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 In this paper, we study Smarandache zero divisors, in  ℤn and the group ring ℤ2 G, for a 

cyclic group G of order 2n, we also study power joined elements and triple identity rings. 
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Introduction 
Smarandache algebraic structures introduced by Raul Padilla and Florentine Smarandache [3] and [5]. 

Smarandache zero divisor, Smarandache nilpotent and Smarandache idempotent elements introduced by W. 

B. Vasantha Kandasamy [7]. This work consists of three sections. In section one we state basic definitions on 

Smarandache algebraic structure and some results that we need in our work. In section two we study 

Smarandache zero divisors in ℤ𝑛 and in the group ring ℤ2 𝐺, where 𝐺 is a cyclic group of order 2𝑛. In section 

three we study Smarandache power joined elements and Smarandache power joined rings. It is shown that, the 

ring ℤ𝑛 with the prime factorization of  𝑛 = 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑚
𝛼𝑚  𝑞, is a Smarandache power joined ring. 

Furthermore, we study triple identity rings.  

BACKGROUND 

Definition 1.1 [7]. A ring ℛ  is said to be 𝑆𝑚𝑎𝑟𝑎𝑛𝑑𝑎𝑐ℎ𝑒 𝑟𝑖𝑛𝑔 (S-ring) if  ℛ  has a proper subset 𝐹, which 

is a field. If 𝒮 is a subring of ℛ, then 𝒮 is said to be a 𝑆𝑚𝑎𝑟𝑎𝑛𝑑𝑎𝑐ℎ𝑒 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 (S-subring) of  ℛ if  itself is a 

Smarandache ring.   

Definition 1.2 [6]. Let ℛ  be a ring and 𝑥, 𝑦 be nonzero elements. Each of  𝑥 and 𝑦  in  ℛ  is a 

𝑆𝑚𝑎𝑟𝑎𝑛𝑑𝑎𝑐ℎ𝑒 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟(S-zero divisor) if  𝑥𝑦 = 0  and there exist 𝑎, 𝑏 𝜖 ℛ \{0, 𝑥, 𝑦} with  

1. 𝑥𝑎 = 0 𝑜𝑟 𝑎𝑥 = 0. 

2. 𝑦𝑏 = 0 𝑜𝑟 𝑏𝑦 = 0. 

3. 𝑎𝑏 ≠ 0 𝑜𝑟 𝑏𝑎 ≠ 0. 
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Definition 1.3 [7]. Let  ℛ  be a ring. An element 0 ≠ 𝑥 ∈ ℛ is said to be a 𝑆𝑚𝑎𝑟𝑎𝑛𝑑𝑎𝑐ℎ𝑒 𝑖𝑑𝑒𝑚𝑝𝑜𝑡𝑒𝑛𝑡     

(S-idempotent) of ℛ , if                                                     

                1.   𝑥2 = 𝑥 

                2. There exists 𝑎 ∈ ℛ \ {𝑥, 1, 0}, such that 

                             i.    𝑎2 = 𝑥 and 

                             ii.   𝑥𝑎 = 𝑎 (𝑎𝑥 = 𝑎)or 𝑎𝑥 = 𝑥 (𝑥𝑎 = 𝑥). 

Definition 1.4 [7]. Two elements 𝑥 and 𝑦 of a ring ℛ are said to be 𝑝𝑜𝑤𝑒𝑟 𝑗𝑜𝑖𝑛𝑒𝑑 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 if there exist 

𝑚, 𝑛 ∈ ℤ+ such that 𝑥𝑚 = 𝑦𝑛. If for every 0 ≠ 𝑥 ∈ ℛ, there exists 𝑦 ∈ ℛ, (𝑦 ≠ 𝑥) such that 𝑥 and 𝑦 are power 

joined elements, then ℛ is said to be a  𝑝𝑜𝑤𝑒𝑟 𝑗𝑜𝑖𝑛𝑒𝑑 𝑟𝑖𝑛𝑔. 

Definition 1.5 [7]. Let ℛ be a ring in which for every  0 ≠ 𝑥 ∈ ℛ, there exists 𝑦 ∈ ℛ, such that 𝑥𝑚 = 𝑦𝑚 

(𝑥 ≠ 𝑦) and 𝑚 ≥ 2. Then ℛ is called a  𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦  𝑝𝑜𝑤𝑒𝑟 𝑗𝑜𝑖𝑛𝑒𝑑 𝑟𝑖𝑛𝑔. 

Definition 1.6 [7]. Let ℛ be a ring. If for every 0 ≠ 𝑎 ∈ 𝐴 ⊂ ℛ, where 𝐴 is Smarandache subring, there 

exists 𝑏 ∈ 𝐴, such that 𝑎𝑚 = 𝑏𝑛, for some positive integers 𝑚 and 𝑛, then ℛ is called a  𝑆𝑚𝑎𝑟𝑎𝑛𝑑𝑎𝑐ℎ𝑒 𝑝𝑜𝑤𝑒𝑟 

 𝑗𝑜𝑖𝑛𝑒𝑑 𝑟𝑖𝑛𝑔 (S-power joined ring). If 𝑚 = 𝑛, 𝑚 ≥ 2, then ℛ is called a 𝑆𝑚𝑎𝑟𝑎𝑛𝑑𝑎𝑐ℎ𝑒 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 

𝑝𝑜𝑤𝑒𝑟 𝑗𝑜𝑖𝑛𝑒𝑑 ring (S-uniformly power joined ring). 

