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Abstract: 

In this paper, we derive some difference schemes for the initial value problems using 
approximate spline interpolation, with the sixth degree lacunary spline function that 
interpolates the solution function of the problem; first and fourth order accurate schemes 
are obtained. To test the efficiency of the method, several numerical examples of third and 
fifth order initial value problems are solved by proposed method. 
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I.  INTRODUCTION: 

We consider the fifth order initial value 

problem 
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satisfies the (uniform) Lipchitz condition 
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and L is the Lipchitz constant.  
We are given the mesh points:  

0 1: 0 1nx x x       
with 1 , 0,1, , 1k kx x h k n     , and n 
be a uniform partition numbers of the 

interval ]1,0[ , with these conditions the 
problem (1) is well posed [2, 3].  

Problem (1) models many practical 
problems in various areas of applied 
mathematics and physics. There are some 
principal approaches to numerically solve 
the model problems like (1), namely, the 
finite difference method, the finite 
element method and the spline 
approximation methods in [11].  

Meir and Sharma [7] have initiated the 
study of the lacunary interpolation and its 
applicability to approximate solutions of 
differential equations. The area of the 
present paper is concerned with the spline 
approximation method, to solve the 
problems of type (1). We use the lacunary 
spline interpolation functions of type (0, 1, 
4) [4] to approximate problem (1). Also 
the Cauchy problem has been used by 
many authors for solving these problems. 
Gyovari solved the Cauchy problem by 
using a modified lacunary spline function 
which interpolates the lacunary data (0, 2, 
3) [2, 3]. Saxena used deficient lacunary 
spline for solving the Cauchy problem 
[10]; Rostam, Faraidun and Gulnar [8] 
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discussed ninth degree spline method for 
solving the system of ordinary differential 
equations also, and also see [1, 5 and 9] 
and the references there in. 

In this paper we have shown that by 
making use of continuity of the first and 
fourth derivatives of the spline function, 
the result of two spline difference schemes 
gives a new type that can be solved 
efficiently by the well-known algorithm to 
the fourth order initial value problem.  

II. Description of the method  

To solve the fifth order initial value 
problems (1), we define approximation for 

( )S x : 

Let nk
n
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0,1, , 6 ,q    be approximations to the 

exact values   ( ) ( ) ( ) ( )
0 1 2: , , , ,q q q q q

nkY y y y y . 

Now from these approximate values we 
construct a spline function ( )S x  which 

interpolates to the set Y  on the mesh   
and approximates the solution y(x) of (1). 

The set ( )q
Y  is defined as: 
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We use the lacunary spline interpolation function of the type (0, 1, 4) of [4] to 
approximate problem (1). Also, ( ) ( )kS x S x   if 1k kx x x    and denote by 5

,6nS  the 

class of six degree splines ( )S x  as 

( ) ( )

( )
( )

( ) ,

k k

q q
k k

S x y
G x

S x y





  


   (3) 

where 1,4q   and 0,1, 2, ,k m  , the existence and uniqueness of the above spline 
function have been shown in [4].  

 
2 4
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Let us now examine the intervals 1[ , ]i ix x  , 1, 2, , 2i n  , and define ( )iS x  as 
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4
2 3 (4) 5 6

,2 ,3 ,5 ,6
( )

( ) ( ) ( ) ( ) ( ) ( )
24
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x x
S x y x x y x x a x x a y x x a x x a


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From [4], we can find the following coefficients by using the equation (3) as:  
4
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Similarly for the last interval 1[ , ]n nx x  , we can putting it for ( )nS x  in the end of the 
interval. 
 

III. Theorem of Convergence 

In this section, we find the analysis convergence for the new approximate spline 
function ( )S x  given in the previous section to the exact solution of the fourth order 
initial value problem (1) corresponding to the values of ky ( nk ....,,2,1,0 ) of problem 
(1), and prove the following theorem. 
 

Theorem 1.  

Let )...,2,1,0;4,1,0()( nkqy q
k   be the approximate values defined before. Then 

the following estimates of the spline function ( )S x  are valid:  

 (i) 2,...,1,0,6....,,1,0for;)()()( 6
6)()(   nkqhhCxSxS qq

k
q

k  where kC  denote 

the constants dependent of h , and ),()( )6(
6 yhh   . 

(ii) ;)()()( 6
6*)()( hhTxSxy q

k
q

k
q

k   ,6....,,1,0for q  where ( )y x  is the exact solution 

of problem (1) and *
kT  denote the difference constants dependent of h , and 

),()( )6(
6 yhh   . 
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Proof. (i) From theorem 1 of [4] and (3), we have 
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where 321 TTTC   dependent of h. 

By taking the first derivative of (5), we have 0 0 1 1( ) ( )S x S x y y    , and from equation 

(3), we obtain: 
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and by successive differentiations we obtain 
( ) ( ) 6

60 0( ) ( ) ( ), 0, 1, , 6 .q q q
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This proves (i) for 0k   and 0 1[ , ]x x x . Furthermore, in the interval 1[ , ]k kx x  
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From Jwamer and Kareem (2010), it is clear that 
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where *
1T and * * * *

0 1 2 3, , andC C C C  be constants dependent of h. 
Similarly,  
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where *
1T and * * * *

3 4 5 6, , andC C C C  be constants dependent of h. And also  
*

,5 ,5 3 6 ( )k ka a T h  ; *
,6 ,6 4 6 ( )k ka a T h  , 

where * *
2 4andT T  are dependent of h. 

