesis

f 1(CI(H)) is I, -open, but f( f 1(CI(H)) = CI(H). This implies that f is weakly I, -continuous.

Theorem 2.14: Letf: X — Y be a function. If the inverse image of each regular closed set in Y is an I, -open

set in X, then f is weakly I, -continuous.
Proof: Let H be any open subset of Y containing f (x). Then CI(H) is a regular closed set in Y containing
f (x). Therefore by the hypothesis f -1(CI(H)) is I, -open in X containing x, and f(f *(CI(H))c CI(H)). Take

f 1(CI(H))=U, then U is I, —open, such that f (U) =CI(H)). Thus f is a weakly I, -continuous function.

Theorem 2.15:A function f: X — Y is almost I, -continuous if and only if for each xe X and each 3-open set

H in Y containing f (x), there exists an lp-open set U in X containing x such that f(U)c H.

Proof: Let f be an almost I, -continuous function, and let xeX and H be a d-open set in Y containing f (X).
Then there exists an open set G in Y such that f (X)eG < Int(CI(G) < H. Since f is almost Ip,-continuous, then

there exists an I, -open set U in X containing x such that f (U) < Int(CI(G))c H. Thus f(U)c H.

Conversely; let for each xe X and each 3-open set H in Y containing f (x), there exists an I, -open set U in X
containing x such that f (U) < H. To show f is almost Ip,-continuous, let xeX and G be an open set in Y
containing f (x), then Int(CI(G)) is 5-open set. Therefore, by hypothesis there exists an I, -open set U in X

containing x such that f (U) c Int(CI(G)) this implies that f is an almost I, -continuous function.
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Corollary 2.16: A function f: X — Y is almost I, -continuous if and only if the inverse image of each 5-open

setin Y is I, -open set in X.

Proof: It is followed by Theorem 2.15.

Corollary 2.17: A function f: X — Y is almost I, -continuous if and only if the inverse image of each 5-closed

setin Y isan I, -closed set in X.

Proof: Obvious.

Theorem 2.18: A function f: X — Y is weakly I, -continuous if and only if for each open set V of Y,
f (V) < Ip-Int (f "X(CI(V))).

Proof: Let f: X — Y be weakly I,-continuous, let V be any open subset of Y and let xef (V). Then f (x)eV.

Since f is weakly I, -continuous, then there exists an lp-open set U in X containing x such that f (U)c CI(V).
This implies that xeUc f ~(CI(V)). Therefore, xe lp-Int (f ~(CI(V))). Thus f ~(V)c lp-Int(f ~(CI(V))).

Conversely; let xe X and H be any open set in Y containing f (X). Then xe f 7 (H) and by the hypothesis
ly; | dHD i ining f (x). Th f~(H) and by the h hesi

f ~(H)cl,-Int(f ~*(CI(H))), this implies that xef ~(H)cl,-Int(F(CI(H)))<=f(CI(H)), take U=l,-Int(f"*(CI(H))),

which is an I,-open set in X containing x such that f (U) < CI(H). Thus, f is a weakly I,-continuous function.

Theorem 2.19: A function f: X — Y is almost I, -continuous if and only if for each open set V of Y,
f (V) Lo Int(f ~(Int(CI(V))).
Proof: Let f: X — Y be almost I,-continuous and let V be any open subset of Y. To show

f 7 (V)cl-Int(f " (Int(CI(V))), let xef (V). Then f (x) V. Since f is almost I, -continuous, then there exists an
I, -open set U in X containing x such that f(U)c Int(CI(V)). This implies that xeUc f ‘l(lnt(CI(V))). Therefore,
xe lp-Int (f ™ (INt(CI(V))). Thus f ™ (V) < lp-Int(f ~(Int(CI(V))).

Conversely; let for each open set V of Y, f‘l(V)c lo-Int(f '1(Int(CI(V))). To show f is almost I, -continuous,

let xeX and H be any open set in Y containing f (x). Then xf - (H) and by the hypothesis
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f ~(H)< I-Int(f ~*(Int(CI(H))). This implies that xef ~(H)< lp-Int (f *(Int(CI(H)))< f ~(Int(CI(H))), take

U=lp-Int(f '1(Int(CI(H))) which is an I, -open set in X containing x such that f (U) < Int(CI(H)). Thus f is an

almost I, -continuous function.

Corollary 2.20: A function f: X — Y is a weakly I,-continuous (resp., almost I, -continuous) function if and
only if for each BeB, where B is a basis for a topology on Y, f(B)c I,-Int (f (CI(B)) (resp., f (B)c

lo-Int(f ~(Int(CI(B))).