Definition 1.7 [7]. Let ℛ  be a ring. If there exists a triple 𝑢, 𝑣, 𝜔 ∈ ℛ \{0} such that 𝑢, 𝑣 and 𝜔 are distinct 

elements of ℛ \{0}, which satisfy the identity 𝑣𝑛 + 𝜔𝑛 = 𝑢𝑛  (𝑛 > 1), then ℛ is called a 

𝑡𝑟𝑖𝑝𝑙𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑟𝑖𝑛𝑔 or TI-ring. 

Definition 1.8 [7]. Let ℛ be a ring, then ℛ is a 𝑆𝑚𝑎𝑟𝑎𝑛𝑑𝑎𝑐ℎ𝑒 𝑡𝑟𝑖𝑝𝑙𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑟𝑖𝑛𝑔 or (S-TI-ring) if ℛ has 

a Smarandache subring 𝐴, and in 𝐴 we have three distinct elements 𝑢, 𝑣, 𝜔 such that 𝑣𝑛 + 𝜔𝑛 = 𝑢𝑛. 

Smarandache zero divisors 

Proposition 2.1. In ℤ𝑝𝑛 , 𝑝 is prime and 𝑛 ≥ 3, the Smarandache zero divisors are of the form 𝑝2𝑘 for            

1 ≤ 𝑘 ≤ 𝑝𝑛−2 − 1. 

Proof.  Clearly 𝑝2𝑘 is a zero divisor and (𝑝2𝑘)(𝑝𝑛−1) ≡ 0 (mod 𝑝𝑛) for each 𝑘. Take 𝑎 = 𝑝𝑛−2 and  𝑏 = 𝑝. 

(𝑝2𝑘 ) 𝑎 =  (𝑝2𝑘 ) 𝑝𝑛−2  ≡  0 (mod 𝑝𝑛), 

 𝑝𝑛−1 𝑏 = (𝑝𝑛−1) 𝑝 ≡  0 (mod 𝑝𝑛), 

𝑎𝑏  = ( 𝑝𝑛−2)  𝑝 = 𝑝𝑛−1 ≢  0 (mod 𝑝𝑛). 

Thus, 𝑝2𝑘 is a Smarandache zero divisor for 1 ≤ 𝑘 ≤ 𝑝𝑛−2 − 1  in  ℤ𝑝𝑛 , (𝑛 ≥ 3).  

Note that if a zero divisor is not divisible by 𝑝2, then it is not a Smarandache zero divisor.∎ 

Proposition 2.2. [6] If 𝑛 = 𝑝1𝑝2 where  𝑝1, 𝑝2 are primes, then ℤ𝑛 has no Smarandache zero divisor.  

Theorem 2.3. If  𝑛 = 𝑝𝑞𝑟, where 𝑝,𝑞 and 𝑟 are distinct primes, then a Smarandache zero divisor 𝑥 of ℤ𝑛 has 

one of the forms 𝑝𝑞ℓ, 1 ≤ ℓ ≤ 𝑟 − 1,  𝑝𝑟𝑚,  1 ≤ 𝑚 ≤ 𝑞 − 1 and 𝑞𝑟𝑠, 1 ≤ 𝑠 ≤ 𝑝 − 1. 

Proof. Clearly  𝑝𝑞ℓ, 𝑝𝑟𝑚  and  𝑞𝑟𝑠 are zero divisors for 1 ≤ ℓ ≤ 𝑟 − 1, 1 ≤ 𝑚 ≤ 𝑞 − 1 and 1 ≤ 𝑠 ≤ 𝑝 − 1. 
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It is enough to show that 𝑥 = 𝑝𝑞ℓ is a Smarandache zero divisor, for 1 ≤ ℓ ≤ 𝑟 − 1. 

For 𝑦 = 𝑝𝑟𝑡, 1 ≤ 𝑡 ≤ 𝑞 − 1,  𝑥𝑦 = 0. 

Put 𝑎 = 𝑟, 𝑏 = 𝑞. 

So, 𝑥𝑎 =  𝑝𝑞ℓ 𝑟 ≡  0 (mod 𝑛), 

𝑦𝑏 = 𝑝𝑟𝑡 𝑞 ≡  0 (mod 𝑛), 

and 𝑎𝑏 =  𝑟 𝑞  ≢  0 (mod 𝑛). 

So 𝑝𝑞ℓ is a Smarandache zero divisor. Now, suppose 𝑝 | 𝑥, 𝑞 ∤ 𝑥 and 𝑟 ∤ 𝑥. Then 𝑥 = 𝑡𝑝 for some 𝑡 ∈ ℤ with 

𝑞 ∤ 𝑡 and 𝑟 ∤ 𝑡. So if  𝑦𝑥 = 0, then 𝑞𝑟|𝑦, hence it is impossible to find 𝑎, 𝑏 such that 𝑎𝑥 = 0 and 𝑏𝑦 = 0 and 

𝑎𝑏 ≠ 0.∎ 

Note that the number of Smarandache zero divisors of ℤ𝑛, where 𝑛 = 𝑝𝑞𝑟,  𝑝,𝑞 and 𝑟 are distinct primes is  

𝑝 + 𝑞 + 𝑟 − 3. 

