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Abstract:

In this paper we study the boundeness of the eigenfuctions of the spectral problem of
the form:

=y (%) + p1 ()Y () + g1 () y(x) = A2 p(0)y(x), xe(0,@) (1)
With the boundary conditions:

y(0) =0,y'(a) —idy(a) =0, 2
and the normalized condition:

1
(o 2y dx ) = 1, 3)

whereA is spectral parameter and p(x) is a weight function satisfy Lipschitz condition,
thatis (p(x) € Lip1)|p(x;) — p(x1)| < k |x3 —x4|,V x4,x € [0,a], k is Lipschitz
constant, and p,(x) # 0,p,(x) € C'[0,a], q,(x) € C[0, al.
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1. Introduction satisfy the inequality |fbb1 q1(x) dx| <

Spectral analysis of Sturm-Liouville C,, where C, is a constant and [b,, b;] S
and Schrodinger differential equations [0, a].
with a spectralparameter in the boundary Let us consider the countable subset
conditions has been analyzed intensively A[0,a] = {q;(x)|i € N} of the class
(see [1-6]). Nowadays many authors study A[0,a]  satisfying  the condition
the estimations of eigenfunctions for ; x rt —
different spectral problﬁms in different hmi—>°° fo fo qu(s)dsdt = go(x), where

cases of the coefficients especially 9o(x) is a function that satisfies the

different cases of weight functions, for LiPschitz condition and has uniform

more details see[1-6]. In this article we CcOnvergence on [0,a] . Let p(x)#

study the boundeness of the problem (1)- 141 (x) € A[0,a], 1 be acomplex number

(3) with weight function satisfy such thatIm A < constant.

theLipschitz condition. In this paper, first equation (1) with the
Let 0 <m<M< o be fixed boundary conditions (2) by using the

numbers such thatm < p(X) < M. Here transformation y(x) = Z(x)e%fp1(x) dx ,

we denote A[0,a] as the class of transformed to the form:

continuous functions g, (x) on [0, a] that
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—z"(x) + q(x)z(x) = 12p(x)z(x), xe(0,a),(1.1)

2(0) = 0,2'(a) + (37:(a) — id) 2(a) = 0, (f; plz(m)|? dx )’ = 1, (1.2)

whereq(x) is likewise continuous function on [0, a], and p(x) has not changed and
q(x) € A[0,a]. And then we try to estimate the eigenfunctions of the problem (1.1)-
(1.2) for sufficiently large value of |A| through the Cauchy problem which is defined by:

=" () + q()y(x) = 2p(x)y(x), xe(0,a)(1.3)
y(0) = 0,y'(0) = 1.(1.4)

2. Estimation of normalized eigenfunctions of the Cauchy
problem(1.3)-(1.4):

In this section, we estimate the eigenfunction of Cauchy problem with continuous
coefficients p(x) and q(x)due toCauchy problem with constant coefficients p(x) = p
and q(x) = q.

As we have mentioned, at the beginning we transform equation (1) by using the
transformation y(x) = Z(x)e%f P19 4X and by taking the first and second derivatives
of y(x) with respect to x, and putting them in equation (1) give us equation (1.1) with
their boundary conditions.

Theorem (1):

Let y(x, 1) be a solution of a Cauchy problem (1.3)-(1.4), then there exist a constant
k,=k,(A[0, a])such that
Iy (x, A) | kl
xlén[g)c(l] a 1 = m ’
Ty plyCe D)2 dx)2

for sufficiently large value of |A].

Proof:

Let y,(x,4) be a solution of Cauchy problem (1.3)-(1.4) with constant coefficients
p(x) = p and q(x) = q, then from [2] it was proved that:

-0, — i6
Vo(x,4) = % (—sinho,x cosb;x + icosha, x sind;x),
o +6;

and therefore:
y,(x,1) = (coshoyx cosé,x — isinho,x sind;x),
and also it was established that the following relations hold: g; = \/EO' and 6; =

\/; & at large |A|, where A = §; + 10y is an eigenvalue of Cauchy problem with a

constant weight function p, and A = § +io is eigen value of Cauchy problem where
p(x) is a function of x.
From equations y,(x, A)and y, (x, 1) easily we can show that:
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ky

<

Now, we represent y(x, 1) as a series of the form [2]:

v, (x, V)| < k, ,where k, and k, are constants.

