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Introduction

The Helmholtz equation often arises in physical phenomena and engineering applications involving partial
differential equations such as heat conduction, acoustic radiation, water wave propagation and even in biology.
Kreb and Roach [1] discussed the transmission problems for the Helmholtz equation. Kleinman and Roach [2]
studied the boundary integral equations for the three-dimensional Helmholtz equation. Karageorghis [3]
presented the eigenvalues of the Helmholtz equation. Fu and Mura [4] suggested the volume integrals of the
Helmholtz equation. Samuel and Thomas [5] proposed the fractional Helmholtz equation.

There are many analytical and numerical methods used to solve local fractional partial differential
Equations such as, local fractional function decomposition method [6,7], local fractional Adomian
decomposition method [7,8], local fractional series expansion method [9,10], local fractional Laplace
transform method [11,12], local fractional Fourier series method [13], local fractional Laplace decomposition
method [14,15], local fractional Laplace variational iteration method [16,17,18], and another methods. In this
paper, our aim is to present the coupling method of local fractional Laplace transform and variational iteration
method, which is called as the local fractional variational iteration transform method, and to used it to solve
the Helmholtz and coupled Helmholtz equations within local fractional operator.
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Analysis of the local Fractional Variational Iteration Method
Let us consider the following partial differential equation within local fractional derivative operator:
L, u(x,y)+Ru(x,y)=9(x,y),0<a <1, (2.1)

na

where L, =

—,neN is the linear local fractional derivative operator, R, denotes a lower order local

OX
fractional derivative operator, and g(X, y) is the nondifferentiable source term.
Local fractional variational iteration algorithm [10,11] reads as

A& (
I'l+ea)

| (@)

un+1(X’ y) =Uuy (X’ y)+0 X { Laun (é:' y) + Raun (é:v y) - g(g! y))} ' (22)

A&)”
Il+a

where is a general fractal Lagrange’s multiplier.

Therefore, a local fractional correction functional was structured as follows:

A&

Uns1 (X, Y) = U, (X, y)+ol §a){r(1+ Q)

(Leun (&) + R, 0, (£, y) - 9(&, y))} , (2.3)

where U, is considered as a restricted local fractional variation. That is, §“ u,, =0.
After the fractal Lagrangian multiplier is determined, for n >0 ,the successive approximations u,_4(x,y) of
the solution u(x, y) can be readily given by using any selective local fractional function uy(x,y) .

For n=2, we have

AT _ (%"

Il+a) T'(l+a)’ 24)
so that iteration is expressed as

Unia (% Y) = Un (X, V)0 1 {%(Laun (£.9)+RyUn (§.9) - 9(& y))} - (25)
Finally, we obtain the solution

u(x,y) = limu, (x,y). (2.6)

Local Fractional Variational Iteration Transform Method (LFVITM).
Applying the Yang-Laplace transform (denoted in this paper by &,) on both sides of (2.1), we get

o (LU NI+ £, Ru(x V)= £, {g(x, 0} 3.1)

Using the property of the Yang-Laplace transform, we have
s", {u(x, Y)}—sD4u(0, y) s DU (0, y) - —u"™P(0,y) =k, {g(x, y) ~Ru(x y)},  (3.2)

or equivalently

£, u(x,y)}= Siau(o, y) +S%u>((“) 0,y)+-- +s%u)(((”‘1)“)(0, y) +S%Jca {g(x,t)-Ru(x,y)}.  (3.3)
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Operating with the Yang-Laplace inverse on both sides of (3.3) gives

0 x* @ OB (e g
u(x,y) =u( ,Y)+mux ( aY)+"'+mUx 0,y)+ 0
o 1 '
{:al(STata {g(xv Y) - RaU(X, Y)}j
Derivative both side (3.4) with respect to x, we have
o%u(x, 0% 4 1
(a y) _ . tal[ —t, {g(x,y) =R u(x, y)}j+
OX OX S 3
(@) A (@00a) o9
U (0, y) + -+ ——————uy (0, ).
x (0.y) s (-2)a) ©.y)
We now structure the correctional local fractional function in the form
um+1(X1 Y) =Unp (X, y) + 1_,(1+a) x
aaum(éga y) aa —1( 1
3 20— b b, {0 Y) - RoUn (€, V) |-
[EACM i (d5)°
I'(l+a) (-2)
0 @0 y)mere &y y-Da) g
n)E? OY) == e Um0
(3.6)
Making the local fractional variation , we get
5aum+1(x’ y)= §“um(x, y)+5a rl+a) X
aaum(éa y) aa —1( 1
. - —— | =B {06 V) - R (6 W) |-
f (&) o0& o0& s" " ()
I'(l+a) (-2)ax
0 @ (0 y)—rroe & ((+-Da)
(um)g ( 1y) F(1+(n—2)a)(um)‘f ( !y)
(3.7
The extremum condition of u,,;(x,y) is given by [11]
5aum+1(x, y)=0.
(3.8)
In view of (3.8), we have the following stationary conditions:
« N
S GO B S G -0 . (3.9)
I'l+a) I'l+a)
&=x -
&=X
This is turn gives
&——1. (3.10)

rl+a)
Substituting (3.10) into (3.6), we obtained
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Um+1(X, y)=Um(X, y)_l_,(1+a)x
. aau'“(f’ ). 60; t;l[ :a E{g(s, y)—Raum(é,y)}]— (3.11)
0 @y .. &2 ((-Da) g
(Um) g~ (0,) r(1+(n_2)a)(um)§ ©.y)