Theorem 2.4. In  ℤ𝑛, with the prime factorization of 𝑛 = 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑘
𝛼𝑘, α𝑖 ≥  0, an element of the form  

𝑝𝑖ℓ (mod 𝑛 ) for 1 ≤ 𝑖 ≤ 𝑘  is a Smarandache zero divisor if ℓ is divisible by one of the  𝑝𝑖 ’s. 

Proof. Clearly 𝑝𝑖ℓ is a zero divisor, for each 𝑖. 

Now, suppose ℓ is divisible by 𝑝𝑗 for some 1 ≤ 𝑗 ≤ 𝑘. We have to show that 𝑝𝑖ℓ is a Smarandache zero; there 

are two cases: 

Case 1:   𝑝𝑖 = 𝑝𝑗. 

Put  𝑥 =  𝑝𝑖 ℓ  which means 𝑥 = 𝑝𝑖
2𝑀 (𝑀 =

ℓ

𝑝𝑖
 ). 

Take  𝑦 = 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑖−1
𝛼𝑖−1𝑝𝑖

𝛼𝑖−1𝑝𝑖+1
𝛼𝑖+1  … 𝑝𝑘

𝛼𝑘  .  

Clearly 𝑥𝑦 ≡ 0 (mod 𝑛). 

Let 𝑎 =  𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑖−1
𝛼𝑖−1𝑝𝑖

𝛼𝑖−2𝑝𝑖+1
𝛼𝑖+1  … 𝑝𝑘

𝛼𝑘   and 𝑏 = 𝑝𝑖 , then: 

𝑎𝑥 = 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑖−1
𝛼𝑖−1𝑝𝑖

𝛼𝑖−2 𝑝𝑖+1
𝛼𝑖+1 … 𝑝𝑘

𝛼𝑘𝑝𝑖
2 𝑀 ≡ 0 (mod 𝑛 ) 

and 𝑏𝑦 = 𝑝𝑖 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑖−1
𝛼𝑖−1𝑝𝑖

𝛼𝑖−1𝑝𝑖+1
𝛼𝑖+1  … 𝑝𝑘

𝛼𝑘 ≡ 0 (mod 𝑛 ) 

and 𝑎𝑏 =  𝑝1
𝛼1  … 𝑝𝑖

𝛼𝑖−2  … 𝑝𝑘
𝛼𝑘  𝑝𝑖 = 𝑝1

𝛼1  … 𝑝𝑖
𝛼𝑖−1  … 𝑝𝑘

𝛼𝑘 ≢  0 (mod 𝑛).  

Hence 𝑥 is a Smarandache zero divisor. 

Case 2:   𝑝𝑖 ≠  𝑝𝑗 . 

Put 𝑥 = 𝑝𝑖 ℓ , where ℓ = 𝑝𝑗 𝑁   for some positive integer 𝑁. 

Take 𝑦 = 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑗−1
𝛼𝑗−1𝑝𝑗

𝛼𝑗−1𝑝𝑗+1
𝛼𝑗+1  … 𝑝𝑘

𝛼𝑘. 

Clearly 𝑥𝑦 ≡ 0 (mod  𝑛). 

Let 𝑎 = 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑖
𝛼𝑖−1 … 𝑝𝑗

𝛼𝑗−1 … 𝑝𝑘
𝛼𝑘   𝑖 ≠ 𝑗 and 𝑏 = 𝑝𝑗, then: 
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𝑎𝑥 = 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑖
𝛼𝑖−1 … 𝑝𝑗

𝛼𝑗−1 … 𝑝𝑘
𝛼𝑘  𝑝𝑖𝑝𝑗 𝑁 ≡ 0 (mod 𝑛), 

𝑏𝑦 = 𝑝𝑗  𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑗−1
𝛼𝑗−1𝑝𝑗

𝛼𝑗−1𝑝𝑗+1
𝛼𝑗+1  … 𝑝𝑘

𝛼𝑘  ≡ 0 (mod 𝑛) 

and 𝑎𝑏 = 𝑝1
𝛼1𝑝2

𝛼2 … 𝑝𝑖
𝛼𝑖−1 … 𝑝𝑗

𝛼𝑗 … 𝑝𝑘
𝛼𝑘 ≢ 0 (mod 𝑛). 

Hence 𝑝𝑖 ℓ is a Smarandache zero divisor if ℓ is divisible by one of the  𝑝𝑖’s.∎ 

As in Theorem 2.3, if ℓ is not divisible by 𝑝𝑗 for each 1 ≤ 𝑗 ≤ 𝑘, then 𝑝𝑖  ℓ is not a Smarandache zero divisor. 

Proposition 2.5. Let ℛ1, ℛ2, … , ℛ𝑛  be integral domains with 𝑛 > 2. A nonzero element 𝑥 = (α1, α2, … , 

α𝑛) in  ℛ1 × ℛ2 × … × ℛ𝑛 is a Smarandache zero divisor if there exist 𝑖, 𝑗 with 𝑖 ≠ 𝑗 such that 𝛼𝑖 = 𝛼𝑗 = 0. 

Proof. Without loss of generality we can assume 𝛼1 = 𝛼2 = 0, not all 𝛼𝑖 = 0, this means that                               

𝑥 = (0, 0, 𝛼3, …, 𝛼𝑛).  Let 𝑦 = (0, 𝛽1, 0, … , 0), 𝛽1 ≠ 0, that is 𝑥𝑦 = 0. Take 𝑎 = (𝛾1, 0, … , 0) and                     

𝑏 = (𝜂1, 0, … , 0) with 𝛾1, 𝜂1,≠ 0. So 𝑥𝑎 =  (0, … , 0) and 𝑦𝑏 = (0, … , 0). But 𝑎𝑏 = (𝛾1𝜂1, 0, … , 0).  

