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Abstract:

In this paper, we derive some difference schemes for the initial value problems using
approximate spline interpolation, with the sixth degree lacunary spline function that
interpolates the solution function of the problem; first and fourth order accurate schemes
are obtained. To test the efficiency of the method, several numerical examples of third and
fifth order initial value problems are solved by proposed method.
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. INTRODUCTION:
We consider the fifth order initial value
problem
YO = Ty, Y,y Y" v L % €0, 1],
yP(%X,) = VYi»1=0,1,2,3, 4.
(1)
where f e C°([0,]]xR’) is given and

satisfies the (uniform) Lipchitz condition

2

)

[FO0Y) = FOMY)| < LY, Y,

q=0,12,3,4,5.

Here
Yo = (Yis Yeo Vi Ve V&) where k = 0,1
and k indicated index of the vector Y, and

the norm Y is given by ”Y”:Ziio‘y(i)‘

and L is the Lipchitz constant.
We are given the mesh points:
A:0=Xy<X; < <Xy =1
with x,,;-x, =h, k=0,1,--,n-1, and n
be a uniform partition numbers of the

interval [0, 1], with these conditions the
problem (1) is well posed [2, 3].

Problem (1) models many practical
problems in various areas of applied
mathematics and physics. There are some
principal approaches to numerically solve
the model problems like (1), namely, the
finite difference method, the finite
element method and the spline
approximation methods in [11].

Meir and Sharma [7] have initiated the
study of the lacunary interpolation and its
applicability to approximate solutions of
differential equations. The area of the
present paper is concerned with the spline
approximation method, to solve the
problems of type (1). We use the lacunary
spline interpolation functions of type (0, 1,
4) [4] to approximate problem (1). Also
the Cauchy problem has been used by
many authors for solving these problems.
Gyovari solved the Cauchy problem by
using a modified lacunary spline function
which interpolates the lacunary data (0, 2,
3) [2, 3]. Saxena used deficient lacunary
spline for solving the Cauchy problem
[10]; Rostam, Faraidun and Gulnar [§]
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discussed ninth degree spline method for
solving the system of ordinary differential
equations also, and also see [1, 5 and 9]
and the references there in.

In this paper we have shown that by
making use of continuity of the first and
fourth derivatives of the spline function,
the result of two spline difference schemes
gives a new type that can be solved
efficiently by the well-known algorithm to
the fourth order initial value problem.

Il. Description of the method

To solve the fifth order initial value
problems (1), we define approximation for

SA(X):

Vo =Yo» )T(;rz
)Tk+l

—, -, Xk +1
Yka=Y'k+ | f

Xk

k 1

Let Xk=—;k:0,1,...,n , hzﬁ ,
w(h, y") = Maxﬂ D0 -y .
r=0,1,-,6 and let
Y( a). 7(() gy, g . g ,
q=0,1,--,6, be approximations to the

exact values Y (@) :y @ y@ y@ .. @

Now from these approximate values we
construct a spline function Sa(x) which
interpolates to the setY on the mesh A
and approximates the solution y(x) of (1).

The set V@ is defined as:

y(;’ B y_(gz+q) :f (q)(XO’yO’y(;')’ q :0919 "'9r5

S * P
=y, +hy' + [ [fluy, @)y, 'uldudt,

Xk Xy

[t, yy (t), vy '©)]dt

—(q+2 _ .
T =t DXy T Tha) G=014, k=012~ m-1

and for x, <x <xy,q,

—(J)
Y (x)= Z (x - Xk)J

and

Yk '(X)—Z(X —x )]

