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Introduction

Smarandache algebraic structures introduced by Raul Padilla and Florentine Smarandache [3] and [5].
Smarandache zero divisor, Smarandache nilpotent and Smarandache idempotent elements introduced by W.
B. Vasantha Kandasamy [7]. This work consists of three sections. In section one we state basic definitions on
Smarandache algebraic structure and some results that we need in our work. In section two we study
Smarandache zero divisors in Z,, and in the group ring Z G, where G is a cyclic group of order 2n. In section
three we study Smarandache power joined elements and Smarandache power joined rings. It is shown that, the
ring Z, with the prime factorization of n = p;*1p,*2 ... p,,“m q, is a Smarandache power joined ring.
Furthermore, we study triple identity rings.

BACKGROUND

Definition 1.1 [7]. Aring R is said to be Smarandache ring (S-ring) if R has a proper subset F, which
is afield. If S is a subring of R, then S is said to be a Smarandache subring (S-subring) of R if itself is a
Smarandache ring.

Definition 1.2 [6]. Let R be a ring and x, y be nonzero elements. Each of xandy in R is a
Smarandache zero divisor(S-zero divisor) if xy = 0 and there exist a, b € R \{0, x, y} with

1. xa=0o0rax =0.
2. yb=0or by =0.
3. ab# 0orba #0.
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Definition 1.3 [7]. Let R be aring. An element 0 # x € R is said to be a Smarandache idempotent
(S-idempotent) of R , if

2. There exists a € R \ {x, 1, 0}, such that
i. a?=xand
ii. xa =a (ax =a)orax =x (xa = x).

Definition 1.4 [7]. Two elements x and y of a ring R are said to be power joined elements if there exist
m, n € Z* suchthat x™ = y™. If forevery 0 # x € R, there exists y € R, (y # x) such that x and y are power
joined elements, then R is said to be a power joined ring.

Definition 1.5 [7]. Let R be a ring in which for every 0 # x € R, there exists y € R, such that x™ = y™
(x #y)andm = 2. Then R is called a uniformly power joined ring.

Definition 1.6 [7]. Let R be a ring. If for every 0 # a € A c R, where A is Smarandache subring, there
exists b € A, suchthata™ = b™, for some positive integers m and n, then R is called a Smarandache power
joined ring (S-power joined ring). If m =n, m > 2, then R is called a Smarandache uniformly
power joined ring (S-uniformly power joined ring).

Definition 1.7 [7]. Let R be a ring. If there exists a triple u, v, w € R \{0} such that u, v and w are distinct
elements of R\{0}, which satisfy the identity v*+w"=u" (n>1), then R is called a
triple identity ring or TI-ring.

Definition 1.8 [7]. Let R be aring, then R is a Smarandache triple identity ring or (S-Tl-ring) if R has
a Smarandache subring A4, and in A we have three distinct elements u, v, w such that v™ + w™ = u™.

Smarandache zero divisors

Proposition 2.1. In Zy» , p is prime and n > 3, the Smarandache zero divisors are of the form p2k for
1<k<p*?-1.

Proof. Clearly p?k is a zero divisor and (p2k)(p™~1) = 0 (mod p") for each k. Take a = p™~2?and b = p.
(p*k)a= (p?k)p"~* = 0 (mod p"),

p"tb=@""")p= 0(modp"),

ab = (p"?) p=p"~ ' % 0(modp").

Thus, p2k is a Smarandache zero divisorfor 1 < k <p™ 2 -1 in Zpn, (n = 3).

Note that if a zero divisor is not divisible by p?, then it is not a Smarandache zero divisor.m

Proposition 2.2. [6] If n = p,p, where p;, p, are primes, then Z,, has no Smarandache zero divisor.

Theorem 2.3. If n = pqr, where p,q and r are distinct primes, then a Smarandache zero divisor x of Z,, has
oneoftheformspg?, 1 <£<r—1, prm, 1<m<qg—1landgrs,1<s<p-1.

Proof. Clearly pq?, prm and qrsare zerodivisorsfor1 <¢<r—-1,1<m<qg—land1<s<p-1.
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It is enough to show that x = pq# is a Smarandache zero divisor,for 1 < ¢ <r — 1.
Fory=prt,1<t<q-1, xy=0.

