
Abdlhusein  

 

The New Application of the Cauchy Operator

 

Mohammed Abdali Abdlhusein

 

College of Education for Pure Sciences, Department of Mathematics, Thi

e-mail: mmhd122@yahoo.com 
 
 

 

Article info 

  

Abstract

Original: 23 Nov. 2014 
Revised: 21 Dec. 2014 
Accepted: 25 Jan. 2015 
Published online:   
             20 March  2015 
  

 In this paper, introduced new application of the Cauchy operator, where we   define 

a � �
operator, to derive the identities of 
represent

function, Mehler’s formula and Roger’s formula for 
we introduce an extension of the generating function, extension of Mehler’s 

formula and extension o

paper depending on the roles of the Cauchy operator given in [1,11].
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Introduction and Notation 
In 2008 , Chen and Gu [11] introduced the Cauchy augmentation operator for basic hypergeometric series, it 

was involves two parameters, so it can be consider as a general form of the 

They found that the Cauchy operator is suitable for the study of some terminating summation formulas of 

basic hypergeometric series and � �series identities and 

by operators was developed by Chen and Liu [7] and applied in more papers such as [1, 2, 3, 4, 6, 7, 9, 10, 

12, 13, 14, 15, 16]. 

In this paper we will use the limit technique of the Cauchy operator to represent the special ����; �� and derive their generating function

function, extended Mehler’s formula and extended Roger’s formula.

Let us review some common notation and terminology for basic hypergeometric series  in [12]. Throughout 

this paper, we assume that |�| 
 1, and  

��; ��
	 � 1,								��; ���	 � ��1�
��


where: 

��; ��� � ��; �������; ��� 	.																					
The following notation refers to the multiple ���, ��, … , ��; ��� � ���; ���	���
Also: 
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Abstract 

In this paper, introduced new application of the Cauchy operator, where we   define �polynomials ����; ��, then we represent this � �polynomials by Cauchy 

operator, to derive the identities of ����; �� in simple way, 
representation and the limit technique to introduce the basic identities:  generating 

function, Mehler’s formula and Roger’s formula for ����;
we introduce an extension of the generating function, extension of Mehler’s 

formula and extension of the Roger’s formula. All identities will be derived in this 

paper depending on the roles of the Cauchy operator given in [1,11].

In 2008 , Chen and Gu [11] introduced the Cauchy augmentation operator for basic hypergeometric series, it 

was involves two parameters, so it can be consider as a general form of the � �exponential operator 

They found that the Cauchy operator is suitable for the study of some terminating summation formulas of 

series identities and � �integrals. The method of represent the 

Chen and Liu [7] and applied in more papers such as [1, 2, 3, 4, 6, 7, 9, 10, 

In this paper we will use the limit technique of the Cauchy operator to represent the special 

and derive their generating function, Mehler’s formula, Roger’s formula, extended generating 

function, extended Mehler’s formula and extended Roger’s formula. 
Let us review some common notation and terminology for basic hypergeometric series  in [12]. Throughout 

, and   � � 0,  the  � �shifted factorial is defined by

��1� ����,								��; ���	 � ��1 � �������
��
 ,			� ∈

																																																																																				
The following notation refers to the multiple 	� �shifted factorials [12]:� �; ��� 	…	���; ���	, 
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In this paper, introduced new application of the Cauchy operator, where we   define 

polynomials by Cauchy 

in simple way, where we using this 
ation and the limit technique to introduce the basic identities:  generating � ; �� polynomials.  Also 

we introduce an extension of the generating function, extension of Mehler’s 

All identities will be derived in this 

paper depending on the roles of the Cauchy operator given in [1,11]. 