—( i+

=0

*x X] * *
Y=y + [ FIt y ),y '@)]dt

Xk

We use the lacunary spline interpolation function of the type (0, 1, 4) of [ ] to
approximate problem (1). Also, S,(x)=5, (x) if x, <x <x,,; and denote by S} ne the

class of six degree splines S (x) as

Sa(x) =Y
G(x)=
(X) {sfg“)(xk):y‘ﬁq)

where q=1,4 and k =0,1, 2,---,m
function have been shown in [4].
x=xo) _, (x-

Vo +(x -xo)’ Q3 +t———

So =V +(X —X)¥o+

Let us now examine the intervals [Xj,Xj ],

Xo)* g
4

)

, the existence and uniqueness of the above spline

+(x —X() 35 +(X %) Fy 6 4)

i =1,2,---,n -2, and define S; (x) as
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x—x;)*
i yi(4)

_x. V& —x 7 .. 5
” HOCX ) E 5+ g )

Si () =T +(x =X )y| +(X =X Y& 5 +(X —X; )5 3 +
From [4], we can find the following coefficients by using the equation (3) as:

3 1 5 h*
393 =—(V; - Vo) ——=Q7 +778) = =h v +— ;D 67,4,
0,3 h3(y1 Yo) 3h2( Yi+T¥o)=h Yo+3500 Yo ')

= 3 | I _, L @), 4
ays =— - +— +2 +—Vo—— +4
0,5 h5(Yo Y1) h4(Y1 Vo) 2h3)’o 120h(y1 Yo )
and
B0.6 = —= (T = T0) ~—= (T +278) ~—= 76 + —— 27 ) +375*).
7 h 3h? 6h 360h
also
= = 6 _ 3, h? @ @
&, —ai+1,2zh—z(YiH_yi)"‘F(YiH_y i)_ﬁ(yi(+)1_yi( ),
= 5,14 7 _ 1 — o h 4 (4
&s=-3h ai+1,2—h—3(yi+1—yi)+3h—2(13yi+1+8yi)+%(6y§+}—11y§ M,
B 5= 5B T T~ QT 47D - (7 425 ()
|,5—h3 i+1,2 h5 i+1 i h4 i+1 i 120h i+l i
and
= 1 _ I _ Lo o 1 _(4 _(4
R e LR R [ R G RTR Rt @ +279).

Similarly for the last interval [x,,x,_;], we can putting it for S, (x) in the end of the
interval.

I11. Theorem of Convergence

In this section, we find the analysis convergence for the new approximate spline
function S, (x) given in the previous section to the exact solution of the fourth order

initial value problem (1) corresponding to the values of y, (k =0,1,2,....,n) of problem
(1), and prove the following theorem.

Theorem 1.

Let ¥\ (q=0,1,4;k =0,1,2...,n) be the approximate values defined before. Then
the following estimates of the spline function S, (x) are valid:

(i) |Sl§q)(x) - §k(q)(x)| <Ch* Y@, (h);for q=0,L...,6, k=0, 1,..,n—2 where C, denote
the constants dependent of h , and @,(h) = w(h,y'”) .

(i) [y (00 =SV (0| <T, "9 g (h); for g =0,1,....,6, where y(x) is the exact solution
of problem (1) and T,” denote the difference constants dependent of h , and
@,(h) = a(h,y*) .
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Proof. (i) From theorem 1 of [4] and (3), we have

So(x)=Sp(x)=(x =x() (@93 ~3)+ (X —X¢) (8,5 ~8o.5)+(X —X()* (0,6 ~B6)> (6)
where

ey TPy e My @ @
4,3 a0,3—h3(Y1 1) 3h2[Y1 Yil+ 5 ]
implies that
1 1
—3y3|<—(C; +240C, +1080C hy=—-T h),
|ao,3 ao,3| 360 €1 2 Das(h) =2 Tios(h)

where T, =C, +240C, +1080C and C,,C, and C; are constants dependent of h. Similarly
4 ¢4
(4) yl( )|