Hence (0, 0, 𝛼3, … , 𝛼𝑛) is a Smarandache zero divisor.∎ 

Now, we discuss Smarandache zero divisors in  ℤ2 𝐺, where 𝐺 is a cyclic group. The following lemma 

is needed. 

Lemma 2.6. Consider the group ring ℤ2𝐺, where 𝐺 is a cyclic group of order 𝑚. Then, for each                           

1 ≤  ℓ ≤  𝑚 , (1 + gℓ ) (1 + g + g2 +  … +  g𝑚−1 ) = 0. 

Theorem 2.7. Let ℤ2 𝐺 be a group ring, where 𝐺 =<g : g2𝑛 = 1 > is a cyclic group of order 2𝑛. If                      

2 ≤  ℓ ≤  2𝑛 − 1 with gcd(ℓ, 2𝑛) = 𝑑 ≠ 1 then 1 + gℓ is a Smarandache zero divisor. Moreover,                      

g𝑘  (1 + gℓ) is a Smarandache zero divisor, for 1 ≤  𝑘 ≤ 2𝑛 − ℓ − 1. 

Proof. Since gcd (ℓ, 2𝑛) = 𝑑 ≠ 1. So, ℓ = 𝑘𝑑 and 2𝑛 = 𝑠𝑑 for some 𝑘, 𝑠 ∈ ℕ. By  Lemma 2.6, (1 + gℓ) is 

a zero divisor and 𝑥𝑦 = 0 where 𝑥 = 1 + gℓ and 𝑦 = 1 + g + g2 + ⋯ + g2𝑛−1. 

Take,  𝑎 = g + g1+𝑑 + g1+2𝑑 + g1+3𝑑 + ⋯ + g1+2𝑛−𝑑 and  𝑏 = 1 + g. 

Let us find  𝑥𝑎  in  ℤ2𝐺.    

𝑥𝑎 = (1 + g𝑘𝑑)( g + g1+𝑑 + g1+2𝑑 + ⋯ +  g1+(𝑘−1)𝑑 + g1+𝑘𝑑 + g1+(𝑘+1)𝑑 + ⋯ + g1+(𝑠−𝑘)𝑑      

                            + g1+(𝑠−𝑘+1)𝑑 + ⋯ + g1+(𝑠−1)𝑑).           

                 = g + g1+𝑑 + g1+2𝑑 + ⋯ +  g1+(𝑘−1)𝑑 + g1+𝑘𝑑 + g1+(𝑘+1)𝑑 + ⋯ +  g1+(𝑠−𝑘−1)𝑑 

            + g1+(𝑠−𝑘)𝑑 + g1+(𝑠−𝑘+1)𝑑 + ⋯ + g1+(𝑠−1)𝑑 + g1+𝑘𝑑    +  g1+(𝑘+1)𝑑 + ⋯ + g1+(𝑠−1)𝑑   

                          + g1+𝑠𝑑 g + g1+(𝑠+1)𝑑 + ⋯ + g1+(𝑠+𝑘−1)𝑑 = 0, 

           𝑦𝑏 = (1 +  g + g2 +  … + gℓ−1  + gℓ +  … + g2𝑛−1 ) (1 + g) 

  = 1 +  g +  g2 + … +  gℓ−1  + gℓ +  … +  g2𝑛−1 +  g + g2  + … +  gℓ−1 + gℓ + gℓ+1  

                          + … +  g2𝑛−1  + 1 = 0, 
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and   

𝑎𝑏 ≠ 0. 

Hence, (1 + gℓ) is a Smarandache zero divisor .∎ 

Note that for each ℓ the number of Smarandache zero divisors, which are of the form g𝑘 (1 + gℓ),                      

0 ≤  𝑘 ≤  2𝑛 − ℓ − 1 is 2𝑛 − ℓ and the total number of Smarandache zero divisors of this form is  

∑ (2𝑛 − ℓ)

2𝑛−1

ℓ=2
gcd (ℓ,2𝑛)≠1

. 

Example 2.1. Let 𝑛 = 4. The Smarandache zero divisors of the form g𝑘  (1 + gℓ) for 0 ≤  𝑘 ≤ 2𝑛 − ℓ − 1 

and gcd(ℓ, 2𝑛)≠ 0 are the following 12 elements 

1 + g2, g(1 + g2), g2(1 + g2), g3(1 + g2), g4(1 + g2), g5(1 + g2) 

1 + g4, g(1 + g4), g2(1 + g4), g3(1 + g4) 

1 + g6, g(1 + g6). 

Remark 1. In the group ring  ℤ2𝐺 under the conditions given in Theorem 2.7, 𝑥 = g + g1+𝑑 + g1+2𝑑 + ⋯ +

g1+2𝑛−𝑑 is a Smarandache zero divisor.  

Put  𝑦 = 1 +  g +  g2 + … +  gℓ−1  +  gℓ + … +  g2𝑛−1  . 

Clearly  𝑥𝑦 =  0.  

Take 𝑎 = 1 + gℓ and  𝑏 = 1 +  g . 