In 2008 , Chen and Gu [11] introduced the Cauchy augmentation operator for basic hypergeometric series, it 

exponential operator �� !"�. 
They found that the Cauchy operator is suitable for the study of some terminating summation formulas of 

The method of represent the � �series 

Chen and Liu [7] and applied in more papers such as [1, 2, 3, 4, 6, 7, 9, 10, 

In this paper we will use the limit technique of the Cauchy operator to represent the special � �polynomials 

, Mehler’s formula, Roger’s formula, extended generating 

Let us review some common notation and terminology for basic hypergeometric series  in [12]. Throughout 

: 

∈ �#. 
																�1.1� 

shifted factorials [12]:	
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���, ��, … , ��; ��� � ���; ���	���; ��� 	…	���; ���	. 
The � �binomial coefficients, or the Gaussian polynomials [12], are given by: 

$�%& � ��; �����; �����; ����� . 
The basic hypergeometric series r+1ϕr  are defined by [12]: 

 

r+1ϕr  '��, ��, … , �(#� �,  �, … ,  ( ; �, �) � ∑ ��1 ,�2 ,…,�,+1;�����, 1 , 2,…, ,;���∞��0 	��. 
The Cauchy identity [12] is defined as: 

/��; �����; ���
�
��
 	�� � ���; �����; ��� 	,							|�| 
 1.																																																																																							�1.2�	 
when � � 0,  (1.2) gives the Euler’s identity [12]: 

/ ����; ���
�
��
 	� 1��; ��� 	,					|�| 
 1.																																																																																																		�1.3� 
which has the following inverse relation [12]: 

/��1���'12)����; ���
�
��
 	� ��; ���	.																																																																																																											�1.4� 
The � �difference operator !" and the � �exponential  operator �� !"� are defined in [8] as: 

!"45���6 � 5��� � 5����� 	,												�7 !"8 � /� !"����; ���
�
��
 		. 

 

Proposition (1.1), [8]: Let !" defined as above, then: 

 

!"�4��6 � ��; �����; ����� 	����	.																																																																																																													�1.5� 
 
Chen and Gu [11]  defined the Cauchy operator as follows: 

 

Definition(1.2), [11]: Let !" defined as above, then: 

�7�,  ; !"8 � /��; �����; ���
�
��
 	� !"��	.		 

Cauchy operator is the reminiscent of the Cauchy identity (1.2), they obtained the following operator 

identities where they assumed that the operator acts on the parameter :: 

 

Proposition (1.2), [11]: Let  �7�,  ; !"8  defined as above, then: 

�7�,  ; !"84:�6 � /$�%& ��; ���
�

��
 	 �	:��� .																																																																																�1.6� 
�7�,  ; !"8 < 1�:=; ���> � �� =; ���� =, :=; ��� 	,																																																																																										�1.7�	 
where 	| =| 
 1. 
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�7�,  ; !"8 < 1�:@, :=; ���> � �� =; ���� =, :@, :=; ��� 	 2 A 1 '�		, :=� = 		; �,  @),																																				�1.8�	 
where	max	4	| @,  =|	6 
 1. 
�7�,  ; !"8 < �:F; ����:@, :=; ���> � 	 �� @, :F; ���� @, :@, :=; ��� 3A 2 G�		, :@		, F =⁄� @		, :F 		; �,  =I,																						�1.9� 
where 	max	4	| @,  =|	6 
 1. 
       In 2009, the author [1] used the Cauchy operator to derive the basic and extended identities for the 

homogeneous Rogers-Szegö polynomials, so he introduced the following operator identities, where the 

operator acts on a parameter :: 

 

Proposition(1.3), [1]: Let  �7�,  ; !"8  defined as above, then: 
 

�7�,  ; !"8 < :��:=; ���> � �� =; ���� =, :=; ��� 	/ $�K& ��, :=; ��L�� =; ��L 	 L 	:��L 	
�

L�
 ,																																							�1.10� 
where 	| =| 
 1. 
�7�,  ; !"8 < :��:@, :=; ���> � �� =; ���� =, :@, :=; ���//$�K& ��, :=; ��L#M 	�:@; ��L�� =; ��L#M 	��; ��M 	 L#M 	:��L 	@M,�

L�

�
M�
  

     																																																																																											�1.11� 
where  max4	| @|, | =|	6 
 1. 
�7�,  ; !"8 N:��:F; ����:@, :=; ���O � �� @, :F; ���� @, :@, :=; ���//$�K& ��, :@; ��L#M 	�:=; ��L 	�F =⁄ ; ��M�� @, :F; ��L#M 	��; ��M 		�

L�

�
M�
  

×  L#M 	:��L 	=M ,																																																																																		�1.12� 
where 	max4	| @|, | =|	6 
 1. 
�7�,  ; !"8 < 1�:@, :=, :F; ���> � �� =; ���� =, :@, :=, :F; ��� //��, :=; ���#L 	�:@; ���	� @�L� F���� =; ���#L 	��; ��L 	��; ��� 	 ,�

L�

�
��
  

     																																																																																											�1.13� 
where  max4	| @|, | =|	6 
 1.  
 

�7�,  ; !"8 N �:F, :Q; ����:@, :=, :R, :S; ���O � �� @, :F, :Q; ���� @, :@, :=, :R, :S; ��� / ��, :@; ��L#�#M 	�:=; ���#M�� @, :F; ��L#�#M	
�

L,�,M�
  

× 	�:R,Q S⁄ ; ���	�F =⁄ ; ��L� =�L� S��� R�M	�:Q; ���		��; ��L 	��; ���	��; ��M 															�1.14� 
where  max4	| @|, | =|	6 
 1.  
 

Operator Role and Basic Identities of T �Polynomials 

In this section, firstly we introduce new role of the Cauchy operator, then we state the definition of the � �polynomials ����; �� and represent this polynomials by a special case of the Cauchy operator. So we 

deriving the generating function, Mehler's formula and the Rogers formula of ����; �� depending on our 

representation and the roles of Cauchy operator. 
 

Theorem (2.1): Let the Cauchy operator �7�,  ; !"8  defined as above, we have: 
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�7�,  ; !"8 < 1�:@, :=, :R, :S, :F; ���> � �� @; ���� @, :@, :=, :R, :S, :F; ��� 

×////��, :@; ���#U#L#M�:=; ���#L#M�:R; ���#L�:S; ���		�� @; ���#U#L#M
�
M�


�
L�


�
U�


�
��


� F��� =�U� S�L� R�M��; �����; ��U��; ��L��; ��M 	, 
           													�2.1� 
where  max	4	| @|, | =|	6 
 1. 
 

Proof. 

�7�,  ; !"8 < 1�:@, :=, :R, :S, :F; ���> � / ��; ���	 ���; ���
�
��
 !"� 	< 1�:@, :=, :R, :S, :F; ���> 

� /��; ���	 ���; ��� /������� $�%&!"� 	< 1�:F; ���>
�

��

�
��
 !"��� 	< 1�:@�� , :=�� , :R�� , :S��; ���> 

� /��; ���	 ���; ��� /������� $�%&
�

��

�
��
 	 F��:F; ��� !"��� 	< 1�:@�� , :=�� , :R�� , :S��; ���> 

� 1�:F; ���//��; ���	 ����������; �����; ����� 	F��
���

�
��
 !"��� 	< 1�:@�� , :=�� , :R�� , :S��; ���> 

� 1�:F; ���//��; ���#� �#�����F���; �����; ���
�
��


�
��
 !"� 	< 1�:@�� , :=�� , :R�� , :S��; ���> 

� 1�:F; ���/��; ���	� F����; ���
�
��
 /����; ���	� �������; ���

�
��
 !"� 	< 1�:@�� , :=�� , :R�� , :S��; ���> 

� 1�:F; ���/��; ���	� F����; ���
�
��
 		����� ,  ���; !"� < 1�:@�� , :=�� , :R�� , :S��; ���> 

� 1�:F; ���/��; ���	� F����; ���
�
��


�� @��; ���� @, :@�� , :=�� , :R�� , :S��; ��� 

×///���� , :@��; ��U#L#M	�� @��; ��U#L#M
�
M�


�
L�


�
U�
 �:=��; ��L#M 	�:R��; ��L � =�U� S�L� R�M��; ��U��; ��L��; ��M . 

