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Abstract: 

In this paper we study the boundeness of the eigenfuctions of the spectral problem of 
the form:  
െ࢟ᇱᇱሺ࢞ሻ ൅ ૚ሺ࢞ሻ࢟ᇱሺ࢞ሻ࢖ ൅ ૚ሺ࢞ሻ࢟ሺ࢞ሻࢗ ൌ ,૛࣋ሺ࢞ሻ࢟ሺ࢞ሻࣅ ࢞ࣕሺ૙,  ሻ  (1)ࢇ
With the boundary conditions: 
࢟ሺ૙ሻ ൌ ૙	, ࢟ᇱሺࢇሻ െ ሻࢇሺ࢟ࣅ࢏ ൌ ૙, (2)  
and the normalized condition: 

ቀ׬
࣋ሺ࢞ሻ

࢞ࢊ	૚ሺ࢞ሻ࢖׬ࢋ
|࢟ሺ࢞ሻ|૛

ࢇ
૙ ቁ	࢞ࢊ

૚
૛ ൌ ૚,  (3) 

whereࣅ is spectral parameter and ࣋ሺ࢞ሻ is a weight function satisfy Lipschitz condition, 
thatis ( ࣋ሺ࢞ሻ ∈ ૚ሻ|࣋ሺ࢞૛ሻ࢖࢏ࡸ െ ࣋ሺ࢞૚ሻ| ൑ ࢑	|࢞૛ െ ࢞૚|	, ∀	࢞૚, ࢞૛ ∈ ሾ૙, ,ሿࢇ ࢑	 is Lipschitz 
constant, and ࢖૚ሺ࢞ሻ ് ૙, ૚ሺ࢞ሻ࢖ ∈ ,૚ሾ૙࡯ ,ሿࢇ ૚ሺ࢞ሻࢗ ∈ ,ሾ૙࡯  .ሿࢇ

Keywords: Spectral problem, weight function, Lipschitz condition, Cauchy problem 2000 MR 
Subject Classification: 34B05, 34B15, 34L20 

1. Introduction 

Spectral analysis of Sturm-Liouville 
and Schrodinger differential equations 
with a spectralparameter in the boundary 
conditions has been analyzed intensively 
(see [1-6]). Nowadays many authors study 
the estimations of eigenfunctions for 
different spectral problems in different 
cases of the coefficients especially 
different cases of weight functions, for 
more details see[1-6]. In this article we 
study the boundeness of the problem (1)-
(3) with weight function satisfy 
theLipschitz condition.  

Let 0	 ൏ ݉ ൏ ܯ ൏ 	∞	 be fixed 
numbers such thatm ൏ ሻݔሺߩ ൏ .ܯ  Here 
we denote ܣሾ0, ܽሿ  as the class of 
continuous functions ݍଵሺݔሻ  on ሾ0, ܽሿ that 

satisfy the inequality ቚ׬ ݔ݀	ሻݔଵሺݍ
௕భ
௕೚

ቚ ൏

஺ܥ where	஺,ܥ  is a constant and ሾܾ௢, ܾଵሿ ⊆
ሾ0, ܽሿ. 

Let us consider the countable subset 
,ሾ0ܣ̅ ܽሿ ൌ ሼݍ௜ሺݔሻ|	݅ ∈ ܰሽ  of the class 
,ሾ0ܣ ܽሿ  satisfying the condition 

lim
௜→ஶ

׬ ׬ ݐ݀ݏሻ݀ݏ௜ሺݍ ൌ ݃௢ሺݔሻ
௧
଴

௫
଴ ,  where 

݃௢ሺݔሻ  is a function that satisfies the 
Lipschitz condition and has uniform 
convergence on ሾ0, ܽሿ . Let ߩሺݔሻ ്
1, ሻݔଵሺݍ ∈ ,ሾ0ܣ̅ ܽሿ,  be acomplex number ߣ
such that Im	ߣ ൏ constant. 

In this paper, first equation (1) with the 
boundary conditions (2) by using the 

transformation ሻݔሺݕ ൌ ሻ݁ݔሺݖ
భ
మ׬௣భሺ௫ሻ	ௗ௫  , 

transformed to the form: 
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െݖᇱᇱሺݔሻ ൅ ሻݔሺݖሻݔሺݍ ൌ ,ሻݔሺݖሻݔሺߩଶߣ ,ሺ0߳ݔ ܽሻ,(1.1) 

ሺ0ሻݖ ൌ 0	, ᇱሺܽሻݖ ൅ ቀ
ଵ

ଶ
ଵሺܽሻ݌ െ ቁߣ݅ ሺܽሻݖ ൌ 0, ሺ׬ ሻ|2ݔሺݖ|ߩ

ܽ

0
ሻ	ݔ݀

1
2 ൌ 1, (1.2) 

whereݍሺݔሻ is likewise continuous function on ሾ0, ܽሿ, and ߩሺݔሻ has not changed and  
ሻݔሺݍ ∈ ,ሾ0ܣ̅ ܽሿ.	And then we try to estimate the eigenfunctions of the problem (1.1)-
(1.2) for sufficiently large value of |ߣ| through the Cauchy problem which is defined by: 

െݕᇱᇱሺݔሻ ൅ ሻݔሺݕሻݔሺݍ ൌ ,ሻݔሺݕሻݔሺߩଶߣ ,ሺ0߳ݔ ܽሻ,(1.3) 

ሺ0ሻݕ ൌ 0, ᇱሺ0ሻݕ ൌ 1.(1.4) 

2. Estimation of normalized eigenfunctions of the Cauchy 
problem(1.3)-(1.4): 

In this section, we estimate the eigenfunction of Cauchy problem with continuous 
coefficients ߩሺݔሻ and ݍሺݔሻdue toCauchy problem with constant coefficients ߩሺݔሻ ൌ  ߩ
and ݍሺݔሻ ൌ  .ݍ

As we have mentioned, at the beginning we transform equation (1) by using the 

transformation	ݕሺݔሻ ൌ ሻ݁ݔሺݖ
భ
మ  ௗ௫, and by taking the first and second derivatives	௣భሺ௫ሻ׬

of ݕሺݔሻ with respect to x, and putting them in equation (1) give us equation (1.1) with 
their boundary conditions. 

Theorem (1):  

Let ݕሺݔ,  ሻ be a solution of a Cauchy problem (1.3)-(1.4), then there exist a constantߣ
݇ଵ=݇ଵሺ̅ܣሾ0, ܽሿሻsuch that  

max
௫∈ሾ଴,௔ሿ

,ݔሺݕ| |ሻߣ

ሺ׬ ߩ
௔
଴

,ݔሺݕ| ሻݔ݀	ሻ|ଶߣ
ଵ
ଶ

	൑ 	
݇ଵ
|ߣ|
	,	 

for sufficiently large value of |ߣ|. 