Proof: Let f: X — Y be a weakly I, -continuous (resp. almost I,-continuous) function and let Bef3, then B is
an open subset of Y, thus by Theorems 2.18 (resp., Theorem 2.19) f ~(B)c I,-Int(f ~(CI(B))) (resp., f ~(B)=
lo-Int(f ~*(Int(CI(B)))).

Conversely; let for each Bep, f ~(B)c l-Int(f ~(CI(B))) (resp., f ~(B)c lo-Int(f ~*(Int(CI(B))). Let H be any

open set in Y containing f (x), then H=U Bi, Biep for each iel, by hypothesis for each i<l, f‘l(Bi)c lo-

icl
Int(f ~(CI(B)) (resp., (B lp-Int(f ~"(Int(CI(B3)))). Therefore, | | f (B)<|J lo-Int(f "(CI(BY)) (resp.,
iel icl
U 7 @)=l le-Int (7 (nt(CIB)))), then £7(| ] B) < lpInt(fCI(| ] B), (resp.,
iel icl icl icl

(L Biclh-Int(nt(CI(| J B:)))). Therefore, f ~(H)l,-Int(f ~(CI(H))) (resp., f (H)c

iel iel

lo-Int(f ~(Int(CI(H)))). Thus, by Theorem 2.18, (resp., Theorem 2.19) f is a weakly l,-continuous (resp., an

almost l,-continuous) function.

Corollary 2.21: A function f: X — Y is almost l,-continuous if and only if the inverse image of each regular

open set in Y is an lp-open set in X.

Proof: Since every regular open is 3-open, so the result is followed by Corollary 2.16.

Corollary 2.22: A function f : X — Y is almost I,-continuous if and only if the inverse image of each regular

closed set in Y is an l,-closed set in X.

Proof: Clear.
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The following result is another characterization of almost I,-continuous functions.
Theorem 2.23: For the function f:X — Y, the following statements are equivalent:

1) fisanalmost I, -continuous function.
2) f(1,-CI(A)) c Clsf (A), for each subset A of X.

3) 1,-CI(f (B))= f ~(Cls(B)), for each subset B of Y.
4) 7 (Ints(B)) < lp-Int(f ~(B)), for each subset B of Y.
5) 1,-CI(f (B))c f ~(CI(B)), for each semi-open set B in Y.

Proof: (1) =(2) Let A be any subset of X. To show f(I,-CI(A))c Cls f(A), suppose that f(l,-cl(A)) zclsf (A).
This implies that there exists yef(l,-CI(A)) such that yeCls (f (A), then there exists an open set H in Y

containing y such that Int(CI(H)) N f(A)=¢ . If f'l(y)z @ , then there is nothing to prove, if f ‘1(y)¢ @, suppose
that x is any arbitrary point of f '1(y). Therefore, f(x) eH, but H is an open subset of Y, then by (1) there exists
an |, -open set U of X containing x such that f (U)cInt(CI(H)), so f(U) ) f(A)=¢. This implies that f (U[] A)=
@, then U A=¢ . Thus x¢ Ip(CI(A)). Therefore, yef (1,-(CI(A))) which is a contradiction.

Hence f(1,-CI(A))Cls (F (A)).

(2) =(3) Let B be any subset of Y. Therefore, by (2) f (1,-CI(f ~(B))) Cls(f(f ™ (B))) = Cls(B). This implies
that f ~(f (1,-CI(f ~(B)))=f ~(Cls(B)), then I,-CI(f ~(B))=f ~(Cls(B)).

(3) =(4)Let B be any subset of Y. Then Y\B is a subset of Y. Therefore, by (3) I,-CI(f (Y\B)) <

f ~(Cl5(Y\B)). This implies that I,-CI(X\f ~(B))= f = (Y\Ints(B)), and so X\ I-Int(f ~(B))= X\f ~(Ints(B)).
Hence f ~(Ints(B)) < lo-Int(f ~(B)).

(4) =(5) Let B be any semi-open subset of Y. Then CI(B) is regular closed in Y. Therefore, Y\CI(B) is regular
open in Y. Thus by (Lemma 1.12) Y\CI(B) is 8-open in 'Y, then by (4) f ~(Y\CI(B))c

lo-Int(f ~(Y\CI(B))). This implies that f ~*(Y\CI(B)) is an l,-open set, and then X\f "CI(B) is an l,-open set in
X, that is f ~*(CI(B)) is I,-closed. But f ~*(B)=f ~(CI(B)). This implies that 1,-CI(f *(B))=f ~(CI(B)).