 
Which becomes the desired identity after using (1.1).  

 

Definition (2.2): Let the � �shifted factorial and Gaussian polynomials defined as above, then: 

����; �� � /$�%&	��; ��� .
�

��
 																																																																																																														�2.2� 
where the polynomials (2.2) is a special case of  � �bivariate polynomials ∅���, �; �� given by Carlitz [5]. 

the polynomials (2.2) can be represented by the Cauchy operator as follows: 

 

Proposition (2.3): Let the Cauchy operator �7�,  ; !"8 and the polynomial ����; �� are defined as above, 
we have: limY→��7�, 1; !"84:�6 �����; ��.																																																																																																							�2.3� 
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Proof. 

By using the definition of the Cauchy operator and identity (1.5).   

For example:  

Take � � 1 in proposition (2.3), get: 

L.H.S: 

� limY→��7�, 1; !"84:�6 � limY→�/��; �����; ���
�
��
 !�" 4:�6 � limY→�/��; �����; ���

�
��


��; �����; ����� :��� 

� limY→�/$1%&
�
��
 ��; ���:��� � limY→� '$10& ��; ��
	:� + $11& ��; ���	:
) 

� limY→�[ ��; ���	:���; ��
	��; ��� + ��; ����1 � ����; ���	��; ��
\ � limY→��: + 1 � �� � 2 � �	. 
R.H.S: 

����; �� � /$�1&	��; ���
�

��
 � $10& ��; ��
	 + $11& ��; ���	 
� ��; ���	1��; ��
	��; ��� + ��; ����1 � ����; ���	��; ��
 � 1 + 1 � � � 2 � �	. 
Now we derive the generating function after representing the polynomials ����; �� by (2.3) and using the 

identity (1.7) of the Cauchy operator. 

 

Theorem (2.4): (The generating function of ����; �� ), we have: 

/����; �� =���; ��� ��
��


��=; ���]�=; ���^� .																																																																																																		�2.4�	 
where  |=| 
 1.	 
 

Proof. 

/����; �� =���; ���
�
��
 � / limY→��7�, 1; !"84:�6 =���; ���	

�
��
  

� limY→��7�, 1; !"8	_/ �:=����; ���
�
��
 ` � limY→��7�, 1; !"8	< 1�:=; ���> 

� limY→� < ��=; ����=, :=; ���> � ��=; ���]�=; ���^�	. 
Here, we derive Mehler’s formula by using identity (1.9) of the Cauchy operator, where we can represent the 

polynomials  ����; �� by this operator according to (2.3) as limY→�	�7�, 1; !"84:�6	 or the 

polynomials	���a; �� as limY→�	�7a, 1; !"84:�6	 to get the following result. 

 

Theorem (2.5): (Mehler's formula of ����; ��), we have: 

/����; �����a; �� =���; ���
�
��
 � ��=, a=; ���]�=; ���^b 	 3A 2 '�		, a		, =�=		, a= 	; �, =),																																�2.5� 
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where  |=| 
 1. 
 

Proof. 

/����; �����a; �� =���; ���
�
��
 � / limY→��7�, 1; !"84:�6	���a; �� =���; ���	

�
��
  

� limY→��7�, 1; !"8	_/���a; ��	 �:=����; ���
�
��
 ` � limY→��7�, 1; !"8	< �a:=; ����:=, :=; ���> 

� limY→� <��=, a:=; ����=, :=, :=; ��� c c	 3A 2 '�		, a		, :=�=		, a:= 	; �, =)d � ��=, a=; ���]�=; ���^b 3A 2 '�		, a		, =�=		, a= 	; �, =). 
The Rogers formula of ����; ��	will be given by using (2.3) and identity (1.8) of the Cauchy 

operator. 