So, 𝑎𝑥 = 0  and 𝑏𝑦 = 0, but 𝑎𝑏 = (1 + gℓ) (1 +  g)= 1 +   gℓ +  g + gℓ + 1 ≢  0. Hence, 𝑥 is a 

Smarandache zero divisor. 

Proposition 2.8. Every Smarandache nilpotent element in a ring ℛ is a Smarandache zero divisor. 

Proof.  Let 𝑥 be a Smarandache nilpotent element. So 𝑥𝑛 = 0, for some 𝑛 > 1, suppose 𝑛 is the least positive 

integer such that 𝑥𝑛 = 0. Then 𝑥 is a zero divisor and there exists 𝑦 ∈ ℛ\{0, 𝑥} such that 𝑦𝑘 ≠  0, for each 𝑘 

and 𝑦𝑥ℓ = 0, for ℓ < 𝑛. Now we have  𝑥. 𝑥𝑛−1 = 0. Take 𝑎 = 𝑦 𝑥ℓ−1 and 𝑏 = 𝑦. Hence  

𝑏 𝑥𝑛−1 = 𝑏 𝑥ℓ 𝑥𝑛−1−ℓ = 0 and  

𝑎 𝑥 =  𝑦 𝑥ℓ−1 𝑥 = 0 and 

𝑎𝑏 = 𝑦 𝑥ℓ−1 𝑦 = 𝑦2 𝑥ℓ−1 ≠ 0. Therefore, 𝑥 is a Smarandache zero divisor.∎ 

Remark 2. Clearly an idempotent element in a ring ℛ is a zero divisor, but a Smarandache idempotent element 

need not be a Smarandache zero divisor, in general. For example, in the ring ℤ15, as shown in [2] the only 

nontrivial idempoents are 6 and 10, which are zero divisors, but none of them is a Smarandache zero divisor.∎ 

Smarandache power joined elements and triple identity rings 

Proposition 3.1. ℤ𝑝𝑛  is a power joined ring, where 𝑝 is a prime and 𝑛 ≥ 2. 
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Proof. Let 𝑥 ∈ ℤ𝑝𝑛. If  𝑝 ∤ 𝑥 then by Euler Theorem [1], 𝑥𝜑(𝑝𝑛) ≡ 1  (mod 𝑝𝑛) and if  𝑝 | 𝑥, so  𝑥 = 𝑘𝑝 for 

1 ≤ 𝑘 ≤ 𝑝𝑛−1 − 1, then 𝑥𝑛 ≡ 0  (mod 𝑝𝑛). Hence ℤ𝑝𝑛  is a power joined ring.∎ 

Proposition 3.2. The ring ℤ 𝑝
, where 𝑝 is an odd prime, is a uniformly power joined ring. 

Proof. Let  𝑥, 𝑦 ∈  ℤ 𝑝
 such that 𝑥 ≠ 𝑦, then by Euler Theorem 𝑥𝜑(𝑝) ≡ 𝑦𝜑(𝑝) ≡ 1  (mod 𝑝), which means 

that ℤ 𝑝
is a uniformly power joined ring.∎ 

Theorem 3.3. Consider ℤ𝑚, with 𝑚 = 𝑝𝛼𝑞, (𝑝, 𝑞 are distinct primes), 𝛼 ≥ 2. Then ℤ𝑚 is a power joined ring. 

Proof. Let 𝑥 ∈ ℤ𝑚 . There are three cases. 

Case 1: 𝑝𝑞 |𝑥, that is 𝑥 is nilpotent, then  𝑥𝛼 ≡ 0𝛼 (mod 𝑚). 

Case 2: 𝑖) 0 < 𝑥 < 𝑝𝑞 and 𝑞 | 𝑥, so 𝑥 = 𝑟𝑞. Put 𝑦 = 𝑥 + 𝑝𝑞. Then 

 𝑦𝜑(𝑝𝛼) ≡ (𝑞(𝑟 + 𝑝))
𝜑(𝑝𝛼)

 

                                       ≡ 𝑞𝜑(𝑝𝛼)(𝑟𝜑(𝑝𝛼) + 𝜑(𝑝𝛼) 𝑟𝜑(𝑝𝛼)−1 𝑝 +
𝜑(𝑝𝛼) (𝜑(𝑝𝛼)−1)

2!
 𝑟𝜑(𝑝𝛼)−2 𝑝2 

                                             + ⋯ + 𝜑(𝑝𝛼) 𝑟 𝑝𝜑(𝑝𝛼)−1 + 𝑝𝜑(𝑝𝛼)) (mod 𝑚) 

                                            ≡ 𝑞𝜑(𝑝𝛼)𝑟𝜑(𝑝𝛼) (mod 𝑚) ≡  𝑥𝜑(𝑝𝛼) (mod 𝑚). 

𝑖𝑖) 0 < 𝑥 < 𝑝𝑞 and 𝑝 | 𝑥, so 𝑥 = 𝑠𝑝. Put 𝑦 = 𝑥 + 𝑝𝑞. Then 

 𝑦𝜑(𝑞) ≡ (𝑝(𝑠 + 𝑞))
𝜑(𝑞)

 

         ≡ 𝑝𝜑(𝑞)(𝑠𝜑(𝑞) + 𝜑(𝑞) 𝑠𝜑(𝑞)−1 𝑞 +
𝜑(𝑞) (𝜑(𝑞)−1)

2!
 𝑠𝜑(𝑞)−2 𝑞2 + ⋯ +  𝜑(𝑞) 𝑠 𝑞𝜑(𝑞)−1 + 𝑝𝜑(𝑞)) (mod m) 

          ≡ 𝑝𝜑(𝑞)𝑠𝜑(𝑞) (mod 𝑚) ≡  𝑥𝜑(𝑞)  (mod 𝑚). 