(5) =(2) Let B be any regular open subset of Y, then Y\B is aregular closed set in Y. This mplies that Y\B is
a semi-open subset of Y. Therefore, by (5) 1,-CI(f “(Y\B) f (CI(Y\B))=f ~/(Y\B), hence f ~*(Y\B) is I, -

closed in X. That is, X\ f ‘1(B) is l,-closed. Therefore, f ‘l(B) is an l,-open set. Hence by Corollary 2.21, f is

almost Ip-continuous.
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The following theorem is a characterization of weakly I, -continuous functions.
Theorem 2.24: For a function f: X—Y, the following statements are equivalent:

f is a weakly I, -continuous.

f (I, -CI(A)) Clo(f(A)), for each subset A of X.

I, -CI(f (B))  f {(Clo(B)), for each subset B of Y.

f I(Inte(B)) lp-Int( f 1(B)), for each subset B of Y.

I,-ClI( f 1(B))c f L(CI(B)), for each open set Bin'Y.

f 1(Int(CI(H))) < I, -Int( f 1(CI(H)), for each open set Hin Y.
I, -CI f 1(Int(F)) < f L(CI(Int(F))), for each closed set F in Y.

N o A~ w Do

Proof: (1) =(2) Let A be any subset of X, we suppose that f (I, -CI(A)) & Clo(f (A)), this implies that there
exists yef (I,-CI(A)) such that y¢ Clg(f (A)). Then there exists an open set H in Y containing y such that CI(H)
Nf(A)=¢. If f Y(y)=9, then there is nothing to prove. Suppose that x is any arbitrary point of f “(y), therefore;

f (X)eH, but H is an open subset of Y, then by hypothesis there exists an I, -open set U of X containing x such
that f (U)cCI(H). Then f(U) () f(A)=¢, which implies that f(U () A)=¢, then U A=@. Thus x&l,-CI(A),
therefore yf(l,-CI(A)) which is a contradiction. Hence (I, -CI(A))c Clo(f (A)).
(2)=(3) Let B be any subset of Y. Then f 1(B)c=X, therefore by (2) f (I, -CI(f 1(B))) =
Clo( f(f 1(B)))=Clo(B), then f “1(f (1,-CI( f 1(B)))= f 1(Clo(B)). Hence I,-ClI( f 1(B)) < f 1(Clo(B)).
(3)=(4) Let B be any subset of Y. Then Y\B is also a subset of Y, therefore by (3)
L-CI( f L(Y\B))  f 1(Cls(Y\B)), 50 I,-CI(X\f X(B)) < f L(Y\Inte(B)). This implies that
X\ Lp-Int(f X(B))=X\f “L(Inte(B)), hence f *(Inte(B)) < I, -Int( f %(B)).

(4) = (5) Let H be any open subset of Y. Then Y\H is closed in Y. Since H is an open set in Y, then
Clo(H)=CI(H), and by (4) f "(Inte(Y\H)) < Ip-Int( f 2(Y\H)). This implies that f *(Y\Clo(H))c

Lo-Int(X\F 1(H)), that is X\f Y(CI(H))=X\l, -CI( f Y(H)). Thus I, -CI( f Y(H))c f H(CI(H)).

(5)=>(6) Let H be any open subset of Y. Then Y\CI(H) is open in Y, so by (5)1,-CI(f 2(Y\CI(H)))<=
f L(CI(Y\CI(H))). Therefore, 1,-CI(X\f (CI(H))) < f 2(Y\Int(CI(H))), hence X\ Ip-Int(f }(CI(H)))c

X\f Y(Int(CI(H))). Thus f(Int(CI(H))) < lo-Int(f L(CI(H))).
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(6) = (7) Let F be any closed subset of Y. Then Y\F is open. By (6) f 1(Int(CI(Y\F))) < lp-Int(f L(CI(Y\F))).
Therefore, f L(Int(Y\Int(F)))clp-Int(f “2(Y\Int(F))). This implies that f *(Y\CI(Int(F))) < lp-Int(X\f “(Int(F))),
then X\f L(CI(Int(F)))=X\I, -CI( f “1(Int(F))). Thus, 1,-CI( f (Int(F))) <= f L(CI(Int(F))).

(7)=>(6)Let H be an open subset in Y, then Y\H is a closed set, and by (7) 1,-CI(f “(Int(Y\H))c

f 1(CI(Int(Y\H)). Then I, -CI( f 1(Y\CI(H)) < f }(CI(Y\CI(H))) and so I, -CI(X\f }(CI(H)))<f (Y\Int(CI(H)))
, then X\Ip-Int(f 1(CI(H)))=X\f “1(Int(CI(H))). Thus f 2(Int(CI(H)))) <lp-Int( f 1(CI(H))).