 

Theorem (2.6): (The Roger's formula of ����; ��), we have: 

/ / ��#���; �� =���; ��� @���; ���
�

��

�
��
 � ��=; ����@; ���]�=; ���^� 	 2 A 1 '�			, =�= 	; �, @),																			�2.6� 
where  	max	4	|=|, |@|	6 
 1. 
 

Proof: 

/ / ��#���; �� =���; ��� @���; ���
�

��

�
��
 � / / limY→��7�, 1; !"84:�#�6	�

��

�
��


=���; ��� @���; ��� 

� limY→��7�, 1; !"8	_/ �:=����; ���
�
��
 / �:@����; ���

�
��
 ` � limY→��7�, 1; !"8	< 1�:@, :=; ���> 

� limY→� < ��=; ����=, :@, :=; ��� 2 A 1 '�			, :=�= 	; �, @)> � 	 ��=; ����@; ���]�=; ���^� 	 2 A 1 '�			, =�= 	; �, @). 
 

An Extended Identities of 	ef�g; T� Polynomials 

In this section, we introduce three extended identities, the first is an extension of the generating 

function, the second is an extension of the Mehler's formula, and the third is an extension of the Rogers 
formula by using the roles (1.10), (1.11), and (1.12) of the Cauchy operator with our representation (2.3). 

 
Firstly, we derive an extension of the generating function after representing the polynomials ����; �� by (2.3) and using the identity (1.10) of the Cauchy operator. 

 

Theorem (3.1):  (Extended generating function of ����; ��), for % ∈ h, we have: 

/��#���; �� =���; ��� ��
��


��=; ���]�=; ���^�/i%Kj ��, =; ��L��=; ��L
�

L�
 .																																																																�3.1� 
where  	|=| 
 1. 
 

Proof. 
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/��#���; �� =���; ���
�
��
 � / limY→��7�, 1; !"84:�#�6 =���; ���	

�
��
  

� limY→��7�, 1; !"8	_:� / �:=����; ���
�
��
 ` � limY→��7�, 1; !"8	N :��:=; ���O 

� limY→�k ��=; ����=, :=; ���/i%Kj
�

L�

c c��, :=; ��L��=; ��L 	:��LO � ��=; ���]�=; ���^� 	/i%Kj ��, =; ��L��=; ��L

�
L�
 	. 

Setting  % � 0  in (3.1) , get the generating function (2.4) for  the polynomials ����; ��.  
        

        Now we give an extension of Mehler's formula after representing the polynomials ����; �� by (2.3) 

and using the identity (1.12) of the Cauchy operator. 

 

Theorem (3.2): (Extended Mehler's formula of ����; ��), for % ∈ h, we have: 

/��#���; �����a; �� =���; ���
�
��
 � ��=, a=; ���]�=; ���^b //i%Kj ��, =; ��L#M 	�=; ��L 	�a; ��M	=M��=, a=; ��L#M 	��; ��M

�
L�


�
M�
 				�3.2� 

where  |=| 
 1. 
 

Proof. 

/��#���; �����a; �� =���; ���
�
��
 � limY→��7�, 1; !"8 _:� /���a; �� �:=����; ���

�
��
 ` 

� limY→��7�, 1; !"8	N:��a:=; ����:=, :=; ��� O 

� limY→� 	k��=, a:=; ����=, :=, :=; ��� 	//i%Kj
�

L�

�
M�


c c��, :=; ��L#M 	�:=; ��L 	�a; ��M��=, a:=; ��L#M 	��; ��M 	:��L 	=MO 

The desired identity will be follows after substitute  : → 1 . 

Setting  % � 0  in (3.2) , get Mehler's formula (2.5) for  the polynomials ����; ��.   
          Finally, we introduce an extension of the Roger's formula by representing the polynomials ����; �� 
by the Cauchy operator according to (2.3) and using the identity (1.11) of the Cauchy operator. 