Proof: 

Let ݕ௢ሺݔ,  ሻ be a solution of Cauchy problem (1.3)-(1.4) with constant coefficientsߣ
ሻݔሺߩ ൌ ሻݔሺݍ and ߩ ൌ  :then from [2] it was proved that ,ݍ

,ݔ௢ሺݕ ሻߣ ൌ
െߪଵ െ ଵߜ݅
ଵߪ
ଶ ൅ ଵߜ

ଶ ሺെߪ݄݊݅ݏଵݔ	ߜݏ݋ܿଵݔ ൅  ,ሻݔଵߜ݊݅ݏ	ݔଵߪ݄ݏ݋ܿ݅

and therefore:  

,ݔ௢ᇱሺݕ ሻߣ ൌ 	 ሺܿߪ݄ݏ݋ଵݔ	ߜݏ݋ܿଵݔ െ  ,ሻݔଵߜ݊݅ݏ	ݔଵߪ݄݊݅ݏ݅

and also it was established that the following relations hold: ߪଵ ൎ 	ඥߪߩ  and ߜଵ ൎ
	ඥߩ	ߜ  at large |ߣ|,  where ߣ ൌ ଵߜ ൅	 iߪଵ  is an eigenvalue of Cauchy problem with a 
constant weight function ߩ, and ߣ ൌ ߜ ൅	iߪ  is eigen value of Cauchy problem where 
 .ݔ ሻ is a function ofݔሺߩ
From equations ݕ௢ሺݔ, ,ݔ௢ᇱሺݕ ሻandߣ  :ሻ easily we can show thatߣ
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,ݔ௢ሺݕ| |ሻߣ ൑
݇ଵ
|ߣ|

	 , ,ݔ௢′ሺݕ| |ሻߣ ൑ ݇௢	, where	݇௢	and	݇ଵ	are	constants. 

Now, we represent ݕሺݔ,  :ሻ as a series of the form [2]ߣ

,ݔሺݕ ሻߣ ൌ ,ݔ௢ሺݕ ሻߣ ൅ නሺݍሺݐଵሻ െ ሻݍ

௫

଴

ݔ௢ሺݕ െ ,ଵݐ ,ଵݐ௢ሺݕሻߣ ଵݐ݀	ሻߣ ൅	෍නሺݍሺݐଵሻ െ ሻݍ

௫

଴

ஶ

௜ୀଶ

 

ݔ௢ሺݕ െ ,ଵݐ ሻߣ ׬ ׬	… ሺݍሺݐଵሻ െ ሻݍ
௧೔షభ
଴

௧భ
଴ ௜ିଵݐ௢ሺݕ െ ,௜ݐ ,௜ݐ௢ሺݕሻߣ ௜ݐሻ݀ߣ …  ଵ.  (2.1)ݐ݀

We introduce the notations ௜݂ሺݔሻ for the term of series (2.1) with number ݅ as follows: 

ଵ݂ሺݔሻ ൌ නሺݍሺݐଵሻ െ ሻݍ

௫

଴

ݔ௢ሺݕ െ ,ଵݐ ,ଵݐ௢ሺݕሻߣ  	,ଵݐ݀	ሻߣ

and 

௜݂ሺݔሻ ൌ නሺݍሺݐଵሻ െ ሻݍ

௫

଴

ݔ௢ሺݕ െ ,ଵݐ ሻනߣ . . න ሺݍሺݐଵሻ െ ሻݍ

௧೔షభ

଴

௧భ

଴

௜ିଵݐ௢ሺݕ

െ ,௜ݐ ,௜ݐ௢ሺݕሻߣ ௜ݐሻ݀ߣ  ,ଵݐ݀…

Then series (2.1) can be written as: 

,ݔሺݕ ሻߣ െ ,ݔ௢ሺݕ ሻߣ ൌ෍ ௜݂ሺݔሻ. ሺ2.2ሻ

ஶ

௜ୀଵ

 

By integrating equation ଵ݂ሺݔሻby parts and using the condition ݕ௢ሺ0, ሻߣ ൌ 0, we obtain: 

ଵ݂ሺݔሻ ൌ න 	ሾ

௫

଴

ݔ௢ᇱሺݕ െ ,ଵݐ ,ଵݐ௢ሺݕሻߣ ሻߣ

െ ݔ௢ሺݕ െ ,ଵݐ ,ଵݐ௢ᇱሺݕሻߣ .ሻሿߣ නሺݍሺݏሻ െ ሻݍ

௧భ

଴

 ሺ2.3ሻ																																ଵݐ݀	ݏ݀	

Differentiating the above equation with respect to x, gives: 

ଵ݂
ᇱሺݔሻ ൌ ,ݔ௢ሺݕ ሻݏሺݍሻනሺߣ െ ݏሻ݀ݍ ൅ න 	ሺ

௫

଴

ݔ௢ᇱᇱሺݕ െ ,ଵݐ ,ଵݐ௢ሺݕሻߣ ሻߣ

௫

଴
െ ݔ௢ᇱሺݕ െ ,ଵݐ ,ଵݐ௢ᇱሺݕሻߣ  .ሻሻߣ

නሺݍሺݏሻ െ ሻݍ

௧భ

଴

 .ଵݐ݀	ݏ݀	

 
Since ݕ௢ሺݔ,  so ,ݍ and	ߩ ሻ is a solution of Cauchy problem with constant coefficientsߣ

ݔ௢ᇱᇱሺݕ െ ,ଵݐ ሻߣ ൌ ሺݍ െ ݔ௢ሺݕሻߩଶߣ െ ,ଵݐ  ,ሻߣ
therefore we deduce 
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ଵ݂
ᇱሺݔሻ

ൌ ,ݔ௢ሺݕ ሻනߣ
ሺݍሺݏሻ െ ݏሻ݀ݍ ൅ න 	ሺ

௫

଴

ሺݍ െ ݔ௢ሺݕሻߩଶߣ െ ,ଵݐ ,ଵݐ௢ሺݕሻߣ ሻߣ െ ݔ௢ᇱሺݕ െ ,ଵݐ ሻߣ
௫

଴

 

,ଵݐ௢ᇱሺݕ ሻݏሺݍሻሻනሺߣ െ ሻݍ

௧భ

଴

.ଵݐ݀	ݏ݀	 ሺ2.4ሻ 

From equation (2.3), we have 

| ଵ݂ሺݔሻ| ൌ ቮන 	ሾ

௫

଴

ݔ௢ᇱሺݕ െ ,ଵݐ ,ଵݐ௢ሺݕሻߣ ሻߣ െ ݔ௢ሺݕ െ ,ଵݐ ,ଵݐ௢ᇱሺݕሻߣ ሻݏሺݍሻሿ.නሺߣ െ ሻݍ

௧భ

଴

 ଵቮݐ݀	ݏ݀	

൑	න|ݕ௢ᇱሺݔ െ ,ଵݐ |ሻߣ

௫

଴

,ଵݐ௢ሺݕ| |ሻߣ ቮනሺݍሺݏሻ െ ሻݍ

௧భ

଴

ቮ	ݏ݀	 ଵݐ݀ ൅ න|ݕ௢ሺݔ െ ,ଵݐ |ሻߣ

௫

଴

,ଵݐ௢ᇱሺݕ|  |ሻߣ

ቮනሺݍሺݏሻ െ ሻݍ

௧భ

଴

ቮ	ݏ݀	  .ଵݐ݀

 
Since 

,ݔ௢ሺݕ| |ሻߣ ൑
݇ଵ
|ߣ|

	 , ,ݔ௢′ሺݕ| |ሻߣ ൑ ݇௢	, ݔ∀ ∈ ሾ0, ܽሿ,	 

and	from	the	choice	of	ܣሾ0, ܽሿ, 

we	have ቮනሺݍሺݏሻ െ ሻݍ

௧భ

଴

ቮ	ݏ݀	 ൏ ݐ݊ܽݐݏ݊݋ܿ ൌ ݇ଶ	,	 

consequently	we	conclude	that 

| ଵ݂ሺݔሻ| ൑
݇ସ
|ߣ|

	 , ݔ∀ ∈ ሾ0, ܽሿ,where	݇ସ	is	a	constant. 