Y0, D) = ) + [ @) = D3 -t Dy D dn + Y [ -0
0

i=2 0
Yolr = t0, ) [ o [771(a(t) — @) Yo (tica — t DY (i, Dt ... dty. (2.1)

We introduce the notations f;(x) for the term of series (2.1) with number i as follows:

filx) = f(Q(tl) — @) Yo (x — t1, Dy, (84, 4) dity,
0

and
t1 ti-1

fi(x) = f @(t) = ) Yo x = t1,2) f . f @) = ) Yo (tis
0 0 0

— ti' /‘Dyo (ti' A)dtl dtl,

Then series (2.1) can be written as:

YD) =002 = ) (0. (22)
i=1

By integrating equation f; (x)by parts and using the condition y, (0, 2) = 0, we obtain:

£ = f [y = t2, )y (tr, A)
0
ty

~ Yo = 6 DY 1. | (@05) = @) ds ey (23)
0
Differentiating the above equation with respect to x, gives:

F100 = (0, 2) f (q(s) — )ds + f e/ (x = t1, )y (£, 1)

0 0
- yé(x - tlll)y(;(tli/’{))'

f (q(s) — @) ds dt,.

Since y, (x, 1) is a solution of Cauchy problem with constant coefficients p and g, so

y(;,(x - tlll) = (q - AZp).’yo(x - tlll)l
therefore we deduce
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fi(x)

=¥, (x, /1)] (q(s) —q)ds + J ((q = 22p)yo (x — t1, Dy, (t1, 1) — yo (x — t1,2)
0

ty

75t ) [ a(s) = 0) ds dty. (2.
0

From equation (2.3), we have

x tq
oe f [5Gt = 0, Dy (£, 2) = Yo (x — £, Dyt D] f (q(s) — @) ds dt,
X 0 t x ’
< f oG = t0, D] o (e, D] f (a(s) — q) ds | dey + f 190 (x = t2, D] 1ya (s, D]
0 0 0

ty
f (@(s) — ) ds | dty.
0

Since

k
1o (x, )| < ﬁ Yo' e, DI < ko, Vx € [0, 4],
and from the choice of A[0, a],

ty

we have f (q(s) —q) ds | < constant =k, ,
0

consequently we conclude that

k
GOl < 7
Again, and by the same way from equation (2.4) we get:
kik; q
Iff(x)] < +<(—+ )k2+k2>k a.
fl |A| IAZ' p 1 o 2
Now, if i = 2 we have

,Vx € [0, a], where k, is a constant.

x t1
fo(x) = f(Q(tl) — @) Yo(x —t1, 1) j (q(t2) — Yoty — t2, Dy, (tz, Ddtydty
0 0

- f @) — @) yo(x — t, Dfi(t) dty
0

Thus, 1,1 < 27 @) = @) yo(x = t1,2) dy .

Integrating the last equation by parts gives:
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x 1
k
A1 < 75 [ 56—, | [ a0 - “ f yax = tr, Dl dty
0 0
or
£0 < kv xefo.al,
So in a similar way, theestimations for |f5(x)|, | fa ()|, |fs(x)] ..., are carried out

sequentially for i = 2,3,4, ..., thus in general
k;
lfi ()] < |L/{r|3 Vx€|[0,al,andVi=234,.
Hence for sufficiently large value of |A], the series in equation (2.2) converges to zero,
therefore we get that

a 2
k4
ly(x, )| < Tk ,V x € [0, a],and since fp ly(x, D)|?dx | =1,
0
this implies that
ly(x, D kq
max < —.

x€[0,a]

GeolyGe iy A

Hence theproof is completed.

Theorem (2):
Consider the Cauchy problem:

—y" () + q(x)y(x) = 22p(x)y(x), xe(0, @), (2.5)

whereq (x) is a continuous function, and a weight function p(x) € Lip1, and p(a) # 1.
If y(x, A) is a solution of the Cauchy problem (2.5), then there exist a constant d,, such
that

oDl _d

=11’
olynizanz A
for sufficiently large value of |A|.

max
x€[0,a]

Proof:
Let us consider the Cauchy problem (2.5) with weight function pe(x) instead of p(x),

pe(x) € C?[0, a]. Now, we make the following transformations:

X

dt
6(x) = fBZ(t) and y(x) = B(x) y(6(x)), where B(x) = pe o (x)p4 (@)
As a result, we shall obtain the problem:
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—y" (%) + gy (8(x)) = Pp(a)y(8(x)) , 8€ (0, b),

with the boundary conditions

— 0 _4/@
y(0) =0,y'(0) = 20)’

a

a
dt 1
where f— = 1—f \/p(t) dt = constant = b (not dependenton €) ,and
B2(©) 3
0 pz(a)yo
qe(x) = (q()B(x) — B" (x))B3(x).
t
From here and up we try to show that f q.(8)dé| is uniform with respect to

0
€ and

t
t € [0,b] for small €> 0, (that is, we must show that f q.(6)dé| < E,where E isa
0

constant ), then through the theorem (2.1) there exist a constant d, such that

@) o
max T rom this and from the relations
p

(12 p@) y(®)12 ds)

X

dt _
y(x) = B(x) y(6(x)),6(x) = f Bz—(t) ,it clearly follows that there is d,such that
0 —

ly (x, V)] 4%
Uy pe() lyCx, D)2 dx)% 1]

max

, for great value of |1|.
x€[0,a]

t

Let us estimate the expression f q.(8)dé6|.

0

Turning to the variable x in the integral, we shall get:
t

1
fqe(S)dS = f(q(x)B(x) - B”(x))B3(x)6’(x)dx ,where [ €[0, a], and since
0

0

6'(x) = ,hence

1
B2(x)
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t l
f 4 (8)d5| = f (qGIBG) — B”(x)) Bx)dx
0 0

0 0

= fq(x)Bz(x)dx—fB”(x) B(x)dx‘

l

f B"(x) B(x)dx

0

a

f B"(x) B(x)dx

0

IA

!
f q(x)B?(x)dx| +
0

< fq(x)Bz(x)dx +
0

IA

fq(x)Bz(x)dx +[B(a)B'(a)| + [B(0)B'(0)| +
0

f(B’(x))z dx
0

1 1
From definition B(x) = pc(x) #p(a)+, it follows that

B(0) = 4\/5((1) \[p(a) (smce from lemma(3.4.1)[2]pc(0) = p(O))

(0)
B0 = P@R) ) Vp@p)

4pe(x) 43 p2(0)

- Z;_EOO)) ' ’% ,and consequently
q() pé(a) pe(0) [p(a)

f 1(0)d0) = f Ve " lao@]| " [4@ (p©@
1 (p&x)) p@
160 pe (x) pe(x)

Again, owing to the lemma (3.4.1) [2], |pe(x)| < 2N and p(x)—€ < pe (x) <
p(x)+€,

therefore

N

N |p(a)
2@

2p(0) | p(0)

] 4 (6)ds| <

f q(x)
] Jp()—€ E

la N? p(a) p
4) (pCO—€)7? [pC—€ *

or
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a

q(x)
Ofx/p(a)mdx

N N |p(a)

1
—— ¢, = |—— [—=|and ¢, = =N?,/p(a) are constants.
2@~ [2p@) Jp| 42 =gV V@

t

Since € issmall, then f q.(8)dé| < E(€), where E(€) is a constant.
0

a

+cot 0+ f —_—
o (p(x)—€)2

1
dx,

t
fqe(5)d6 <
0

where ¢, =

Thus by theorem (1) there exist a constant d,, such that

() _
seton) [ b T
7Sy p(@) ly(8)12 ds)
1 . .
et 521[3)5] \/m = d, ,where d,is a constantandsince y(x) = B(x) y(5(x)),
therefore
x, A d, _
max pACTD) < 2% ,where d,is a constant.
x€[0.a] |2

U p(0) ly(e, D12 d)z

Hence the proof is achieved.

Theorem (3):

If y(x, 1) is a solution of a Cauchy problem (2.5) and y, (x, 4) is a solution of a Cauchy
problem with constant coefficients p and g, then following relations hold:

(D) |ly'(x,A)| < k,,x € [0,a], wherek,is a constant.

(2) There is a constant C *uniform for the whole class A[0, a]such that the number of
local maximum points of the function |y(x,A)|on [0,a] does not exceed

C*IAl.