 

Theorem (3.3):  (Extended Roger's formula of ����; ��), for % ∈ h, we have: 

/ / ��#�#���; �� =���; ��� @���; ���
�

��

�
��
 � ��=; ����@; ���	]�=; ���^�//i%Kj ��, =; ��L#M 	�@; ��L��=; ��L#M 	��; ��M

�
L�


�
M�
 @M 

            				�3.3� 
where  max	4	|=|, |@|	6 
 1. 
 

Proof. 

/ / ��#�#���; �� =���; ��� @���; ���
�

��

�
��
 � / / limY→��7�, 1; !"84:�#�#�6	�

��

�
��


=���; ��� @���; ��� 
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� limY→��7�, 1; !"8	_:� / �:=����; ���
�
��


c c/ �:@����; ���
�

��
 ` � limY→��7�, 1; !"8	N :��:@, :=; ���O 

� limY→� N ��=; ����=, :@, :=; ��� c c//i%Kj ��, :=; ��L#M 	�:@; ��L��=; ��L#M 	��; ��M
�

L�

�
M�
 :��L@Ml 

� ��=; ����@; ���	]�=; ���^� 	//i%Kj ��, =; ��L#M 	�@; ��L��=; ��L#M	��; ��M
�

L�

�
M�
 	 	@M 	. 

Setting  % � 0  in (3.3) , get Roger's formula (2.6) for  the polynomials ����; ��. 
 

Another Extended Identities of  ef�g; T� Polynomial 

In this section, we continue in our technique to introduce some general extended identities involves a 3ϕ2 sum 

and 2ϕ1 sum in some cases. 

 

Theorem (4.1): Let the polynomial  ����; ��  defined as in (2.2), for �,m ∈ h, we have: 

/��#���; ����#��a; �� =���; ��� �
�
��


��=; ���/$mK & ��; ��L /$�n & �a; ��M
�
M�


�
L�
  

× 	�a=�M , �=�L#M; ����=, =�M, =�L#M; ��� 		 3A 2 [a�M 	, =�M	, �a=�M 	, �=�L#M 		; �, =�L\.																																																													�4.1� 
where  |=| 
 1. 
 

 

Proof. 

/��#���; ����#��a; �� =���; ���
�
��
  

� limY→��7a, 1; !"8	_:� /��#���; ��	�
��


c 	 c �:=����; ���	O 

� limY→��7a, 1; !"8	<:���:=; ����:=, :=; ��� c	 c/ $mK & ��, :=; ��L��:=; ��L
�
L�
 l 

� ��=; ���/$mK & ��; ��L
�
L�
 	 limY→��7a, 1; !"8 N:�	��:=�L; ����:=, :=�L; ��� O 

� ��=; ���/$mK & ��; ��L
�
L�
 limY→� _/$�n & �a; ��M

�
M�


c :��M7a=�M, �:=�L#M; �8��=, :=�M, :=�L#M; ���  

× c	 3A 2 [a�M 	, :=�M 	, �a=�M	, �:=�L#M 		; �, =�L\O.	 
 

Which get the required identity when : approuch to 1. 
 

Theorem (4.2): Let the polynomial  ����; ��  defined as in (2.2), we have: 
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/ / /��#�#���; ���
��


�
��


�
��


=���; ��� @���; ��� F���; ��� 

� 1�F; ���/ ��; ��L 	��=�L; ���	FL�=, @�L , =�L; ���	��; ��L
�
L�
 	 2 A 1 [��L 	, =�L�=�L 	; �, @\.																																												�4.2� 

where  max	4	|=|, |@|, |F|	6 
 1. 
 

Proof. 