Again, and by the same way from equation (2.4) we get: 

| ଵ݂
ᇱሺݔሻ| ൑

݇ଵ݇ଶ
|ߣ|

൅ ቆ൬
ݍ
|ଶߣ|

൅ ൰ߩ ݇ଵ
ଶ ൅ ݇௢ଶቇ ݇ଶܽ	. 

Now, if ݅ ൌ 2 we have 

ଶ݂ሺݔሻ ൌ නሺݍሺݐଵሻ െ ሻݍ

௫

଴

ݔ௢ሺݕ െ ,ଵݐ ଶሻݐሺݍሻනሺߣ െ ଵݐ௢ሺݕሻݍ െ ,ଶݐ ,ଶݐ௢ሺݕሻߣ ଵݐଶ݀ݐሻ݀ߣ

௧భ

଴

 

	ൌ නሺݍሺݐଵሻ െ ሻݍ

௫

଴

ݔ௢ሺݕ െ ,ଵݐ ሻߣ ଵ݂ሺݐଵሻ	݀ݐଵ 

Thus, | ଶ݂ሺݔሻ| ൑
௞ర
|ఒ|
ห׬ ሺݍሺݐଵሻ െ ሻݍ

௫
଴ ݔ௢ሺݕ െ ,ଵݐ  .ଵหݐ݀	ሻߣ

Integrating the last equation by parts gives: 
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| ଶ݂ሺݔሻ| ൑
݇ସ
|ߣ|

อනݕ௢ᇱሺݔ െ ,ଵݐ ଵݐሻ݀ߣ

௫

଴

อ ቮනሺݍሺݏሻ െ ሻݍ

௧భ

଴

ቮ	ݏ݀	 ൑
݇ଶ	݇ସ
|ߣ|

න|ݕ௢ᇱሺݔ െ ,ଵݐ |ሻߣ

௫

଴

 ଵݐ݀

or  

| ଶ݂ሺݔሻ| ൑
݇ସ
|ߣ|

	 , ݔ	∀ ∈ ሾ0, ܽሿ. 

So	in	a	similar	way,	theestimations for	| ଷ݂ሺݔሻ|, | ସ݂ሺݔሻ|, | ହ݂ሺݔሻ|…	,	are carried out 
sequentially for ݅ ൌ 2,3,4, … , thus in general  

| ௜݂ሺݔሻ| ൑
݇௜ାଷ
|ߣ|

	 , ݔ	∀ ∈ ሾ0, ܽሿ, and	∀	݅ ൌ 2,3,4, …	. 

Hence for sufficiently large value of |ߣ|, the series in equation (2.2) converges to zero, 
therefore we get that  

,ݔሺݕ| |ሻߣ 	൑ 	
݇ଵ
|ߣ|

	 , ݔ	∀ ∈ ሾ0, ܽሿ, and	sinceቌනߩ

௔

଴

,ݔሺݕ| ቍݔ݀	ሻ|ଶߣ

ଵ
ଶ

ൌ 1, 

this implies that 

max
௫∈ሾ଴,௔ሿ

,ݔሺݕ| |ሻߣ

ሺ׬ ߩ
௔
଴

,ݔሺݕ| ሻݔ݀	ሻ|ଶߣ
ଵ
ଶ

	൑ 	
݇ଵ
|ߣ|
	.	 

Hence theproof is completed.  
 

Theorem (2): 

Consider the Cauchy problem: 

െݕᇱᇱሺݔሻ ൅ ሻݔሺݕሻݔሺݍ ൌ ,ሻݔሺݕሻݔሺߩଶߣ ,ሺ0߳ݔ ܽሻ, (2.5) 
 
whereݍሺݔሻ is a continuous function, and a weight function ߩሺݔሻ ∈ ሺܽሻߩ and	,1݌݅ܮ ് 1. 
If ݕሺݔ,  ሻ is a solution of the Cauchy problem (2.5), then there exist a constant ݀௢തതത suchߣ
that 
 

max
௫∈ሾ଴,௔ሿ

,ݔሺݕ| |ሻߣ

ሺ׬ ߩ
௔
଴

,ݔሺݕ| ሻݔ݀	ሻ|ଶߣ
ଵ
ଶ

	൑ 	
݀௢തതത

|ߣ|
	 , 

for sufficiently large value of |ߣ|. 

Proof: 

Let us consider the Cauchy problem (2.5) with weight function ߩ∈ሺݔሻ instead of ߩሺݔሻ,	 

ሻݔሺ∋ߩ ∈ ,ଶሾ0ܥ ܽሿ.	Now, we make the following transformations: 

ሻݔሺߜ ൌ න
ݐ݀

ሻݐଶሺܤ
and	ݕሺݔሻ ൌ ,ሻሻݔሺߜሺߛ	ሻݔሺܤ

௫

଴

where	Bሺxሻ ൌ ∋ߩ
ିଵସ	ሺݔሻߩ

ଵ
ସ	ሺܽሻ.	 

As a result, we shall obtain the problem: 
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െߛᇱᇱሺݔሻ ൅ ሻ൯ݔሺߜ൫ߛሻݔఢሺݍ ൌ ,	ሻ൯ݔሺߜ൫ߛሺܽሻߩଶߣ ,ሺ0	߳ߜ ܾሻ, 

with the boundary conditions 

ሺ0ሻߛ ൌ 0	, ᇱሺ0ሻߛ ൌ ඨ
ሺܽሻߩ
ሺ0ሻߩ

ర

	, 

where	න
ݐ݀

ሻݐଶሺܤ
ൌ

1

ߩ
ଵ
ଶሺܽሻ

௔

଴

නඥߩሺݐሻ	݀ݐ ൌ constant ൌ ܾ	ሺnot	dependent	on	 ∈ሻ

௔

଴

	 , and 

ሻݔఢሺݍ ൌ ൫ݍሺݔሻܤሺݔሻ െ  .ሻݔଷሺܤሻ൯ݔᇱᇱሺܤ

From	here	and	up	we	try	to	show	that	 ቮනݍఢሺߜሻ݀ߜ

௧

଴

ቮ is	uniform	with	respect	to	

∈ and 

ݐ ∈ ሾ0, ܾሿ	for	small	 ∈൐ 0, ሺthat	is,we	must	show	that	 ቮන ߜሻ݀ߜఢሺݍ

௧

଴

ቮ ൏  a	is	ܧ	where,ܧ

	constant ), then through the theorem (2.1) there exist a constant ݀௢ such that  

max
ఋ∈ሾ଴,௕ሿ

|ሻߜሺߛ|

ቀ׬ ሺܽሻߩ
௕
଴

ቁߜ݀	ሻ|ଶߜሺߛ|
ଵ
ଶ

	൑ 	
݀௢
|ߣ|

	 , 	from	this	and	from	the	relations	 

 

ሻݔሺݕ ൌ ,ሻሻݔሺߜሺߛ	ሻݔሺܤ ሻݔሺߜ ൌ න
ݐ݀

ሻݐଶሺܤ
	, it	clearly	follows	that	there	is	݀௢തതതsuch	that	

௫

଴

 

max
௫∈ሾ଴,௔ሿ

,ݔሺݕ| |ሻߣ

ሺ׬ ሻݔሺ∋ߩ
௔
଴

,ݔሺݕ| ሻݔ݀	ሻ|ଶߣ
ଵ
ଶ

	൑ 	
݀௢തതത

|ߣ|
	 , for	great	value	of	|ߣ|. 

 

Let	us	estimate	the	expression	 ቮනݍఢሺߜሻ݀ߜ

௧

଴

ቮ. 