(6) = (1)Let H be any open subset of Y containing f (x), where x e X, then xef "}(H). Since H is open, then

f 1(H) < f 1(Int(CI(H))), thus by (6) xe f 1(Int(CI(H)))<lp-Int(f (CI(H)))). This implies that

xelp -Int( f 1(CI(H))). Therefore, there exists an I,-open set A of X such that xe Acf }(CI(H)), then

f(A)c f( f (CI(H))) =CI(H). That is f(A) = CI(H). Hence f is a weakly I, -continuous function.

Corollary 2.25: A function f :(X, 1) —(Y, o) is almost l,-continuous if and only if
f:(X, 1) =(Y, o) is I -continuous.

Proof: It is a direct consequence of Proposition1.14 and Corollary 2.16.

Theorem 2.26: For an extermally disconnected space Y, a function f : X—Y is almost I,-continuous if and

only if f is weakly I,-continuous.
Proof: If f is almost I,-continuous then f is weakly I, -continuous.
Conversely, let f be weakly I, -continuous and let H be any open subset of Y containing

f (X), where x in X. Then there exists an I,-open set U in X containing x such that f(U)cCI(H). Since Y is
extremally disconnected, then CI(H)=Int(CI(H)), that is f(U)cCIl(H)=Int(CI(H)). Thus f is an almost I, -

continuous function.

Corollary 2.27: Let f: X — Y be a function and 3 be a basis for e in Y. If f is weakly I, -continuous, then

f(B) isan I, -open subset of X for each Be B.
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Proof: Assume that f is weakly lp-continuous and let Be 3, and then B is a 6-open subset of Y. Since f is weakly

I, -continuous, then by Corollary 2.9, f'l(B) is an I, -open subset of X.

Corollary 2.28: Letf: X — Y be a function and 3 be a basis for ts in Y. Then f is almost I,-continuous if and

only if for each Be B, f (B) is an I, -open subset of X.

Proof: Since the base of s is the set of all regular open subset of Y, so the result is followed by Corollary 2.21.

Proposition 2.29: If Y is a hyperconnected space, then every function f: X — Y is almost I, -continuous.

Proof: Let Y be a hyperconnected space and H be any open subset of Y containing f(x), then CI(H)=Y, this
implies that Int(CI(H))=Y and for every l,-open set G in X containing X, f (G)cY= Int(CI(H)), thus f is an

almost I, -continuous function.

Corollary 2.30: If Y is a hyperconnected space, then every function f: X — Y is weakly I, -continuous.

The following theorem is a characterization of weakly I, -continuous functions.

Theorem 2.31: For a function f: X — Y the following statements are equivalent:

1. fisaweakly I, -continuous function.

2. For each Be, where B is a basis for a topology on Y, f }(B)c I, -Int(f *(CI(B))).
3. For each open subset V of Y, f 1(V) c I, -Int(f 1(CI(V))).

4. For each open subset V of Y, I, -CI(f (V))<= f 1(CI(V)).

Proof: (1) = (2) Let BeB; where B a basis for a topology on Y. Then by Theorem 2.18 f *}(B)c
I, -Int(f 1(CI(B))).

(2)=(3) Let V be an open subset in Y. If f *(V)=¢, then there is nothing to prove. If f (V)% ¢, then we

take x arbitrary in it, so f(x)eV. Since B a base of Y, then there is a Bef3 such that f(x)eBcV. Thus
xef{(B) and by (2) f(B) c I, -Int( f Y(CI(B))). Sine BcV, so xel, -Int( f 1(CI(V))). Hence
f V), -Int(f L(CI(V))).
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(3)=>(4) Let V be an open subset of Y. Since Y\CI(V) is open in Y, then by (3) f 1(Y\CI(V))

clo-Int(f H(CI(Y\CI(V)))) 50 X\ f HCI(V))lp-Int(f HNINt(CI(V))), hence X\f L(CI(V))

=X\l -CI( f(Int(CI(V))))= X\ (I,-CI(F 1V)) {since V is open}. Thus I, -CI(f 1(V)) < f L(CI(V)).
(4)=>(1) Let V be an open subset of Y containing f (x) and let W =Y\CI(V). Then by (4) I, -CI(  1(W))
< FH(CI(W)), s0 I, -CI( f LY\CI(V))) =F L(CI(Y\CI(V))), hence X\ I, -Int( f H(CI(V))) =X\ L(Int(CI(V)))

X\f 1(V) {since V is open in Y}. Thus f }(V) C I, -Int( f }(CI(V))). So by Theorem 2.18 f is a weakly I-

continuous function.”
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