’ —

|ao,5—50,5|§hi5|Y1 _71|+hL4|y1 -Vi ¥

| 120|
1
<—(C,4+120C5 +360C h :—T h
120( 4 +120C5 + 6)06(N) 70 206(h)
where T, =C, +120C, +3600C, and C,,Csand C4 are constants dependent of h.
_al<Lly -y [+ —lyr -y @) _g@®
o6 ~Fel s ey =T |+ syl -7 [ |y -y
1
<—(C, +60Cq +180C h) = ——Tsa ().
180( 7 +60Cg +180Cg)ws(h) 130 306(h)
where T; =C, +60Cg +180C, and C,,Cgand C, are constants dependent of h and hence
‘SO(X) - go(x)‘ = hs‘aog _50,3‘ + hs‘ao,s _505‘ + h6‘a0,6 _50’6‘
<Ca,(h)
where C =T, +T, + T, dependent of h.
By taking the first derivative of (5), we have
(3), we obtain:

=y,-V;, and from equation

‘SS(X)—§6(X)‘£%W]‘V1‘ —lyi-yi|+ ‘y“) 371(4)‘

1 — _ _ _
<—(Cy+360C, +720C h :—T h),
60( 1 2 3)ap(h) < 100 ()
and by successive differentiations we obtain
|S(§q)(x)—8_0(q)(x )| T h% 9 wg(h), 4=0,1,--,6.
This proves (i) for k =0 and x €[x,, x;]. Furthermore, in the interval [x, _;, X} ]

Sk () =Sy () =X =Xy )* (8 2 —F 2)+(X =X )’ @ 3—F 3)+(X —Xy )’ @ 58 5)° +(X =X )0 (@ 6~ 6)-

From Jwamer and Kareem (2010) it is clear that

_ 3., 4 4
A2 —8 2 =841~ ak+12+ (y,+1 yi+1)_F(Yi+l y,+1)+@(y() @),

which implies that
1 * * * * 1 *
ay 5 —8 ,| <——(Cy +720C; +360C, +120C;) wg(h) =—T,; wy(h),
o2 =8 o] < €+ 720€ 2 +12005) (h) =T, e ()

where T,"and C,.C,,C;and C; be constants dependent of h.
Similarly,
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i 13 4)

_ 5 _ _ h
|ak,3 —ak,3|33—h|ak+1,2 _ak+1,2|+ 3 Y k41 —Yk+1|+—3h2 |yl’<+1 —Yl'<+1|+5|yk+l -V

s%(moc;‘ +420C; +260C5 +Cy) wé(h)zéioTz* wg(h),

where T, and C3,C,,C5and C; be constants dependent of h. And also

— *
a5 8 5| <T35 @) ;

— *
8y 6~ 6| <Ts o),

where T, and T, are dependent of h.
By taking successive differentiations, we

74

obtain

5D (x) -8 (x )| <Tqh® 9 wy(h) for g =0,1, -, 6. which proves (i) for k =0,1,--,m-2. We

can repeat the same manner in above for k =m —1.
Proof of Theorem 1 (ii).
|y(q)(x)—s_£q)(x)|§|y(q)(x)—sg‘)(x)|+|qu)(x)—§gq)(x)|
From theorem 2 of Kells [6], the following estimates are valid
|y<‘“(x)—§§“(x )| <Cqh® g (h).
Using (7) and the estimate in (i), we have
[y @008 0)| <Cqh " Ta(h)+Tgh® Y ag(h)
=(Cq +T)h a5 (h)
= thé_q wg(h),

which proves (ii).

Theorem 2.

(7

If the function f in problem (1) satisfies conditions (2) and (3), then the following

inequalities hold:

S/

X €[Xg, X11,

S50 - [x.$((x).$5 ()] <Ty » ws(h) where Ty, is a constant dependent of h and

IS¢ )~ XSy (x).Sk ()] <Ty 2 @5(h) where Ty, are constants dependent of h and

X e[Xk_1> Xk 1»

|S_,;g_1(x)—f [X,Sm_1(X),S /1 (x )]| <Tpm_1., @s(h) where Ty, , are constants dependent of h

and X €[Xp_y, Xy ]-

Proof. Using conditions (2) and (3), we have
SK00 =1 x5, 00).54 0 <[SR0O)+Y 00 =y 00 = x5, ). 54 (0]

<[SA0O)=y "0+ |y 00~ [x,5,). 54 0]

<[SX00) =y "0+ L{[Sa )=y 00| +[SA ) -y 00}

This proves Theorem 2 with the help of Theorem 1.