Turning to the variable ݔ in the integral, we shall get: 

ቮන ߜሻ݀ߜఢሺݍ

௧

଴

ቮ ൌ ቮන൫ݍሺݔሻܤሺݔሻ െ ݔሻ݀ݔᇱሺߜሻݔଷሺܤሻ൯ݔᇱᇱሺܤ

௟

଴

ቮ , where	݈	߳ሾ0, ܽሿ, and	since 

 

ሻݔᇱሺߜ ൌ
1

ሻݔଶሺܤ
	 , hence 
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ቮන ߜሻ݀ߜఢሺݍ

௧

଴

ቮ ൌ ቮන൫ݍሺݔሻܤሺݔሻ െ ݔሻ݀ݔሺܤ	ሻ൯ݔᇱᇱሺܤ

௟

଴

ቮ

ൌ ቮනݍሺݔሻܤଶሺݔሻ݀ݔ െ නܤᇱᇱሺݔሻ	ܤሺݔሻ݀ݔ

௟

଴

௟

଴

ቮ 

൑ ቮනݍሺݔሻܤଶሺݔሻ݀ݔ

௟

଴

ቮ ൅ ቮනܤᇱᇱሺݔሻ	ܤሺݔሻ݀ݔ

௟

଴

ቮ ൑ อනݍሺݔሻܤଶሺݔሻ݀ݔ

௔

଴

อ ൅ อනܤᇱᇱሺݔሻ	ܤሺݔሻ݀ݔ

௔

଴

อ 

൑ อනݍሺݔሻܤଶሺݔሻ݀ݔ

௔

଴

อ ൅ |ᇱሺܽሻܤሺܽሻܤ| ൅ |ᇱሺ0ሻܤሺ0ሻܤ| ൅ อන൫ܤᇱሺݔሻ൯
ଶ
ݔ݀	

௔

଴

อ 

From definition Bሺxሻ ൌ ሻݔሺ∋ߩ
ିభ
ర	ߩሺܽሻ

భ
ర	, it follows that 

Bሺ0ሻ ൌ ඨ
ሺܽሻߩ

ሺ0ሻ∋ߩ

ర

ൌ ඨ
ሺܽሻߩ

ሺ0ሻߩ

ర

൫since	from	lemmaሺ3.4.1ሻሾ2ሿߩ∈ሺ0ሻ ൌ  	,ሺ0ሻ൯ߩ

Bᇱሺxሻ ൌ െ
ඥߩሺܽሻర ᇱ∋ߩ ሺݔሻ

4ඥߩ∈
ହሺݔሻర

, ᇱሺ0ሻܤ ൌ െ
ඥߩሺܽሻర ᇱ∋ߩ ሺ0ሻ

4ඥߩ∈
ହሺ0ሻర

ൌ െ
ᇱ∋ߩ ሺ0ሻ

ሺ0ሻߩ4
ඨ
ሺܽሻߩ

ሺ0ሻߩ

ర

	 , and	consequently 

ቮන ߜሻ݀ߜఢሺݍ

௧

଴

ቮ ൑ อනඥߩሺܽሻ
ሻݔሺݍ

ඥߩ∈ሺݔሻ
ݔ݀

௔

଴

อ ൅ ቤ
ᇱ∋ߩ ሺܽሻ

ሺܽሻߩ4
ቤ ൅ ቮ

ᇱ∋ߩ ሺ0ሻ

ሺ0ሻߩ4
ඨ
ሺܽሻߩ

ሺ0ሻߩ
ቮ ൅ 

1
16

නቆ
ᇱ∋ߩ ሺݔሻ

∋ߩ ሺݔሻ
ቇ
ଶ௔

଴

ඨ
ሺܽሻߩ

ሻݔሺ∋ߩ
 ݔ݀	

Again, owing to the lemma (3.4.1) [2], |ߩ∈ᇱ ሺݔሻ| ൑ 2ܰ	and	ߩሺݔሻെ∈	൑ ∋ߩ	 ሺݔሻ 	൑
 	,	∋ሻ൅ݔሺߩ	

therefore	 

ቮන ߜሻ݀ߜఢሺݍ

௧

଴

ቮ ൑ อනඥߩሺܽሻ
ሻݔሺݍ

ඥߩሺݔሻെ∈
ݔ݀

௔

଴

อ ൅
ܰ

|ሺܽሻߩ|2
൅ ቮ

ܰ
ሺ0ሻߩ2

ඨ
ሺܽሻߩ

ሺ0ሻߩ
ቮ ൅ 

1
4
න

ܰଶ

ሺߩሺݔሻെ∈ሻଶ

௔

଴

ඨ
ሺܽሻߩ

∋ሻെݔሺߩ
 ,ݔ݀	

or  
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ቮන ߜሻ݀ߜఢሺݍ

௧

଴

ቮ ൑ อනඥߩሺܽሻ
ሻݔሺݍ

ඥߩሺݔሻെ∈
ݔ݀

௔

଴

อ ൅ ܿ௢ ൅ ܿଵ ൅ ܿଶ න
1

ሺߩሺݔሻെ∈ሻ
ହ
ଶ

	ݔ݀	

௔

଴

, 

where	ܿ௢ ൌ
ܰ

|ሺܽሻߩ|2
	 , ܿଵ ൌ ቮ

ܰ
ሺ0ሻߩ2

ඨ
ሺܽሻߩ

ሺ0ሻߩ
ቮ and	ܿଶ ൌ

1
4
ܰଶඥߩሺܽሻ	are	constants. 

Since	 ∈ 	is	small, then ቮනݍఢሺߜሻ݀ߜ

௧

଴

ቮ ൑  .constant	a	is	ሺ∈ሻܧ	ሺ∈ሻ,whereܧ

Thus by theorem (1) there exist a constant ݀௢ such that  

max
ఋ∈ሾ଴,௕ሿ

|ሻߜሺߛ|

ቀ׬ ሺܽሻߩ
௕
଴

ቁߜ݀	ሻ|ଶߜሺߛ|
ଵ
ଶ

	൑ 	
݀௢
|ߣ|

	 . 

Let max
ఋ∈ሾ଴,௕ሿ

ቤ
1

ඥߜᇱሺݔሻ
ቤ ൌ ݀ଵ	, where	݀ଵis	a	constant andsince	ݕሺݔሻ ൌ  	,ሻ൯ݔሺߜ൫ߛ	ሻݔሺܤ

therefore 

max
௫∈ሾ଴,௔ሿ

,ݔሺݕ| |ሻߣ

ሺ׬ ሻݔሺߩ
௔
଴

,ݔሺݕ| ሻݔ݀	ሻ|ଶߣ
ଵ
ଶ

	൑ 	
݀௢തതത

|ߣ|
	 , where	݀௢തതതis	a	constant. 

 
Hence the proof is achieved.  
 

Theorem (3): 

If ݕሺݔ, ,ݔ௢ሺݕ ሻ is a solution of a Cauchy problem (2.5) andߣ  ሻ is a solution of a Cauchyߣ
problem with constant coefficients ߩ and ݍ, then following relations hold: 
 

,ݔᇱሺݕ| (1) |ሻߣ ൑ 	݇௢	, ݔ ∈ ሾ0, ܽሿ, where݇௢is	a	constant. 
 