Similarly, for other cases which are (𝑡 − 1)𝑝𝑞 ≤ 𝑥 ≤ 𝑡𝑝𝑞 , 1 ≤ 𝑡 ≤ 𝑝𝛼−1. 

Case 3) If 𝑝 ∤ 𝑥 and 𝑞 ∤ 𝑥. In this case take 0 ≠ 𝑦 ∈ ℤ𝑚 such that gcd (𝑦, 𝑝𝑞) = 1, hence  𝑥𝜑(𝑚)−1 ≡

𝑦𝜑(𝑚)−1 ≡ 1 (mod 𝑚).  

So ℤ𝑚 is a power joined ring.∎ 

Theorem 3.4. Consider ℤ𝑚, with 𝑚 = 𝑝𝛼𝑞 , (𝑝, 𝑞 are distinct primes), 𝛼 ≥ 2. Then ℤ𝑚 is a Smarandache 

power joined ring. 

Proof. Let  𝒜 = {0, 𝑝, 2𝑝, … , 𝑝(𝑝𝛼−1𝑞 − 1)} ⊂  ℤ𝑚. Clearly 𝒜 is a  subring of  ℤ𝑚 . It remains to show 

that  𝒜 contains a proper subset, which is a field.  Let  ℋ be the principal ideal of  ℤ𝑚 generated by  𝑝𝛼, that 

is  ℋ = {0, 𝑝𝛼, 2 𝑝𝛼, … , (𝑞 − 1)𝑝𝛼}, which is a field [4]. Hence  𝒜 is a Smarandache subring. Now it 

remains to show that, for each  𝑥 ∈  𝒜, there is  𝑦 ∈  𝒜 such that 𝑥𝛼 = 𝑦𝛼  (mod  𝑚). 

Let 𝑥 ∈ 𝒜 . Then  𝑥 = 𝑟 𝑝, for some  0 ≤ 𝑟 ≤ 𝑝𝛼−1𝑞 − 1. So there are three cases for  𝑟, either 𝑟 = 𝑞 or    

 𝑟 < 𝑞 or  𝑟 > 𝑞.  

Case 1:  𝑟 = 𝑞 this means that  𝑥 = 𝑝𝑞 , take  𝑦 = 0, then 



JZS (2016) 18-2 (Part-A) 

111 
 

𝑥𝛼 = 𝑦𝛼  (mod  𝑚). 

Case 2:  𝑟 < 𝑞  or  𝑞 < 𝑟. Suppose  𝑟 < 𝑞. Put = 𝑝𝑞 + 𝑝𝑟 . Then 

𝑦𝛼 = (𝑝(𝑞 + 𝑟))
𝛼

 

      = 𝑝𝛼(𝑞𝛼 + 𝛼 𝑞𝛼−1 𝑟 +
𝛼 (𝛼−1)

2!
 𝑞𝛼−2 𝑟2 + ⋯ +  𝛼 𝑞 𝑟𝛼−1 + 𝑟𝛼) (mod 𝑚) 

      = 𝑝𝛼𝑟𝛼 = 𝑥𝛼, then 

𝑥𝛼 = 𝑦𝛼  (mod  𝑚). 

Similarly, for 𝑞 < 𝑟. Therefore, ℤ𝑚 is a Smarandache power joined ring.∎ 

Theorem 3.5. Consider  ℤ𝑛,with 𝑛 = 𝑝1
𝛼1  𝑝2

𝛼2 …  𝑝𝑚
𝛼𝑚  𝑞, ( 𝑝𝑖 , 𝑞 are distinct primes),  αi ≥ 2 (1 ≤ 𝑖 ≤ 𝑚), 

then ℤ𝑛 is a Smarandache power joined ring. 

Proof. Let  𝒜 = {0, 𝑝1 𝑝2 … 𝑝𝑚, 2𝑝1 𝑝2 … 𝑝𝑚, … , 𝑛 − 𝑝1 𝑝2 … 𝑝𝑚} ⊂  ℤ𝑛, and clearly 𝒜 is a subring of  

ℤ𝑛. Let ℋ be the principal ideal of  ℤn generated by  𝛾 = 𝑝1
𝛼1  𝑝2

𝛼2 … 𝑝𝑚
𝛼𝑚,that is ℋ ={0, 𝛾, 2 𝛾,…, (q−1) 𝛾}. 

It  is shown in [4] that  ℋ  is  a  field. Therefore 𝒜 is a Smarandache subring. Now, it remains to show that 

for each 𝑥 ∈  𝒜  there is  𝑦 ∈  𝒜 such that 𝑥𝛼 ≡ 𝑦𝛼  (mod  𝑛). 

Let 𝑥 ∈ 𝒜 . Then  𝑥 = 𝑟 𝑝1 𝑝2 … 𝑝𝑚 for some  𝑟. There are three cases for  𝑟, either  𝑟 = 𝑞 or  𝑟 < 𝑞 or          

𝑟 > 𝑞.  