Puta=r,b =q.

So, xa = pgfr = 0(mod n),

yb =prtq = 0(mod n),

andab = rq # 0(mod n).

So pq? is a Smarandache zero divisor. Now, suppose p | x, g t x and r { x. Then x = tp for some t € Z with
gttandr tt. Soif yx =0, then gr|y, hence it is impossible to find a, b such that ax = 0 and by = 0 and
ab+0.m

Note that the number of Smarandache zero divisors of Z,,, where n = pqr, p,q and r are distinct primes is
p+q+7r—3.

Theorem 2.4. In Z,, with the prime factorization of n = p;“1p,%2 ... p*, a; = 0, an element of the form
p;f (modn) for1 <i < k isa Smarandache zero divisor if £ is divisible by one of the p;’s.

Proof. Clearly p;? is a zero divisor, for each i.

Now, suppose ¢ is divisible by p; for some 1 < j < k. We have to show that p; ¢ is a Smarandache zero; there
are two cases:

Case 1. p; =p;.

Put x = p; £ which means x = p;?M (M = ﬁ).

Take y = p1“1p,% ... Py S M pig Tt L pi R

Clearly xy = 0 (mod n).

Leta = py%1p,%2 ... p_%1p; % %p; ¥ L p® and b = p; , then:
ax = p1“1p2® . P SN T P L p™p® M= 0 (mod n)
and by = p; p1*1p2% ... P Hp M Py Ftt L p ™k =0 (Mmod n)

2 L% =p® Lo p %t L p® £ 0 (mod n).

and ab = p;* ... p;%i~
Hence x is a Smarandache zero divisor.

Case 2: p; # p;j.

Putx = p; ¢, where £ =p; N for some positive integer N.
Take y = py®1p,%2 .. pj_1 Y 1p; S D UL py %k
Clearly xy =0 (mod n).

Jai—1

Leta = p;“1p,%2 ... p; ;%L p® i # jand b = pj, then:
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ax = p;“p, %2 oL p 9T L k% pip; N = 0 (mod n),

by = p; p1¥1P2% ... D1 YD YT P L P ™ = 0 (mod n)

and ab = p;“1p, %2 ... p; %t L p; % . pp®™ £ 0 (Mod n).

Hence p; ¢ is a Smarandache zero divisor if £ is divisible by one of the p;’s.m

As in Theorem 2.3, if £ is not divisible by p; for each 1 < j < k, then p; £ is not a Smarandache zero divisor.
Proposition 2.5. Let R,, R,, ..., R, be integral domains with n > 2. A nonzero element x = (a4, ay, ...,

o) I Ry X R, X ... X Ry, is @a Smarandache zero divisor if there exist i, j with i # j such that «; = a; = 0.

Proof. Without loss of generality we can assume @; = a, =0, not all ; =0, this means that
x=(0,0 as, ..., ay). Lety=1(0, 1,0, ...,0), By #0, that is xy =0. Take a = (y4, 0, ... , 0) and
b=(,0,...,0)withy;,n,#0.Soxa = (0,...,0)and yb = (0, ..., 0). Butab = (414, 0, ..., 0).

Hence (0, 0, a3, ..., ay,) is a Smarandache zero divisor.m

Now, we discuss Smarandache zero divisors in Z, G, where G is a cyclic group. The following lemma
is needed.

Lemma 2.6. Consider the group ring Z,G, where G is a cyclic group of order m. Then, for each

1<£<m,A+g)Q+g+g’+ ..+ g™ ) =0.

Theorem 2.7. Let Z, G be a group ring, where G =<g : g2 =1 > is a cyclic group of order 2n. If
2< ¢ < 2n-—1with ged(#,2n)=d #1 then 1+g® is a Smarandache zero divisor. Moreover,
g (1 + g?) is a Smarandache zero divisor, for 1 < k <2n—¢—1.

Proof. Since ged (¢, 2n) = d # 1. So, £ = kd and 2n = sd for some k, s € N. By Lemma 2.6, (1 + g’) is
azerodivisorandxy = Owherex =1+ gfandy=1+g+g? + -+ g?" 1.