(2) There is a constant ܥ∗uniform for the whole class ܣሾ0, ܽሿsuch that the number of 
local maximum points of the function |ݕሺݔ, ,ሾ0	ሻ|onߣ ܽሿ  does not exceed 

 .	|ߣ|ඥ∗ܥ
 

(3) There is a constant ܥଵuniform for the whole class ܣሾ0, ܽሿ  such that for two 
consecutive local maximum points ݔᇱand	ݔᇱᇱ  of the function |ݕሺݔ, 	,|ሻߣ the 
following inequalitiesare valid: 

 

ቆ1 ൅
ଵܥ
ඥ|ߣ|

ቇ
ିଵ

൏
,ᇱݔሺݕ| |ሻߣ
,ᇱᇱݔሺݕ| |ሻߣ

൏ 1 ൅
ଵܥ
ඥ|ߣ|

	. 
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Proof: 

(1) Since ݕሺݔ,  ሻ is a solution of Cauchy problem (2.5), thenߣ
 
െݕᇱᇱሺݔ, ሻߣ ൅ ,ݔሺݕሻݔሺݍ ሻߣ ൌ ,ݔሺݕሻݔሺߩଶߣ ,ሻߣ ݔ ∈ ሺ0, ܽሻ,	and	ݕሺ0, ሻߣ ൌ 0	, ,ᇱሺ0ݕ ሻߣ ൌ 1. 
orݍሺݔሻݕሺݔ, ሻߣ ൌ ,ݔᇱᇱሺݕ ሻߣ ൅ ,ݔሺݕሻݔሺߩଶߣ  .ሻߣ
Replacing ݔ	by	s , we multiply this equation by ݕ௢ሺݔ െ ,ݏ  up ݔ ሻand integrate from 0 toߣ
 :we get	,ݏ݀

නݕ௢ሺݔ െ ,ݏ ,ݏሺݕሻݏሺݍሻߣ ሻߣ

௫

଴

ݏ݀ ൌ ݔ௢ሺݕ െ ,ݏ ,ݏᇱሺݕሻߣ ሻሿߣ
ݔ
0
൅ ݔ௢ᇱሺݕ െ ,ݏ ݕሻߣ ሺݏ, ሻ൧ߣ

ݔ
0
൅ 

නݕ௢ᇱᇱሺݔ െ ,ݏ ݕሻߣ ሺݏ, ݏሻ݀ߣ

௫

଴

൅ නݕ௢ሺݔ െ ,ݏ ,ݏሺݕሻݏሺߩଶߣሻߣ

௫

଴

 .ݏሻ݀ߣ

By using ݕ௢ሺ0, ሻߣ ൌ 1 and ݕ௢ᇱሺ0, ሻߣ ൌ 1 and substituting for  
ݔ௢ᇱᇱሺݕ െ ,ݏ ሻߣ ൌ ݔ௢ሺݕݍ െ ,ݏ ሻߣ െ ݔ௢ሺݕ	ߩଶߣ െ ,ݏ  :we get	ሻ,ߣ

නݕ௢ሺݔ െ ,ݏ ,ݏሺݕሻݏሺݍሻߣ ሻߣ

௫

଴

ݏ݀ ൌ െݕ௢ሺݔ, ሻߣ ൅ ,ݔሺݕ ሻߣ ൅ නݕ௢ሺݔ െ ,ݏ ,ݏሺݕ	ݍሻߣ ሻߣ

௫

଴

ݏ݀ െ 

නݕ௢ሺݔ െ ,ݏ ,ݏሺݕ	ߩଶߣሻߣ

௫

଴

ݏሻ݀ߣ ൅ නݕ௢ሺݔ െ ,ݏ ,ݏሺݕሻݏሺߩଶߣሻߣ

௫

଴

 	ݏሻ݀ߣ

Or  

,ݔሺݕ ሻߣ ൌ ,ݔ௢ሺݕ ሻߣ ൅ නሺݍሺݏሻ െ ݔ௢ሺݕ	ሻݍ െ ,ݏ ,ݏሺݕሻߣ ሻߣ

௫

଴

ݏ݀ െ 

නሺߩሺݏሻ െ ݔ௢ሺݕଶߣሻߩ െ ,ݏ ሻߣ ,ݏሺݕ

௫

଴

 .	ݏሻ݀ߣ

We differentiate the above equation using fundamental theorem of calculus to get: 
,ݔᇱሺݕ ሻߣ ൌ ,ݔ௢ᇱሺݕ ,ݔᇱሺݕ| ሻ Orߣ |ሻߣ ൌ ,ݔ௢ᇱሺݕ|  .|ሻߣ
But since |ݕ௢ᇱሺݔ, |ሻߣ ൑ 	݇௢	, ݔ	∀ ∈ ሾ0, ܽሿ	, where	݇௢ is a constant, thus 
,ݔᇱሺݕ| |ሻߣ ൑ 	݇௢	, ݔ	∀ ∈ ሾ0, ܽሿ. 
The proof of part (1) is established. 
 
(2)Letݔ௢ be a local maximum point of the function |ݕሺݔ, ,ݔଵሺݕ ሻ| andߣ  ሻ be a solutionߣ
of the Cauchy problem (2.5) with constant coefficients ߩ	and	q and with the conditions 
,௢ݔଵሺݕ ሻߣ ൌ ݕ ሺݔ௢, ଵݕ	ሻandߣ

ᇱሺݔ௢, ሻߣ ൌ ᇱݕ ሺݔ௢,  .ሻߣ
We shall take a constant ܿ௢ arbitrary and we try to estimate the difference  

,ݔᇱሺݕ| ሻߣ െ ଵݕ
ᇱሺݔ, ,	௢ݔሾ	interval	the	ሻ|onߣ ௢ݔ ൅

ܿ௢
ඥ|ߣ|

ሿ. 

Since ݕሺݔ,  ሻ is a solution of Cauchy problem (2.5), thenߣ

െݕᇱᇱሺݔ, ሻߣ ൅ ,ݔሺݕሻݔሺݍ ሻߣ ൌ ,ݔሺݕሻݔሺߩଶߣ  ሻߣ
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Or  

,ݔሺݕሻݔሺݍ ሻߣ ൌ ,ݔᇱᇱሺݕ ሻߣ ൅ ,ݔሺݕሻݔሺߩଶߣ  .ሻߣ
Replacing ݔ	by	s , we multiply this equation by ݕଵሺݔ െ ,ݏ  ݔ ௢ toݔ ሻand integrate fromߣ
up ݀ݏ,	we get: 

නݕଵሺݔ െ ,ݏ ,ݏሺݕሻݏሺݍሻߣ ሻߣ

௫

௫೚

ݏ݀

ൌ ݔଵሺݕ െ ,ݏ ,ݏᇱሺݕሻߣ ሻሿߣ
ݔ
௢ݔ
൅ ଵݕ

ᇱሺݔ െ ,ݏ ݕሻߣ ሺݏ, ሻ൧ߣ
ݔ
௢ݔ
൅ 

නݕଵ
ᇱᇱሺݔ െ ,ݏ ݕሻߣ ሺݏ, ݏሻ݀ߣ

௫

௫೚

൅ නݕଵሺݔ െ ,ݏ ,ݏሺݕሻݏሺߩଶߣሻߣ

௫

௫೚

 .ݏሻ݀ߣ

By using the	given	conditions  and substituting for ݕଵ
ᇱᇱሺݔ െ ,ݏ ሻߣ ൌ ݔଵሺݕݍ െ ,ݏ ሻߣ െ