Finally, the solution u(x, y) is given by

u(x,y) = rrI]im Uy (X, y). (3.12)

Illustrate Examples
Example 1. Let us consider the following Helmholtz equation with local fractional derivative operator in the

form
O**H(x,y)  9**H(xy)
2 : + 2 : _H(X1y):Ov (41)
ax (4 ay o
subject to the initial value
a
H(O,y):O,L(S’”:cosha(ya). 4.2)

In view of (3.11) and (4.1) the local fractional iteration algorithm can be written as follows:

Hm1 (X% Y)=Hm(xy)

*Hm(&y) % |, af 1 P HuEW ] @ a (4.3)
F(1+a)-[[ Py e [’C [s { m(&.y) - "z }H Hn (0,y) |(d&)

XD[
I'l+ea)
functional (4.3) gives the following successive approximations

We can use the initial conditions to select Hg(x,y) =

cosh, (y*) . Using this selection into the correction

a

X
l+a)

a 20
Hl(x,y)=nm(x,y)—r(lm)j[a P [E&l[sz%ta{Ho(éy)—%wﬂ]—Héa)(O.y)J(dé)a

Ho(x,y) = coshgy (y%),

a

X
=—~ _ _cosh, (y¥
r(1+a)cos o (Y7)

1 X P il 1 é;(l ga
_r(1+a)-([ oSt (V) _ag_a[t“ [Sz_a’c {ra 2 N O ) gy o )HJ_COSha(y ) (@)

a

= c
Ir'l+a)

a 2a
Hz(x,y)=Hl(x,y)—r(lm)j[a Hi(Sy) 0 [E—l{sl {Hl(g y)- %ﬁf’”}ﬁ—“f“)(ay)}d@“

OSha (ya) H

& ol
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a a 20
Mo Gy) = He1(0y) — mm)j[a Hm-1(¢,y) a—[’cal[%a’ca{'*m—l(‘f'Y)—%{;(M}H—H,%“_)l(o,y)}(dé)“
S

o Gl
[24

= i a0,

Finally, the solution of Helmholtz equation (4.1) is given by

H(X,Y)=m|ii>n Hm(xY)

= lim Lcosh y%)
mowll+a) ¢
o

" T(+a)

cosh, (y%) . (4.4)

Example 2. Consider the following Helmholtz equation involving local fractional operator in the form:

0%%H (x,y) aZ“H(x v, x* oy

ox2 oy2e Ry = l+a) C(l+a)’ (4.5)
subject to the initial value
HOy)=0, HOY __y* (4.6)

X% Il+a)
In view of (3.11) and (4.5) the local fractional iteration algorithm can be written as follows:

Hm+1(%Y)=Hm(x,y)

5aHm(§ M, 4l 1, |e*HpEy) (@) g2 « (4.7)
F(1+a) J.[ 650‘ [Ea [W{za{ ayZa +HmE V) [[-Hm (O, )’)—1_(1+2a) F(l+a) (d$)

0! o
We can use the initial conditions to select Hqy(x,y) = y . Using this selection into the correction
Il+a)TQ+a)’

functional (4.7) gives the following successive approximations

a a

y
Il+a) Fl+a)’

Ho(x,y) =

H1(xy)=Ho(xy)

o"Ho(Ey) | gl 1, | ®%Hoey) (@) g2y «
F(l+a)‘[[ os” ag“[ba[#“b&{ oy2e RO PR O Fa ey |9

o a

X 2
- X y* 1 [ ACAN | B P RS St | NS S S Sl I #1Y
l+a) Tl+a) T+a) 0 r@a+ a) e 52‘1 INl+ea) '+a) I'l+a) T@Q+2a) Il+a)

X% vy 1 X o% | 4 1 ye 9f201 y o
_ - A e - (d2)
Il+a) T(l+a) Tl+a) 5 oca 4o I'(l+a) I'l+2a) T(l+a)
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& ya J. 530( ya 520( y " g)a
F(1+ a) T'(l+a) T(1+ ) 85“ Tl+3a I'l+a) F(1+ 2a) T(l+a)

o (24

Xy
T Il+a)Tl+a)’

Ha(x,y) =Ha(x,y)

5aH1(§ M, R ) (@) S a
r(lm)f[ aga[fa[sz—afa{amilm) OO T e [

a a

__X y
T I'(l+ae)Tl+a)’

Hm (X, ¥)=Hm-1(x,y)