Take, a =g+ g't4 + glt2d 4 gt*+3d 4 ... 4 gl+2n=dgnd p =1 + g,
Let us find xa in Z,G.
xa=(1+gk)(g+g*? +gl*2d 4 ... g1+(k—1)d +gltkd 4 g1+(k+1)d 4ot g1+(s—k)d
4 glt(sk+Dd .y glH (=D,
=g+g1+d +g1+2d 4t g1+(k—1)d +g1+kd _|_g1+(k+1)d +o 4 g1+(s—k—1)d
4 glt(Id | gl GktDd | g gl4G-Dd 4 glbkd | glb(ktDd 4 ... 4 gl+(s—1d
+ g1+sd g+ g1+(s+1)d ot g1+(s+k—1)d =0,
yb=(1+g+ g+ .. +gt+gl+ . +g1)(1+p)
=l+g+gi+ .. +gt+gl+ +gm +g+g"+ .+ + gl +gM!

+ ..+ g™l +1 =0,
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and
ab # 0.
Hence, (1 + g?) is a Smarandache zero divisor .m

Note that for each ¢ the number of Smarandache zero divisors, which are of the form g* (1 +g*’),
0 < k < 2n—+¢—1is2n— £ and the total number of Smarandache zero divisors of this form is

2n—-1

z 2n — o).

£=2
gcd(4,2n)#1

Example 2.1. Let n = 4. The Smarandache zero divisors of the form g¥ (1 + g*) for0 < k <2n—-¢-1
and gcd(#, 2n)# 0 are the following 12 elements

1+g%g(1+g%),g2(1+g%, g1 +gH), g*(1 +g%).g°(1 +g?)
1+g*g(1+g%, g*(1+g*), g1 +g"
1+ g% g(1+g®).

Remark 1. In the group ring Z,G under the conditions given in Theorem 2.7, x = g + g1*4 + g1*2d 4 ... 4
gl*2n=4 js a Smarandache zero divisor.

Puty=1+g+g*+ ..+ g™t + gf+ ... + g?*1 .
Clearly xy = 0.
Takea=1+gfand b=1+ g.

So, ax=0 and by=0, but ab=(1+g) (1+g= 1+ gl+ g+ gl+1 £ 0. Hence, x is a
Smarandache zero divisor.

Proposition 2.8. Every Smarandache nilpotent element in a ring R is a Smarandache zero divisor.

Proof. Let x be a Smarandache nilpotent element. So x™ = 0, for some n > 1, suppose n is the least positive
integer such that x™ = 0. Then x is a zero divisor and there exists y € R\{0, x} such that y* = 0, for each k
and yx? = 0, for ¢ < n. Now we have x.x™ 1 =0.Take a = y x*~* and b = y. Hence

bx™1=pxtx"1* =0and
ax=yx*'x=0and
ab = y xt~1y = y2 x*=1 0. Therefore, x is a Smarandache zero divisor.m

Remark 2. Clearly an idempotent element in a ring R is a zero divisor, but a Smarandache idempotent element
need not be a Smarandache zero divisor, in general. For example, in the ring Z;s, as shown in [2] the only
nontrivial idempoents are 6 and 10, which are zero divisors, but none of them is a Smarandache zero divisor.m

Smarandache power joined elements and triple identity rings

Proposition 3.1. Z,n is a power joined ring, where p is a prime and n = 2.
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Proof. Let x € Z,n». If p t x then by Euler Theorem [1], x?® =1 (mod p™) and if p|x,s0 x = kp for
1<k<p™!'—1,thenx™ =0 (modp™). Hence Z, is a power joined ring.m

Proposition 3.2. The ring Z o Where p is an odd prime, is a uniformly power joined ring.

Proof. Let x, y € Z , such that x # y, then by Euler Theorem x¢® = y?® =1 (mod p), which means
that Z pis a uniformly power joined ring.m

Theorem 3.3. Consider Z,,,, withm = p%q, (p, q are distinct primes), @ > 2. Then Z,,, is a power joined ring.
Proof. Let x € Z,, . There are three cases.
Case 1: pq |x, that is x is nilpotent, then x* = 0% (mod m).