(3) There is a constant C;uniform for the whole class A[0, a] such that for two
consecutive local maximum points x'and x” of the function |y(x,A)|, the
following inequalitiesare valid:

¢, \7! "2 C
<1+ : > <M< 1+——.
JI2I ly(x", D] JI2I
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Proof:

(1) Since y(x, 1) is a solution of Cauchy problem (2.5), then

—y"(x, ) + q(x)y(x, 1) = 22p(x)y(x,1),x € (0,a),and y(0,1) = 0,y'(0,1) = 1.
orq(x)y(x, 1) = y"" (x, 1) + 22p(x)y(x, A).

Replacing x by s , we multiply this equation by y,(x — s, 4)and integrate from 0 to x up
ds, we get:

[ o= 5,0a@ys,0ds =356 = 5,0y (5. D]y + 33 =5, Dy (5. D] +
0

fy(;’(x -5,y (s,A)ds + f Yo (x — 5,)A%p(s)y(s, Nds.
0 0

By using y,(0,4) = 1 and y,(0, A1) = 1 and substituting for
Yo (x =5, = qyo(x — 5,2) — A*p Yo (x — 5, 1), we get:
X

X

f Yolx — 5, Da()y(s, D ds = —y,(62) +y(0A) + ] Yox — 5,20 y(s, 2) ds —

0 0
X X
f Yo(x — 5, )22p y(s, )ds + f Yolx — 5, )22p(s)y (s, )ds
0 0
Or

Y A) = y,(x, 1) + f (@(s) — @) o (x — 5, Dy (s, 2) ds —
0

f (0(s) — P)A2y,(x — 5,2) y(s,A)ds.
0

We differentiate the above equation using fundamental theorem of calculus to get:
y' (A = y,(x, D) Or |y (x, D] = |y (x, D).

But since |y, (x,4)| < k,,V x € [0,a] ,where k, is a constant, thus

ly'(x, )| < k,,Vx€0,al.

The proof of part (1) is established.

(2)Letx, be a local maximum point of the function |y(x, 1)| and y; (x, A1) be a solution
of the Cauchy problem (2.5) with constant coefficients p and q and with the conditions

V1 (xo: A) =Yy (xo: A)and y{ (xo' A) = y, (xo: A)
We shall take a constant ¢, arbitrary and we try to estimate the difference

c
|y’ (x,A) — y1(x, A)|on the interval [x, , x, + ﬁ]

Since y(x, 1) is a solution of Cauchy problem (2.5), then
=y (6, +q()y(x, 1) = p()y(x, )
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Or

gy, D) =y"(x,A) + 22p()y(x, D).

Replacing x by s, we multiply this equation by y; (x — s, A)and integrate from x, to x
up ds, we get:
X

f y1(x — 5, D)a(s)y(s, ) ds

Xo

= NG —s Y 6D +y-sy 6] +

] (]
X X
jy{’(x -5,y (s,A)ds + fyl(x —5,)A%p(s)y(s,Vds.
X0 Xo

By using the given conditions and substituting for y;'(x —s,4) = qy;(x —s,1) —
A2p y1(x — s, 2), we acquire:

y (o) = f @(s) — Dya(x — 5, Dy (s, 1) ds

Xo

_ f (0(s) — P)A2y,(x — 5,2) y(s,A)ds

Xo

y{ (X — Xo» /1))71 (xor }l)
Differentiation this equation using fundamental theorem of calculus, gives

y, (x'/D=J/1 (x_xOJA) 1 (xm/l)-

And since y, ”(x — X, ) =qy; (x—x,21)—2%py; (x—x,,2),therefore
Y D) =qyr (x=x,Dy;1 (o, D) = Bpyy (x — 20, Dyy (6, 2)

Or

v D) =yi(, D) =(@q@—=2p)y; (x = x5,y (x5, 1) = y1(x, ).
Now

Y D)=y < P —qlly @ =20, )| |y G0 D] + i DI,
2

< |AZ |W+k2<(p+1)k2,

(because |y1 (xo,/1)| W —Land ly1(x, )| <k, ,Vx € [0, a]) hence

ly" (x,4) —y;(x,A)| < k*,where k* = (p + 1)k# is a constant.
From this inequality, integrating the difference y' (x,1) — y;(x, 1) form x, to x with
respect to x, we shall obtain

y () =y (x, 1)
| | < J—

, where c; is a constant.
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Due to Assertion (2.4.2) [2] not less than five extreme points of the function
s (e D) are

C
available for a certain c, on the interval[x, , x, + \/ﬁ].