O"Hma(y) | gl 1, |e%*HmaEy) (@) R p
1"(1+a).[{ 650[ [{: [ ZaE { 8y2a FHm-1(EY) |- H 1( y)_l“(l+2a) I'l+ea) (@)

o

XC{ ya

“Tlra) Tlra)

Finally, the solution of Helmholtz equation (4.5) is given by
H(xy)= lm Hp(xy)
m—oo

a o

im —~ y
mow [l+a) '(l+a)

v (4.8)
I'l+a) T'l+a)

Example 3. Let us consider the following system of local fractional coupled Helmholtz equations with local
fractional derivative:

O**Hi(xy) | 9*“Ha(xy)

—Hi(x,y) =0,
zaa 2a aayZa (49)
e e ayHiiX Dy (x,y)=0,
subject to the initial conditions

Hy0y) =0, THON g (ya)

x* (4.10)

d%H> (0,

H2(0,9) =0, %f EL ().

Applying local fractional Laplace transform on Eq. (4.9) and using the initial conditions, we have
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2c
g {H1(x, y)} 1 —aEa(y* )+ {Hl(x,y)_a ;%X'y)}

(4.11)
‘:a{HZ(XxY)}=—52%Ea(ya)+sz%{:a{H2(xly) o2 “Hi (%, y)}

6y2a

Operating with the local fractional Laplace transform inverse on both sides of Eq. (4.11) we obtain

X 4 1 O Ha(x.y)
Hi(xy) = o )E a(Y)+Ey [S {Hl(x y)- Nz H

H2(X,Y)=—ﬁEa(y“)+t;1{sz%{:a{|-|2(xyy) o? ajl(x Y)H

(4.12)

2a

Derivative both sides Eq. (4.12) with respect to x, we get
0%H 1l 1 027 Hy(x,
% By o al[sz—afa{m(x,y)—ﬁﬂ,

% Ha(x.y) ay . 0% 4l 1 %% Hy(x,y)
ax—a—*Ea(y )+6X—a*=a Sﬁfa Ho(x,y)- T

Making the correction function is given

X| ha a 2a
Ha(m-+1) (% ) = Him (% y)—r(llm)j[a Pin(6y) _ 0 — [t;l[sziaba{wm(é, y)—a';yz—WH]—Ea(y“)}(dé)“,
0

(4.13)

os” o¢
1 fa%Hom(&y) 0% |, 1 0% Hym (£.Y) oy |y e
H2(m+1)(X|Y)=H2m(X1y)1_(1+a)_([ v g | | e e HamEN T R B () @)
(4.14)
x& x% a . .
We can use the initial conditions to select Hig(x,y)= (1+a)E o (Y%, Hog (X, y)__[‘(1+a) E,(y*). Using this

selection into the correction functional (4.14) gives the following successive approximations:
0{

I'l+a)

Hig(x,y)= Ea(Y®),

Hzo(x,y)=—ﬁEa(y“)-

X a o
Hu100Y) = Hio ()~ s | THin@y) 7 f[ : { 10(6:9)~ WH ~Ea(y*) |(@e)”
a) g o& o& % oy

X[ ~a a 2a
H21(X, y) = H20 (X, y)— l“(li 0[) I[a H20 (f, y) - 0 a {E&l[sziata{HZO (5! y)_%&(‘f:”}]]*_ Ea (Xa )}(dé)a
0

oE% o

( ) X% 2X3a
Ealy I'l+a) r(1+3a)

N 2X3a
“Ea (V" )[F(1+a) r(1+3a)]’
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X[ ~a a 2a
le (X, y) = Hll(X, y) - l"(li 0{) J-[a Hllo(!é:’ y) - aaga [E&l[sziata{Hll(é:l y) _%W}J]— Ea (ya)J(déz)a
0

o5

X[ ~a a 2a
H22 (X, y): H21(x,y)— L J.[é H21(§,Y) - 0 {E;l[sz%ha{HZl(gv y)_%zla(éy)}}}+ Ea (XQ)J(df)a

Him (%) = Eq (y*) D
k=0

Hom (%) =—E4 (y*)
m kZOr(

rl+ea)

5 oE® R

a 3a ba
_ Ea(ya)[ X 2Xx 4x J

+ +
Tl+a) T(@+3ax) TI'(l+5x)

a 3a S5a
—E,(y%) X . 2X N 4x .
I'l+a) T'(l+3e) TI'(l+5)

m . ok (2k+Da
~ T(L+(2k +1)a)’
m ok (2k+Da

~ T(1+(2k +Da)’

Therefore, the series solutions can be written in the form

. sinh_, (V2x&
H1(6y) = M Hi (X, Y)=E, ey a2 )
o0

V2
(4.15)
1 (04
Ha(x,y)= lim Hom(x,y)= —Ea(ya)mﬁ_").
m—oo ‘/E
Conclusions

In this work we considered the coupling method of the local fractional variational iteration method and Laplace
transform to solve Helmholtz and coupled Helmholtz equations and their approximate solutions were obtained.
The results include an efficient implement of the local fractional variational iteration transform method to solve
the partial differential equations with local fractional derivative operator.
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