Case2:i)0<x<pgandgq|x,s0x =rq.Puty =x+ pq. Then
y®9 = (qr +)* "

_ a a ay_ @) (p(@H)-1) @y
= g?@I (2@ 4 p(p*) re@I-1p +% re®9-2 52

= q?®Ir*®") (mod m) = x?®* (mod m).
ii)0<x<pgandp |x,s0x =sp.Puty =x + pq. Then

Y@ = (p(s + )"

— - 9(q) (p(a)-1) - -
= p9@ (s2@ 4 (q) s @1 g + L sP@D242 4 ...t 9(q) s q? D1 + p?@) (mod m)
= p?@s¢@ (mod m) = x?@ (mod m).

Similarly, for other cases whichare (t — 1)pqg < x <tpq,1 <t <p* L

Case 3) If ptx and g + x. In this case take 0 # y € Z,, such that gcd (y,pq) = 1, hence x®(M-1 =
y?m=1 = 1 (mod m).

S0 Z,, is a power joined ring.m

Theorem 3.4. Consider Z,,, with m = p*q , (p, q are distinct primes), « > 2. Then Z,, is a Smarandache
power joined ring.

Proof. Let A = {0, p, 2p, ..., p(p*1q — 1)} € Z,,. Clearly A is a subring of Z,, . It remains to show
that A contains a proper subset, which is a field. Let # be the principal ideal of Z,, generated by p%, that
is H ={0, p% 2p%, ..., (g — 1)p?}, which is a field [4]. Hence A is a Smarandache subring. Now it
remains to show that, for each x € A, thereis y € A such that x* = y* (mod m).

Let x € A . Then x =7 p, for some 0 <r < p* 1q— 1. So there are three cases for r, either r = q or
r<gqorr>aq.

Case 1: r = q this means that x = pq , take y = 0, then
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x%* = y%* (mod m).
Case 2: r < q or g <r.Suppose r < q.Put=pq + pr.Then

¥ = (p(g+ )"

a(a—1)

=p(q"+aq" i r+—

q* 21?4+ + aqr®l+r% (modm)
= p%r® = x%, then
x%* = y%* (mod m).

Similarly, for g < r. Therefore, Z,, is a Smarandache power joined ring.m

Theorem 3.5. Consider Z,,withn = p,% p,%2 ... p,,“™ q, (p;, q are distinct primes), o; =2 (1 <i <m),
then Z,, is a Smarandache power joined ring.

Proof. Let A = {0, p1 P2 ... Pms 2P1 P2 - P> -+ » B — D1 P2 - Pm} € Zqy, and clearly A is a subring of
Z,,. Let H be the principal ideal of Z, generated by y = p,% p,*2 ...p,,*m thatisH ={0,y,2v,...,(q—1) y}.
It is shown in [4] that H is a field. Therefore A is a Smarandache subring. Now, it remains to show that
foreach x € A thereis y € A suchthat x* = y* (mod n).

Letx € A . Then x =1 py pz ... py Tor some r. There are three cases for r, either r=q or r <gq or
r>q.

Case 1: r = g thismeans that x = p; p, ... pnq , take y = 0 then
Then x* = y* (mod n) where a = 1r£ias)r§1{ai}'

Case 2: r < qor g <r.Weprove for r < q.

Puty = p; vy ... Pmq + P1 P2 - Pm? - Then

y* = (p1 P2 - Pm(q + r))a where @ = max {«a;}

1<ism

a (a-1)

—— 4“7 r? 4t aqr®Tt+r®) (mod n)

=@1Pz- Pm)*(@% +aq* ' T+
= (p1 D2 - P)%r®* = x%, then
x% =vy% (mod n).
Therefore Z, is a Smarandache power joined ring.m
In what remains we study triple identity rings.
Proposition 3.6. The ring Z,,, where p > 5 prime, is a triple identity ring.

Proof. Let x , y be two nonzero elements of Z,, such that x +y # 0. We show that x , y and x + y satisfy the
identity xP 4+ y? = (x + y)P.

Now, (x + y)P
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p(p-1)
2!

xP +pxPly+ xP72y2 4+ ..+ pxyP~l +yP (mod p)

xP +yP (modp)=x+y
and xP + yP = x + y (mod p) by Euler Theorem. Thus Z,, is a triple identity ring.m
Proposition 3.7. The ring Z,, where p prime, is a triple identity ring.