ݔଵሺݕ	ߩଶߣ െ ,ݏ  :we acquire	ሻ,ߣ

ݕ ሺݔ, ሻߣ ൌ නሺݍሺݏሻ െ ݔଵሺݕሻݍ െ ,ݏ ,ݏሺݕሻߣ ሻߣ

௫

௫೚

ݏ݀

െ නሺߩሺݏሻ െ ݔଵሺݕଶߣሻߩ െ ,ݏ ሻߣ ,ݏሺݕ

௫

௫೚

 ݏሻ݀ߣ

ଵݕ
ᇱሺݔ െ ,௢ݔ ଵݕሻߣ ሺݔ௢, .ሻߣ  

Differentiation this equation using fundamental theorem of calculus, gives 

ᇱݕ ሺݔ, ሻߣ ൌ ଵݕ
ᇱᇱ
ሺݔ െ ,௢ݔ ሻߣ ଵݕ ሺݔ௢,  .ሻߣ

And	since	ݕଵ
ᇱᇱ
ሺݔ െ ,௢ݔ ሻߣ ൌ ଵݕ	ݍ ሺݔ െ ,௢ݔ ሻߣ െ ଵݕߩଶߣ ሺݔ െ ,௢ݔ ,ሻߣ therefore 

ᇱݕ ሺݔ, ሻߣ ൌ ଵݕ	ݍ ሺݔ െ ,௢ݔ ଵݕሻߣ ሺݔ௢, ሻߣ െ ଵݕߩଶߣ ሺݔ െ ,௢ݔ ଵݕሻߣ ሺݔ௢,  ሻߣ
Or  

ᇱݕ ሺݔ, ሻߣ െ ଵݕ
ᇱሺݔ, ሻߣ ൌ ሺݍ െ ଵݕሻߩଶߣ ሺݔ െ ,௢ݔ ଵݕሻߣ ሺݔ௢, ሻߣ െ ଵݕ

ᇱሺݔ,  .ሻߣ
Now  

ᇱݕ| ሺݔ, ሻߣ െ ଵݕ
ᇱሺݔ, |ሻߣ ൑ ߩଶߣ| െ |ݍ ቚݕଵ ሺݔ െ ,௢ݔ ሻቚߣ หݕଵ ሺݔ௢, ሻหߣ ൅ ଵݕ|

ᇱሺݔ,  .|ሻߣ

	൑ 	 |ߩଶߣ|
݇ଵ

ଶ

ଶ|ߣ|
൅ ݇ଵ

ଶ ൑ ሺߩ ൅ 1ሻ݇ଵ
ଶ	, 

൬because	หݕଵ ሺݔ௢, ሻหߣ ൑
݇ଵ
|ߣ|

and	|ݕଵ
ᇱሺݔ, |ሻߣ ൑ ݇௢	, ݔ∀ ∈ ሾ0, ܽሿ൰ , hence 

ᇱݕ| ሺݔ, ሻߣ െ ଵݕ
ᇱሺݔ, |ሻߣ ൑ 	݇∗	, where	݇∗ ൌ ሺߩ ൅ 1ሻ݇ଵ

ଶ	is	a	constant. 
From this inequality, integrating the difference ݕᇱ ሺݔ, ሻߣ െ ଵݕ

ᇱሺݔ, ݔ ௢ toݔ ሻ formߣ with 
respect to ݔ,	we shall obtain: 

หݕ ሺݔ, ሻߣ െ ଵݕ ሺݔ, ሻหߣ ൑ 	
ܿଵ
ඥ|ߣ|

	 , where	ܿଵis	a	constant.	 
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Due	to  Assertion (2.4.2) [2] not less than five extreme points of the function 
หݕଵ ሺݔ ,   ሻห areߣ

available	for	a	certain	ܿ௢	on	the	intervalሾݔ௢	, ௢ݔ ൅
ܿ௢
ඥ|ߣ|

ሿ.	 

Then	through	the	lastestimations	หݕ ሺݔ, ሻߣ െ ଵݕ ሺݔ, ሻหߣ

൑ 	
ܿଵ
ඥ|ߣ|

	 , there	is	at	least	one 

	maximum	point	of	the	function	หݕଵ ሺݔ , ,	௢ݔሾ	interval	the	ሻหonߣ ௢ݔ ൅
ܿ௢
ඥ|ߣ|

ሿ.	 

Thus,  

หݕ ሺݔ, ሻߣ െ ଵݕ ሺݔ, ሻหߣ ൑ 	
ܿଵ
ඥ|ߣ|

	,	 

then	 

หݕ ሺݔ, ሻหߣ ൑ 	
ܿଵ
ඥ|ߣ|

൅ หݕଵ ሺݔ, ሻหߣ ൑
ܿ∗

ඥ|ߣ|
	 , where	ݔ

∈ ሾݔ௢	, ௢ݔ ൅
ܿ௢
ඥ|ߣ|

ሿ, and	ܿ∗	is	a	constant.	 

 
But	for	the	whole	interval	ሺi. e. for	ݔ ∈ ሾ0, ܽሿሻwe divide the length of the segment 
ሾ0, ܽሿ 

by
ܿ௢
ඥ|ߣ|

	 , thus	the	validity	of	the	second	part	of	our	theorem	hold, that	is 

หݕ ሺݔ, ሻหߣ ൑ ,	|ߣ|ඥ∗ܥ	 ݔ∀ ∈ ሾ0, ܽሿ,where	ܥ∗is	a	constant	. 
 
(3) Let ݔᇱand	ݔᇱᇱ be two successive maximum points of the function หݕ ሺݔ,  ሻหon theߣ
interval ሾ0, ܽሿ	, thus 

หݕ ሺݔᇱ, ሻหߣ ൑ ,	|ߣ|ඥ∗ܥ	 and	หݕ ሺݔᇱᇱ, ሻหߣ ൑  .	|ߣ|ඥ∗ܥ	

 
Hence, from the above inequality,followsthe validity of the proof of part three, that is 

ቆ1 ൅
ଵܥ
ඥ|ߣ|

ቇ
ିଵ

൏
,ᇱݔሺݕ| |ሻߣ
,ᇱᇱݔሺݕ| |ሻߣ

൏ 1 ൅
ଵܥ
ඥ|ߣ|

	. 

Hencethe proof of theorem (3) is completed. 
 

3. Estimation of normalized eigenfunctions of the spectral 
problem(1)-(3): 

In this section we estimate the eigenfunctions of the problem (1)-(3) with continuous 
coefficients ߩሺݔሻ and ݍଵሺݔሻ due to Cauchy problem with constant coefficients ߩ and ݍ. 
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Theorem (4): 

Let ݖሺݔ, ଵݕ ሻ be a solution of equation (1.2) andߣ ሺݔ,  ሻ be a solution of Cauchyߣ
problem (2.5) with constant coefficients ߩ and ݍ respectively, then there exist a constant 
D such that 

max
௫∈ሾ଴,௔ሿ

,ݔሺݖ| |ሻߣ

	ሺ׬ ߩ
௔
଴

,ݔሺݖ| ሻݔ݀	ሻ|ଶߣ
ଵ
ଶ

	൑  ,	ܦ	

for sufficiently large value of |ߣ|and Im	ߣ ൏ constant. 