Case 1:  𝑟 = 𝑞 this means that  𝑥 = 𝑝1 𝑝2 … 𝑝𝑚𝑞 , take  𝑦 = 0 then 

Then 𝑥α = 𝑦α (mod  𝑛)  where 𝛼 = max
1≤𝑖≤𝑚

{𝛼𝑖}. 

Case 2:  𝑟 < 𝑞 or  𝑞 < 𝑟. We prove for  𝑟 < 𝑞.  

Put 𝑦 = 𝑝1 𝑝2 … 𝑝𝑚𝑞 + 𝑝1 𝑝2 … 𝑝𝑚𝑟 . Then  

𝑦𝛼 = (𝑝1 𝑝2 … 𝑝𝑚(𝑞 + 𝑟))
𝛼

  where 𝛼 = max
1≤𝑖≤𝑚

{𝛼𝑖} 

     = (𝑝1 𝑝2 … 𝑝𝑚)𝛼(𝑞𝛼 + 𝛼 𝑞𝛼−1 𝑟 +
𝛼 (𝛼−1)

2!
 𝑞𝛼−2 𝑟2 + ⋯ +  𝛼 𝑞 𝑟𝛼−1 + 𝑟𝛼) (mod 𝑛) 

      =  ( 𝑝1 𝑝2 … 𝑝𝑚)𝛼𝑟𝛼 = 𝑥𝛼 , then 

𝑥𝛼 = 𝑦𝛼  (mod  𝑛). 

Therefore  ℤ𝑛 is a Smarandache power joined ring.∎ 

In what remains we study triple identity rings. 

Proposition 3.6. The ring  ℤ𝑝, where 𝑝 ≥ 5 prime, is a triple identity ring. 

Proof. Let 𝑥 , 𝑦 be two nonzero elements of  ℤ𝑝 such that 𝑥 + 𝑦 ≠ 0. We show that 𝑥 , 𝑦 and 𝑥 + 𝑦 satisfy the 

identity  𝑥𝑝 + 𝑦𝑝 = (𝑥 + 𝑦)𝑝. 

Now, (𝑥 + 𝑦)𝑝 
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          =  𝑥𝑝 + 𝑝 𝑥𝑝−1 𝑦 +
𝑝(𝑝−1)

2!
 𝑥𝑝−2 𝑦2 + ⋯ + 𝑝 𝑥 𝑦𝑝−1 + 𝑦𝑝 (mod 𝑝) 

          ≡  𝑥𝑝 + 𝑦𝑝 (mod 𝑝) ≡ 𝑥 + 𝑦 

and 𝑥𝑝 + 𝑦𝑝 ≡ 𝑥 + 𝑦 (mod 𝑝) by Euler Theorem. Thus ℤ𝑝  is a triple identity ring.∎ 

Proposition 3.7. The ring  ℤ𝑝2, where 𝑝 prime, is a triple identity ring. 

Proof. Clearly 𝑝, 𝑝 + 1, 𝑝2 − (𝑝 + 1) are distinct elements in ℤ𝑝2 \{0}. We show that this triple satisfy the 

identity   

𝑝2 + (𝑝 + 1)2 = (𝑝2 − (𝑝 + 1))2. 

L.H.S =  𝑝2 + (𝑝 + 1)2  =  𝑝2 + 𝑝2 + 2𝑝 + 1  ≡ 2𝑝 + 1 (mod 𝑝2). 

R.H.S = (𝑝2 − (𝑝 + 1))2  

           =  𝑝4 − 2 𝑝2(𝑝 + 1) + (𝑝 + 1)2  ≡ 2𝑝 + 1 (mod 𝑝2) 

Hence, ℤ𝑝2  is a triple identity ring.∎ 

In general we have 

Proposition 3.8. The ring  ℤ𝑝𝑛 , 𝑝  prime and 𝑛 ≥ 3, is a triple identity ring. 

Proof. We will show that the triple 𝑝, 2𝑝 and 3𝑝 of distinct elements in ℤ𝑝𝑛 \{0} satisfy the identity   

𝑝𝑛 + (2𝑝)𝑛 = (3𝑝)𝑛. 

Now, 𝑝𝑛 + (2𝑝)𝑛 ≡ (1 + 2𝑛)𝑝𝑛 ≡ 0 (mod 𝑝𝑛). 

and (3𝑝)𝑛 ≡ 0 (mod 𝑝𝑛). 

Which means that ℤ𝑝𝑛  is a triple identity ring.∎ 

Lemma 3.9. If the group ring ℤ2 𝐺, where 𝐺 is an abelian group has two nontrivial idempotent elements,     

then ℤ2 𝐺 is a triple identity ring. 

Theorem 3.10. The group ring  ℤ2 𝐺 is a triple identity ring for a cyclic group 𝐺.   

Proof: It is shown in [8] that the group ring ℤ2 𝐺 contains  at least two nontrivial idempotents. Now, 

(1) If 𝐺 is a cyclic group  of  an odd  order 𝑚 > 1, then 

𝜔 = g + g2  +  g3  + … +  g
m−1

2  +  g
m−1

2
+1 + … +  gm−1  and   1 + 𝜔 

are  nontrivial  idempotents . By Lemma 3.9, ℤ2 𝐺 is a triple identity ring. 

(2) If  𝐺 is a cyclic group  of  an even order 2𝑛, then either 𝑛 is odd or 𝑛 is even. If  𝑛 is odd then  𝜔 =  g2  +

 g4  + …  +   g2n−2  and   1 + 𝜔 are nontrivial idempotents, so by Lemma 3.9, ℤ2 𝐺 is a triple identity ring. 