In a similar manner, Theorem 2 was proved under different conditions by [10] and

also by [2, 3].
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Technical Algorithm:

Step 1: Partition [a,b]into N subintervals

L

Step 2: Set
S_il:Vi' (IZO’ 17 2; LR N): S_i:Vi
(i=0, 1,2, ..., N)

SWoy® (i=0, 1,2, ...,N-1)

and with initial condition S§ =y .

Step 3: Use (Theorem 1 (i)) to find
S -S;,i=12,---,N.

Step 4: Use (Theorem 1 (i)) to find the
derivatives of S-S, at N equally
spaced points in each subinterval
X €[X;_;,X;] go to step 5, else i=i+1
and repeat this iteration to find a
proper i.

Step 5: Stop.

1V.Numerical results

We proceed to show numerical tests of
the described algorithms for the first time.
Also we analyze the local regularity of the
derivative method and we consider two
numerical examples illustrating the
comparative performance of the spline
method. All calculations are implemented
by Matlab program [11]. For the sake of
comparison we also tabulate the results
(see Table 1 and 2) showing that the
present method for the error bounds is
obtained for a small step size h.

Problem 1. [6] Consider a fifth order
initial value problem

y® _y@ _yryy =0 where x <[0,1],

yO) =y'©0)=y"0)=y?©0)=0 and y"0)=1,
which has the exact solution

y(x) le’x+1e’< ! (X)
=— —e” ——cos(x) .
4 4 2

Table 1. Absolute maximum error for the derivatives S (x)

h | Ieo-yeol, | o=y eol, | [sPe0-yPeo] | [s@e0-y©@eo|
0.5 1.6793x10” 5.2575x10°° 1.2298x10™ 3.1892x10™
0.1 4.0717x107" 6.8215x107™" 3.8569%10" 4.9361x107
0.05 1.5892x107" 2.4074x107" 3.9%x10” 1.3864x107
0.01 7.4797x107" 2.6031x10™ 2.2319x10™ 4.46x107

Problem 2. Consider a third order initial value problem
y"—y'=2cos(t) where t [0,1],
y(©=3y'©0)=2and y'©0=1,

which has the exact solution y (x)=2+2e' —e™ —sin(t).

122




Journal of Zankoy Sulaimani- Part A (JZS-A), 2013, 15 (1)
A S -l 535905 B R

Table 2. Absolute maximum error for the derivatives §(x)

h | IFeo-yeol, | o=y eol, | [s®00-yOeo| | [sc0-y @]
0.5 7.6x10° 5.29x107 5.784x10™ 10.056x10™"
0.1 1.4458x107° 5.7459x10™" 18.37x107 18.081x10™
0.05 9.2060x10” 7.4114%107° 9.59%x107" 19.044x10™"
0.01 1.5349x10°° 5.93141x107 2.11x107° 22.264%107"

) uniqueness of the solution is guaranteed

V. Conclusion theoretically. This method is clearly
The computations associated with the reliable if compared with grid point
two examples discussed above were techniques where the solution is defined at
performed using Matlab programming for &fid points only. Moreover the method
the new algorithm. Tables 1 and 2 show yields a good result even for small size h.
that the accuracy of the spline method AS it can seen in the above tables, our

with respect to the variety of order is presented method provides encouraging
better than the results of [4] from the results and finding the solution of further

higher order initial value problems also

minimization of error bounds higher order Sodl vdll
yields a good minimization error bounds.

derivatives, moreover, the existence and
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