Then through the lastestimations |y x, ) =y, (x, /1)|

€1
< —
VIAl
C
maximum point of the function |y1 (x ,A) |on the interval [x, , x, + ﬁ].

,there is at least one

Thus,
ly D) -y (D] <

I/1I
then

ly )| < —

,where x

CO
——],and c* is a constant.

Vil

But for the whole interval (i. e. for x € [0,a]) we divide the length of the segment
[0,a]

C
by\/ﬁ , thus the validity of the second part of our theorem hold, that is

|y (x,/1)| < C*\/|A|,Vx € [0,a], where C*is a constant .

€ [xo,xo +

(3) Let x’and x"' be two successive maximum points of the function | y (x, /1)|on the
interval [0, a] , thus

|y (x',/l)lS c* |/1|,and|y (x",/l)lS c*|Al.

Hence, from the above inequality,followsthe validity of the proof of part three, that is

1
C A C
(1+ 1) <|y(x,, P
1] ly (", DI JIA]

Hencethe proof of theorem (3) is completed.

3. Estimation of normalized eigenfunctions of the spectral
problem(1)-(3):

In this section we estimate the eigenfunctions of the problem (1)-(3) with continuous
coefficients p(x) and g, (x) due to Cauchy problem with constant coefficients p and q.
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Theorem (4):
Let z(x,A) be a solution of equation (1.2) and y, (x,4) be a solution of Cauchy
problem (2.5) with constant coefficients p and q respectively, then there exist a constant

D such that

ax |lz(x, DI i
O ([ p 12, DI dx)2
for sufficiently large value of |A|and Im A < constant.

<D,

Proof:
Let the function |z(x, A)| attain the maximum at z,,,in the point x, € [0, a]and the
maximum of the function |z’ (x, 1)|is equal to z,,. Then the graph of function |z(x, 1)|
lies above a triangle with the apex at [x,,z, ], and lateral sides with angular
coefficients z,, , —z,consecutively. Let also x; , x5, ... , X,,be points of maxima of the
function |z(x, A)| lying to the right of x,, in the order of increasing (i.e. x; < x, < ... <
Xno),and X_q ,X_5 , ... ,X_pnq be points of maxima of the function |z(x, )| lying to the
left of x, in the order of decreasing (i.e. X_pq < X1_p1 < -+ < X_p < x_4 ). Similarly to
point x,, triangles inscribed under the graph of the function |z(x, )| can also be formed
in the points x;; . Owing to selection of angles of inclination for lateral sides of
triangles, bases of these triangles are not intersected (as we have shown in Figure (1)).
In addition, if we cast out extreme triangles with apexes in the points x_,,;and x,,, , then
bases of the remaining triangles will obviously lie inside the segment [0, a]( moreover,

inside the segment [xX_,1, Xp0]) -
zZ

Xo X1X2 . Xno-1 Xno

Figure (1)
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Let x; , x;’ be apexes lying on [0, a] of the triangle, we have constructed with the
apex in the pointi =1-—ny,..,0,...,n,—1 and z;(x)be a function determined on
[x;, x;']and which graph is made of triangle lateral sides.

n
ne—1 Xi

a
Now,fp|z(x,,1)|2dx > 2 f p 22(x) dx (3.1)
0 i=1—n1 xl’

!
We try to evaluate each of the integral | p z?(x) dx.

X

"
Xo

First, we shall consider the integral f p z2(x) dx.

Xp
x5 Xo xy xg
j pz2(x)dx = f pz2(x)dx + f pz2(x)dx =2p f z2(x) dx (3.2)
x) x4 Xo Xo
The graph of z, (x) is a straight line

z, (x) =z, (x,) — z},(x — x,,), on section [x], x/ |.
Then equation (3.2) becomes:

xy x5

2
f p z2(x)dx = 2p f (zo (x5) = Zp(x — xo)) dx, Let's find the point x,.
x(’) Xo

z, (x) =2z, (x,) — z),(x; — x,),and z, (x;') = 0, therefore

Zy \ X

Xl = x, +— (, ) , thus
m
1" xo+Z—o (,xo)
Xo Zm
2 ! z

f P Zo (x) dx = Zp f (Zo (xo) - Zm(x - xo)) dx .
x) Xo

Letu =x—x,,and du = dx, so

Zp (Xo)
x:,' h
, 2
f p zZ(x) dx = 2p f (2o (o) = Ziput)” dp
x4 0
Zo (Xo)
Ziy 3
2 , , 2pz, (x,)
=2p f (Zo (x0) = 221 uz, (x,) + Zmzlflz) dp = %'
m