By taking successive differentiations, we obtain 
( ) ( ) 6

6( ) ( ) ( ) for 0,1, , 6 .q q q
qk kS x S x T h h q     which proves (i) for 0,1, , 2.k m   We 

can repeat the same manner in above for 1k m  .  

Proof of Theorem 1 (ii). 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )q q q q q qy x S x y x S x S x S x         

From theorem 2 of Kells [6], the following estimates are valid 
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Using (7) and the estimate in (i), we have 
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which proves (ii).  

Theorem 2.  

If the function f in problem (1) satisfies conditions (2) and (3), then the following 
inequalities hold: 

*
0 0 0 0, 2 6( ) [ , ( ) , ( )] ( )S x f x S x S x T h    where *

0, 2T  is a constant dependent of h and 

0 1[ , ]x x x , 
*

, 2 6( ) [ , ( ) , ( )] ( )k k k kS x f x S x S x T h    where *
,2kT  are constants dependent of h and 

1[ , ]k kx x x , 
*

1 1 1 1, 2 6( ) [ , ( ) , ( )] ( )m m m mS x f x S x S x T h       where *
1, 2mT   are constants dependent of h 

and 1[ , ]m mx x x . 

Proof. Using conditions (2) and (3), we have 

 

( ) [ , ( ) , ( )] ( ) ( ) ( ) [ , ( ) , ( )]

( ) ( ) ( ) [ , ( ) , ( )]

( ) ( ) ( ) ( ) ( ) ( ) .

S x f x S x S x S x y x y x f x S x S x

S x y x y x f x S x S x

S x y x L S x y x S x y x

     

  

  

         

      

        

 

This proves Theorem 2 with the help of Theorem 1.  
In a similar manner, Theorem 2 was proved under different conditions by [10] and 

also by [2, 3]. 
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Technical Algorithm: 

Step 1: Partition [ , ]a b into N subintervals 
I. 

Step 2: Set  

 i iS y   (i=0, 1, 2, …, N), i iS y  
(i=0, 1, 2, …, N)  

 (4) (4)
i iS y  (i=0, 1, 2, …, N-1)  

and with initial condition 0 0S y  . 

Step 3: Use (Theorem 1 (i)) to find 
, 1, 2, , .i iS S i N     

Step 4: Use (Theorem 1 (i)) to find the 
derivatives of 

ii SS   at N equally 

spaced points in each subinterval 
1[ , ]i ix x x  go to step 5, else i=i+1 

and repeat this iteration to find a 
proper i. 

Step 5: Stop. 

 

IV. Numerical results 

We proceed to show numerical tests of 
the described algorithms for the first time. 
Also we analyze the local regularity of the 
derivative method and we consider two 
numerical examples illustrating the 
comparative performance of the spline 
method. All calculations are implemented 
by Matlab program [11]. For the sake of 
comparison we also tabulate the results 
(see Table 1 and 2) showing that the 
present method for the error bounds is 
obtained for a small step size h.  
 
Problem 1. [6] Consider a fifth order 
initial value problem  

(5) (4) 0y y y y     where [0,1]x  , 
(4)

(0) (0) (0) (0) 0 andy y y y      (0) 1y   , 
which has the exact solution 

1 1 1
( ) cos( )

4 4 2
x xy x e e x   .  

 
 

Table 1. Absolute maximum error for the derivatives ( )S x  

h ( ) ( )s x y x 
   ( ) ( )s x y x 

   (5) (5)( ) ( )s x y x


  (6) (6)( ) ( )s x y x


  

0.5 71.6793 10  65.2575 10  41.2298 10  43.1892 10  

0.1 134.0717 10  116.8215 10  83.8569 10  74.9361 10  

0.05 141.5892 10  132.4074 10  93.9 10  71.3864 10  

0.01 127.4797 10  9`2.6031 10  42.2319 10  24.46 10  

 
 
Problem 2. Consider a third order initial value problem  

2cos( )y y t    where [0,1]t  , 
(0) 3, (0) 2y y    and (0) 1y   , 

which has the exact solution ( ) 2 2 sin( )t ty x e e t    . 
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Table 2. Absolute maximum error for the derivatives ( )S x  

h ( ) ( )s x y x 
   ( ) ( )s x y x 

   (5) (5)( ) ( )s x y x


  (6) (6)( ) ( )s x y x


  

0.5 37.6 10  25.29 10  15.784 10  110.056 10  

0.1 51.4458 10  45.7459 10  218.37 10  118.081 10  

0.05 79.2060 10  57.4114 10  29.59 10  119.044 10  

0.01 91.5349 10  7`5.93141 10  22.11 10  122.264 10  

 
 

V. Conclusion 

The computations associated with the 
two examples discussed above were 
performed using Matlab programming for 
the new algorithm. Tables 1 and 2 show 
that the accuracy of the spline method 
with respect to the variety of order is 
better than the results of [4] from the 
minimization of error bounds higher order 
derivatives, moreover, the existence and 

uniqueness of the solution is guaranteed 
theoretically. This method is clearly 
reliable if compared with grid point 
techniques where the solution is defined at 
grid points only. Moreover the method 
yields a good result even for small size h. 
As it can seen in the above tables, our 
presented method provides encouraging 
results and finding the solution of further 
higher order initial value problems also 
yields a good minimization error bounds.  
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