If  𝑛  is even, we consider the triple 1, g, 1 + g  in  ℤ2 𝐺 \ {0} to show that this triple satisfy the identity   

12𝑛 + g2𝑛 = (1 + g)2𝑛. 
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Now, 12𝑛 + g2𝑛 = 1 + 1 = 0. 

and (1 + g)2𝑛 = 1 + g2𝑛 = 0.  

Which means that  ℤ2 𝐺  is a triple identity ring.∎ 

Theorem 3.11. Consider ℤ𝑛, with 𝑛 = 𝑝𝛼𝑞 , (𝑝, 𝑞 are distinct primes), 𝛼 ≥ 2. Then ℤ𝑛 is a Smarandache 

triple ring. 

Proof:  As shown in Theorem 3.4,  𝒜 = {0, 𝑝, 2𝑝, … , 𝑛 − 𝑝} ⊂  ℤ𝑛 is a  Smarandache subring of  ℤ𝑛. Now, 

consider the distinct elements 𝑝, 𝑝𝑞 and 𝑝𝑞 + 𝑝 in 𝒜. We will show that 

𝑝𝛼 + 𝑝𝑞𝛼 = (𝑝𝑞 + 𝑝)𝛼. 

Clearly  𝑝𝛼 + 𝑝𝑞𝛼 ≡ 𝑝𝛼 (mod 𝑛), and 

(𝑝𝑞 + 𝑝)𝛼 = (𝑝𝑞)𝛼 + 𝛼 (𝑝𝑞)𝛼−1𝑝 +
𝛼(𝛼−1)

2!
(𝑝𝑞)𝛼−2𝑝2 + ⋯ +  𝛼(𝑝𝑞)(𝑝)𝛼−1 + 𝑝𝛼 ≡ 𝑝𝛼 (mod 𝑛). 

Hence  𝑝𝛼 + 𝑝𝑞𝛼 = (𝑝𝑞 + 𝑝)𝛼, that is ℤ𝑛 is a Smarandache triple ring.∎ 

Finally, the following result is given. 

Theorem 3.12. Consider ℤ𝑛, with 𝑛 = 𝑝1
𝛼1  𝑝2

𝛼2 …  𝑝𝑚
𝛼𝑚  𝑞 ( 𝑝𝑖 , 𝑞  are  distinct primes), αi ≥ 2 (1 ≤ 𝑖 ≤

𝑚). Then ℤ𝑛 is a Smarandache triple ring. 

Proof:  Let  𝒜 = {0, 𝑝1 𝑝2 … 𝑝𝑚, 2𝑝1 𝑝2 … 𝑝𝑚, … , 𝑛 − 𝑝1 𝑝2 … 𝑝𝑚} ⊂  ℤ𝑛. clearly 𝒜 is a subring of  ℤ𝑛 . 

Let ℋ be the principal ideal of  ℤn generated by 𝛾 = 𝑝1
𝛼1  𝑝2

𝛼2 … 𝑝𝑚
𝛼𝑚,that is ℋ ={0, 𝛾, 2 𝛾, …, (q−1) 𝛾}. It  

is shown in [4] that  ℋ  is  a  field. Therefore 𝒜 is a Smarandache subring. Consider the triple 𝑝1 𝑝2 … 𝑝𝑚, 

𝑝1 𝑝2 … 𝑝𝑚𝑞 and 𝑝1 𝑝2 … 𝑝𝑚𝑞 + 𝑝1 𝑝2 … 𝑝𝑚 which are distinct elements in 𝒜 and let 𝛽 = max
1≤𝑖≤𝑘

{𝛼𝑖}. 

Then  

(𝑝1 𝑝2 … 𝑝𝑚)𝛽 + (𝑝1 𝑝2 … 𝑝𝑚𝑞)𝛽 ≡ (𝑝1 𝑝2 … 𝑝𝑚)𝛽 (mod 𝑛),  

and clearly (𝑝1 𝑝2 … 𝑝𝑚𝑞 + 𝑝1 𝑝2 … 𝑝𝑚)𝛽 = 

(𝑝1 𝑝2 … 𝑝𝑚𝑞)𝛽 + 𝛽 (𝑝1 𝑝2 … 𝑝𝑚𝑞)𝛽−1(𝑝1 𝑝2 … 𝑝𝑚) +
𝛽(𝛽−1)

2!
(𝑝1 𝑝2 … 𝑝𝑚𝑞)𝛽−2(𝑝1 𝑝2 … 𝑝𝑚)2 + ⋯ +

 𝛽(𝑝1 𝑝2 … 𝑝𝑚𝑞)(𝑝1 𝑝2 … 𝑝𝑚)𝛽−1 + (𝑝1 𝑝2 … 𝑝𝑚)𝛽 ≡ (𝑝1 𝑝2 … 𝑝𝑚)𝛽(mod 𝑛) 

Hence (𝑝1 𝑝2 … 𝑝𝑚)𝛽 + (𝑝1 𝑝2 … 𝑝𝑚𝑞)𝛽 = (𝑝1 𝑝2 … 𝑝𝑚𝑞 + 𝑝1 𝑝2 … 𝑝𝑚)𝛽(mod 𝑛), that is ℤ𝑛 is a 

Smarandache triple identity ring.∎ 
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