Proof. Clearly p, p + 1, p? — (p + 1) are distinct elements in Z,2 \{0}. We show that this triple satisfy the
identity

P’ + @+ 1% =@ - (p+ 1))~
LHS=p?+(p+1)? = p>+p?+2p+1 =2p+1(modp?).
RHS=((p%—(p+1))>?
=p*—2p%(p+ 1)+ (p+1)? =2p+1(modp?)
Hence, Z,,2 is a triple identity ring.m
In general we have
Proposition 3.8. The ring Z,», p prime and n > 3, is a triple identity ring.
Proof. We will show that the triple p, 2p and 3p of distinct elements in Z,» \{0} satisfy the identity
p" +(2p)" = (3p)"
Now, p™ + (2p)"* = (1 + 2™)p™ = 0 (mod p™).
and (3p)™ = 0 (mod p™).
Which means that Z,,» is a triple identity ring. m

Lemma 3.9. If the group ring Z. G, where G is an abelian group has two nontrivial idempotent elements,
then Z, G is a triple identity ring.

Theorem 3.10. The group ring Z, G is a triple identity ring for a cyclic group G.
Proof: It is shown in [8] that the group ring Z. G contains at least two nontrivial idempotents. Now,

(1) If G is a cyclic group of an odd order m > 1, then

m-1 m-1

w=g+g+g+.+gz +gz "

+ ..+ g"tand 1+w
are nontrivial idempotents . By Lemma 3.9, Z G is a triple identity ring.

(2) If G isacyclic group of an even order 2n, then either n is odd or n is even. If nis odd then w = g* +
g* + .. + g% and 1+ w are nontrivial idempotents, so by Lemma 3.9, Z G is a triple identity ring.

If n iseven, we consider the triple 1, g, 1 + g in Z, G \ {0} to show that this triple satisfy the identity
12n + an — (1 + g)Zn.
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Now, 12" + g2 =1+ 1 =0.
and (1+ g =1+g?"=0.
Which means that Z> G is a triple identity ring.m

Theorem 3.11. Consider Z,, with n = p%*q , (p, q are distinct primes), « = 2. Then Z, is a Smarandache
triple ring.

Proof: Asshown in Theorem 3.4, A = {0, p, 2p, ... ,n — p} € Z, isa Smarandache subring of Z,. Now,
consider the distinct elements p, pq and pq + p in A. We will show that

p* +pq® = (pq + p)°.
Clearly p* + pq® = p* (mod n), and

a(a—-1)

(pq +p)* = (P* + a @) 'p+ =~ PP **p* + -+ alpg)(P)*~* + p* = p® (mod n).
Hence p* + pq®* = (pq + p)%, that is Z,, is a Smarandache triple ring.m
Finally, the following result is given.

Theorem 3.12. Consider Z,, with n = p,%1 p,%2 ... p,,*" q (p;,q are distinct primes), o; =2 (1 <i <
m). Then Z,, is a Smarandache triple ring.

Proof: Let A ={0, p; D2 ... Pm» 2D1 P2 - P> +-- » N — D1 P2 - P} € L. clearly A is a subring of Z,, .
Let H be the principal ideal of Z, generated by y = p,“ p,%2 ...p,,“m thatis H ={0, y, 2y, ..., (q—1) y}. It
is shown in [4] that H is a field. Therefore A is a Smarandache subring. Consider the triple p; p; ... Pm,
P1 D2 - Pmq and p; py ... Pmq + P1 P2 - Pm Which are distinct elements in A and let § = {rsl{as)’i{ai}.

Then

(@1 P2 - Pm)P + 0102 - Pm@)P = (D1 D2 - Pm)P (Mod 1),

and clearly (p; pz ... Pmq + P1 P2 - Pm)P =

- -1 —
1Pz - PP + B 1 P2 Dm@P @102 ) + B2 01 D3 o pm@P P @1 D2 o P)? + o+

By P2 - Pm@) @1 P2 - Pm)P ™t + (01 D2 - Pm)P = (P1 P2 - Pm)P(MoOd 1)

Hence (p; p - Pm)P + (01 P2 - Pm@)P = (01 D2 - Pmq + P1 P2 - Pm)P(Mod n), thatis Z,, isa
Smarandache triple identity ring.m
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