Proof: 

Let the function |ݖሺݔ, ௢ݔ	point	the	௠inݖ	at	maximum	the	attain	ሻ|ߣ ∈ ሾ0, ܽሿand the 
maximum of the function |ݖᇱሺݔ, ௠ᇱݖ ሻ|is equal toߣ . Then the graph of function |ݖሺݔ,  |ሻߣ
lies above a triangle with the apex at ሾݔ௢	, 	,ሿ	௠ݖ and lateral sides with angular 
coefficients ݖ௠ᇱ 	, െݖ௠ᇱ consecutively. Let also ݔଵ	, ,	ଶݔ …	,  ௡௢be points of maxima of theݔ
function |ݖሺݔ, ଵݔ .௢ in the order of increasing (i.eݔ ሻ| lying to the right ofߣ ൏ ଶݔ ൏ 	… ൏
,	ଵିݔ and	௡௢ሻ,ݔ ,	ଶିݔ …	, ,ݔሺݖ| ௡ଵ be points of maxima of the functionିݔ  ሻ| lying to theߣ
left of ݔ௢ in the order of decreasing (i.e. ିݔ௡ଵ ൏ ଵି௡ଵݔ ൏ ⋯ ൏ ଶିݔ ൏  ሻ. Similarly to	ଵିݔ
point ݔ௢, triangles inscribed under the graph of the function |ݖሺݔ,  ሻ| can also be formedߣ
in the points ݔേ௜  . Owing to selection of angles of inclination for lateral sides of 
triangles, bases of these triangles are not intersected (as we have shown in Figure (1)). 
In addition, if we cast out extreme triangles with apexes in the points ିݔ௡ଵand ݔ௡௢ , then 
bases of the remaining triangles will obviously lie inside the segment ሾ0, ܽሿ( moreover, 
inside the segment ሾିݔ௡ଵ,  .	௡௢ሿሻݔ
 ݖ

 

ଵି௡ଵݔ௡ଵିݔ            0 ଶݔଵݔ																	௢ݔ													…						 		…  ܽ						௡௢ݔ							௡௢ିଵݔ									

Figure (1) 
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Let ݔ௜
ᇱ	, ௜ݔ	

ᇱᇱ be apexes lying on ሾ0, ܽሿ of the triangle, we have constructed with the 
apex in the point ݅ ൌ 1 െ ݊ଵ, …	, 0	, …	 , ݊௢ െ 1 and ݖ௜ሺݔሻbe a function determined on 
ሾݔ௜

ᇱ	, ௜ݔ	
ᇱᇱሿand which graph is made of triangle lateral sides. 

,ݔሺݖ|ߩන,ݓ݋ܰ 	ݔ݀	ሻ|ଶߣ ൐ ෍ න ௜ݖ	ߩ
ଶሺݔሻ

	௫೔
ᇲᇲ

௫೔
ᇲ

௡೚ିଵ

௜ୀଵି௡భ

௔

଴

 ሺ3.1ሻ	ݔ݀	

We	try	to	evaluate	each	of	the	integral	 න ௜ݖ	ߩ
ଶሺݔሻ

	௫೔
ᇲᇲ

௫೔
ᇲ

 	.	ݔ݀	

First	, we	shall	consider	the	integral න ݔ݀	ሻݔ௢ଶሺݖ	ߩ

	௫೚ᇲᇲ

௫೚
ᇲ

. 

න ݔ݀	ሻݔ௢ଶሺݖ	ߩ ൌ 	 න ݔ݀	ሻݔ௢ଶሺݖ	ߩ ൅

௫೚

௫೚
ᇲ

	௫೚ᇲᇲ

௫೚
ᇲ

න ݔ݀	ሻݔ௢ଶሺݖ	ߩ

	௫೚ᇲᇲ

௫೚

ൌ ߩ2 න ሺ3.2ሻ	ݔ݀	ሻݔ௢ଶሺݖ

	௫೚ᇲᇲ

௫೚

 

The graph of ݖ௢ ሺݔሻ is a straight line 
௢ݖ ሺݔሻ ൌ ௢ݖ ሺݔ௢ሻ െ ௠ᇱݖ ሺݔ െ ,௢ሻݔ on	section	ሾݔ௢ᇱ ,  .ሿ	௢ᇱᇱݔ
Then equation (3.2) becomes: 

න ݔ݀	ሻݔ௢ଶሺݖ	ߩ

	௫೚ᇲᇲ

௫೚
ᇲ

ൌ ߩ2 න ቀݖ௢ ሺݔ௢ሻ െ ௠ᇱݖ ሺݔ െ ௢ሻቁݔ
ଶ
,ݔ݀	

	௫೚ᇲᇲ

௫೚

Letᇱs	ϐind	the	point		ݔ௢ᇱᇱ. 

௢ݖ ሺ	ݔ௢ᇱᇱሻ ൌ ௢ݖ ሺݔ௢ሻ െ ௠ᇱݖ ሺ	ݔ௢ᇱᇱ െ ,௢ሻݔ and	ݖ௢ ሺ	ݔ௢ᇱᇱሻ ൌ 0, therefore 
 

௢ᇱᇱݔ	 ൌ ௢ݔ ൅
௢ݖ ሺݔ௢ሻ
௠ᇱݖ

	 , thus	 

න ݔ݀	ሻݔ௢ଶሺݖ	ߩ

	௫೚ᇲᇲ

௫೚
ᇲ

ൌ ߩ2 න ቀݖ௢ ሺݔ௢ሻ െ ௠ᇱݖ ሺݔ െ ௢ሻቁݔ
ଶ
ݔ݀	

௫೚ା
௭೚ ሺ௫೚ሻ
௭೘
ᇲ

௫೚

	. 

Let	ߤ ൌ ݔ െ ,	௢ݔ and	݀ߤ ൌ  so	,	ݔ݀

න ݔ݀	ሻݔ௢ଶሺݖ	ߩ

	௫೚ᇲᇲ

௫೚
ᇲ

ൌ ߩ2 න ൫ݖ௢ ሺݔ௢ሻ െ ௠ᇱݖ ൯ߤ
ଶ
ߤ݀	

௭೚ ሺ௫೚ሻ
௭೘
ᇲ

଴

 

ൌ ߩ2 න ቀݖ௢
ଶ
ሺݔ௢ሻ െ ௠ᇱݖ2 ௢ݖߤ	 ሺݔ௢ሻ ൅ ௠ᇱݖ

ଶߤଶቁ ߤ݀

௭೚ ሺ௫೚ሻ
௭೘
ᇲ

଴

ൌ
௢ݖߩ2

ଷ
ሺݔ௢ሻ

௠ᇱݖ	3
	. 
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Similarly, this equality is correct for other ݅values (and by the same way we can find 
that) 

න ௜ݖ	ߩ
ଶሺݔሻ

	௫೔
ᇲᇲ

௫೔
ᇲ

ݔ݀ ൌ
௜ݖߩ2

ଷ
ሺݔ௜ሻ

௠ᇱݖ	3
	. 

Then equation (3.1) becomes: 

නݖ|ߩሺݔ, 	ݔ݀	ሻ|ଶߣ ൐ ෍
௜ݖߩ2

ଷ
ሺݔ௜ሻ

௠ᇱݖ	3
ൌ

ߩ2
௠ᇱݖ	3

෍ ௜ݖ
ଷ
ሺݔ௜ሻ																								ሺ3.3ሻ

௡೚ିଵ

௜ୀଵି௡భ

௡೚ିଵ

௜ୀଵି௡భ

௔

଴

 

 
Then by using part (3) in theorem (2.3), there is a constant ܥଵ ൐ 0 uniform for the 
whole class ܣሾ0, ܽሿ such that 

௜ݖ ሺݔ௜ሻ ൐
௢ݖ ሺݔ௢ሻ

ቆ1 ൅ ଵܥ
ඥ|ߣ|

ቇ
௜	. 

Then from equation (3.3) we have 

නݖ|ߩሺݔ, 	ݔ݀	ሻ|ଶߣ ൐
ߩ2
௠ᇱݖ	3

෍
௢ݖ

ଷ
ሺݔ௢ሻ

ቆ1 ൅ ଵܥ
ඥ|ߣ|

ቇ
ଷ௜ .