0

91



Journal of Zankoy Sulaimani- Part A (JZS-A), 2013, 15 (1)
A S -l 535905 B R

Similarly, this equality is correct for other ivalues (and by the same way we can find
that)

n
X

2z, " (x)
z; (x;
fpziz(x)dx=—pl -,
X

!
3z,

Then equation (3.1) becomes:

a ne—1 2 3( ) 2 ne—1
Z: X;
fplz(x,/'l)l2 dx > i s 4 z 3(xi) (3.3)
Z 32 3z
0 i=1-n4 i=1-n,

Then by using part (3) in theorem (2.3), there is a constant C; > 0 uniform for the
whole class A[0, a] such that

z, (%)

(H ffm)l

Then from equation (3.3) we have

z;  (x) >

a 5 ne—1 3( )
z, (x
fplz(x,ﬂ)lzdx > P Z o Fol
3z, . C g
0 i=1-nq (1+ 1 )
1]
Or
a 2 3( ) ne—1 1
z, (x
[ plata iz ax > e .
T )
0 i=1 ng 1+ 1
4]
2 3( ) No+n,—2 1
z, (x
= PZo %o Z - wherej =i+n; — 1.

= 3(1—-n4q) 3j
3z;n<1+ Cl) J=0 <1+ Cl)

We know that Z

3j
j=0 <1+ Cl)
|l

is a geometric series , hence we shall get

c 3n,+3n,4-3
a 3 /(1 + 1 > - 1\ 3-3 0
2pz, (x,) 7] (1 N cl> ”_

|z(x, DI dx > - *
Ofpzx X 3z, \ <1+ C1>3_1 ) 20
JIal
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Or

3
C
1+—7) +1 \\
1 3 ZT’n / < |){|> Cl 3n,+3
a o< 3 3ny+31;-3 |1+ :
fy plzGe DI dx 2p 2, ° (x,) (1+ q.) r1

121
Jial

Now, for sufficiently large value of ||, we obtain

1 3z,
3 —< = :
Jo plzCe, D12 dx — [2p z, ~(x,)

Then from this inequality, we deduce that:

g G D)

(Jy plz(x, D)I? dx)

From the choiceof z,, , pand z, (x,) we know that all of them are positive constants,
and so

3zn, 3zm,
s |—— ,therefore we put D = |— > 0,and hence
2pz, (%) 2pz, (%)

|z(x, D

: (Jy plzCx, D)2 dx)

3z, < 3z,

Sz, (%)

1 3 - '
2 2p z, (x,) 2pz, (%)

max < D,where D is aconstant.

x€[0,a 1
2

Thus the proof of theorem is performed.

Corollary (1):

Let y(x) be a solution of equation (1) in our main problem H, and z(x) be a solution of
equation (1.1), then there exist a constant D; such that

ly ()

max T < Dy,
x€[0,a] a p X 5
(fo el p1(x)ax ly (ol dx)
for sufficiently large value of || and Im A < constant.

1
Proof:Since we have: y(x) = Z(x)eifpl(x) 9% therefore

1
@) z(x)e2! &

a p a p
(fo el p1(0)dx MOl dx) (fO el pi(ax lyGo)l? dx)

N =
N =
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z(x)e%fpl(x) dx

1°
2

(Jy P 1z(x)1? dx)

1 z(x, A
Let M = max ez/Pi(9)ax ,and since by theorem (4) max l2(x D)l

x€[0,a x€[0,a 1
o (2 plae D2 d)?
<D,
for sufficiently large value of |1|, where D is aconstant, thus
(54€9]
max < MD.

x€[0,a]

N =

(s =3 Iy (12 dx)

Let D, = MD, hence
ly(ol

max < D, ,where D,is a constant.
1 1 1
x€[0,a]

(¢ s ly (12 dx)?

e p1(x)dx
So the proof of corollary is completed.

4. Conclusion:

In this paper, we estimate the eigenfunction of a new type of spectral problem (1)
where the first derivative appear in our spectral problem (1) and the weight function
satisfies the Lipschitz condition.
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