௡೚ିଵ

௜ୀଵି௡భ

௔

଴

 

Or  

නݖ|ߩሺݔ, 	ݔ݀	ሻ|ଶߣ ൐
௢ݖߩ2

ଷ
ሺݔ௢ሻ

௠ᇱݖ	3
෍

1

ቆ1 ൅ ଵܥ
ඥ|ߣ|

ቇ
ଷ௜

௡೚ିଵ

௜ୀଵି௡భ

௔

଴

 

ൌ
௢ݖߩ2

ଷ
ሺݔ௢ሻ

௠ᇱݖ	3 ቆ1 ൅
ଵܥ
ඥ|ߣ|

ቇ
ଷሺଵି௡భሻ

෍
1

ቆ1 ൅ ଵܥ
ඥ|ߣ|

ቇ
ଷ௝ 	 ,

௡೚ା௡భିଶ

௝ୀ଴

where	݆ ൌ ݅ ൅ ݊ଵ െ 1. 

 

We	know	that	 ෍
1

ቆ1 ൅ ଵܥ
ඥ|ߣ|

ቇ
ଷ௝ 	 ,

௡೚ା௡భିଶ

௝ୀ଴

is	a	geometric	series	, hence	we	shall	get 

 

නݖ|ߩሺݔ, 	ݔ݀	ሻ|ଶߣ ൐
௢ݖߩ2

ଷ
ሺݔ௢ሻ

௠ᇱݖ	3

ۉ

ۈۈ
ۇ
ቆ1 ൅ ଵܥ

ඥ|ߣ|
ቇ
ଷ௡೚ାଷ௡భିଷ

െ 1

ቆ1 ൅ ଵܥ
ඥ|ߣ|

ቇ
ଷ

െ 1
ی

ۋۋ
ۊ

௔

଴

∗ ቆ1 ൅
ଵܥ
ඥ|ߣ|

ቇ
ଷିଷ௡೚

. 
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Or  

1

׬ ,ݔሺݖ|ߩ ݔ݀	ሻ|ଶߣ
௔
଴

൏
௠ᇱݖ	3

௢ݖ	ߩ2
ଷ
ሺݔ௢ሻ

ۉ

ۈۈ
ۇ

ቆ1 ൅ ଵܥ
ඥ|ߣ|

ቇ
ଷ

൅ 1

ቆ1 ൅ ଵܥ
ඥ|ߣ|

ቇ
ଷ௡೚ାଷ௡భିଷ

൅ 1
ی

ۋۋ
ۊ
∗ ቆ1 ൅

ଵܥ
ඥ|ߣ|

ቇ
ଷ௡೚ାଷ

. 

 
Now, for sufficiently large value of |ߣ|,	we obtain 

1

׬ ,ݔሺݖ|ߩ ݔ݀	ሻ|ଶߣ
௔
଴

൏ ඨ
௠ᇱݖ	3

௢ݖ	ߩ2
ଷ
ሺݔ௢ሻ

	 . 

Then from this inequality, we deduce that: 
max
௫∈ሾ଴,௔ሿ

,ݔሺݖ| |ሻߣ

൫׬ ,ݔሺݖ|ߩ ݔ݀	ሻ|ଶߣ
௔
଴ ൯

ଵ
ଶ

൑ ௢ݖ	 ሺݔ௢ሻඨ
௠ᇱݖ	3

௢ݖ	ߩ2
ଷ
ሺݔ௢ሻ

	൑ 	ඨ
௠ᇱݖ	3

௢ݖ	ߩ2 ሺݔ௢ሻ
. 

From the choiceof ݖ௠ᇱ 	, ௢ݖ	andߩ ሺݔ௢ሻ we know that all of them are positive constants, 
and so 

isඨ
௠ᇱݖ	3

௢ݖ	ߩ2 ሺݔ௢ሻ
	 , therefore	we	put	ܦ ൌ ඨ

௠ᇱݖ	3

௢ݖ	ߩ2 ሺݔ௢ሻ
൐ 0, and	hence 

 

max
௫∈ሾ଴,௔ሿ

,ݔሺݖ| |ሻߣ

൫׬ ,ݔሺݖ|ߩ ݔ݀	ሻ|ଶߣ
௔
଴ ൯

ଵ
ଶ

	൑  .aconstant	is	D	where,ܦ

 
Thus the proof of theorem is performed. 

Corollary (1): 

Let ݕሺݔሻ be a solution of equation (1) in our main problem H, and ݖሺݔሻ be a solution of 
equation (1.1), then there exist a constant ܦଵ such that 
 

max
௫∈ሾ଴,௔ሿ

|ሻݔሺݕ|

ቀ׬
ߩ

௣భሺ௫ሻௗ௫׬݁
௔
଴

ቁݔ݀	ሻ|ଶݔሺݕ|
ଵ
ଶ

	൑  ,	ଵܦ	

for sufficiently large value of |ߣ| and Im	ߣ ൏  .ݐ݊ܽݐݏ݊݋ܿ

Proof:Since	we	have:	ݕሺݔሻ ൌ ሻ݁ݔሺݖ
భ
మ ,ௗ௫	௣భሺ௫ሻ׬ therefore	 

|ሻݔሺݕ|

ቀ׬
ߩ

௣భሺ௫ሻௗ௫׬݁
௔
଴

ቁݔ݀	ሻ|ଶݔሺݕ|
ଵ
ଶ

ൌ
ሻ݁ݔሺݖ

ଵ
ଶ׬௣భሺ௫ሻ	ௗ௫

ቀ׬
ߩ

௣భሺ௫ሻௗ௫׬݁
௔
଴

ቁݔ݀	ሻ|ଶݔሺݕ|
ଵ
ଶ
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ൌ
ሻ݁ݔሺݖ

ଵ
ଶ׬௣భሺ௫ሻ	ௗ௫

൫׬ ߩ
௔
଴

൯ݔ݀	ሻ|ଶݔሺݖ|
ଵ
ଶ

	. 

Let	ܯ ൌ max
௫∈ሾ଴,௔ሿ

݁
ଵ
ଶ׬௣భሺ௫ሻ	ௗ௫ , and	since	by	theorem	ሺ4ሻ max

௫∈ሾ଴,௔ሿ

,ݔሺݖ| |ሻߣ

൫׬ ,ݔሺݖ|ߩ ݔ݀	ሻ|ଶߣ
௔
଴ ൯

ଵ
ଶ

	

൑  ,ܦ
for sufficiently large value of |ߣ|, where	ܦ	is	aconstant	, thus 

max
௫∈ሾ଴,௔ሿ

|ሻݔሺݕ|

ቀ׬
ߩ

௣భሺ௫ሻௗ௫׬݁
௔
଴

ቁݔ݀	ሻ|ଶݔሺݕ|
ଵ
ଶ

	൑  .ܦܯ

 
Let ܦଵ ൌ ,ܦܯ hence 

max
௫∈ሾ଴,௔ሿ

|ሻݔሺݕ|

ቀ׬
ߩ

௣భሺ௫ሻௗ௫׬݁
௔
଴

ቁݔ݀	ሻ|ଶݔሺݕ|
ଵ
ଶ

	൑ ,	ଵܦ	 where		ܦଵis	a	constant. 

So the proof of corollary is completed.  
 

4. Conclusion: 

In this paper, we estimate the eigenfunction of a new type of spectral problem (1) 
where the first derivative appear in our spectral problem (1) and the weight function 
satisfies the Lipschitz condition. 
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