/ / /��#�#���; ���
��


�
��


�
��


=���; ��� @���; ��� F���; ��� 

� / / /limY→��7�, 1; !"84:�#�#�6	�
��


�
��


�
��


=���; ��� @���; ��� F���; ��� 

� limY→��7�, 1; !"8	_/ �:=����; ���
�
��


c c/ �:@����; ��� / �:F����; ���
�
��


�
��
 ` 

� limY→��7�, 1; !"8	< 1�:@, :=, :F; ���> 
� climY→�k 1�:F; ���/ ��; ��L�=, :@�L , :=�L; ���

�
L�


c 	 	��=�L; ���	FL	��; ��L 2 A 1 [��L 	, :=�L�=�L 	; �, @\l 

� 1�F; ���/ ��; ��L 	��=�L; ���	FL�=, @�L , =�L; ���	��; ��L
�
L�
 	 2 A 1 [��L 	, =�L�=�L 	; �, @\. 

 

 

Theorem (4.3): Let the polynomial  ����; ��  defined as in (2.2), we have: 

/ / //��#�#�#M��; ���
M�


�
��


�
��


�
��
 	 @���; ��� =���; ��� R���; ��� SM��; ��M 
� ��@; ���]�@; ���^�	�=, R, S; ��� / ��, @; ��o#p#q	�=; ��p#q		�R; ��p��@; ��o#p#q

�
o,p,q�


		=o	Sp	Rq	��; ��o		��; ��p		��; ��q	. 
            �4.3� 
where  max4	|@|, |=|, |R|, |S|	6 
 1. 
 

Proof. 

/ / //��#�#�#M��; ���
M�


�
��


�
��


�
��
 	 @���; ��� =���; ��� R���; ��� SM��; ��M 
� / / //		limY→� 	

�
M�


�
��


�
��


�
��
 	�7�, 1; !"84:�#�#�#M6 @���; ��� =���; ��� R���; ��� SM��; ��M 

� limY→��7�, 1; !"8	_/ �:@����; ���
�
��


c c/ �:=����; ��� / �:R����; ���
�
��
 	/ �:S�M��; ��M

�
M�


�
��
 ` 
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� limY→��7�, 1; !"8	< 1�:@, :=, :R, :S; ���>	. 
By setting F � Q � 0, � � �  and   � 1 in (1.14) or setting F � 0	in (2.1) of the Cauchy operator, 

then : → 1, the desired identity follows. 
 

Theorem (4.4): Let the polynomial  ����; ��  defined as in (2.2), we have: 

/ / ///��#�#�#M#r��; ���
r�


�
M�


�
��


�
��


�
��


@���; ��� =���; ��� R���; ��� SM��; ��M Fr��; ��r 

� ��@; ���]�@; ���^��=, R, S, F; ��� / ��, @; ��o#p#q#s�=; ��o#q#s��@; ��o#p#q#s
�

o,p,q,s�

�R; ��o#q�S; ��o	Fo=pSqRs��; ��o��; ��p��; ��q��; ��s . 

            �4.4� 
where  max4	|@|, |=|, |R|, |S|, |F|	6 
 1. 
 

Proof. 

/ / ///��#�#�#M#r��; ���
r�


�
M�


�
��


�
��


�
��


@���; ��� =���; ��� R���; ��� SM��; ��M Fr��; ��r 

� / / ///limY→� 	
�
r�


�
M�


�
��
 	�

��

�
��
 �7�, 1; !"84:�#�#�#M#r6 @���; ��� =���; ��� R���; ��� SM��; ��M Fr��; ��r 

� limY→��7�, 1; !"8	_/ �:@����; ���
�
��
 / �:=����; ���

�
��


c c/ �:R����; ���
�
��
 	/ �:S�M��; ��M

�
M�
 / �:F�r��; ��r

�
M�
 ` 

� limY→��7�, 1; !"8	< 1�:@, :=, :R, :S, :F; ���>	. 
Which equals the required identity by using (2.1 ) and the parameter : approuch to 1. 
 

Theorem (4.5): Let the polynomial  ����; ��  defined as in (2.2), we have: 

/ / ��#���; ���
��


�
��
 ���a; �����S; �� =���; ��� @���; ��� 

� ��=, a=, S@; ���]�=; ���^b	]�@; ���^�	 / ��, =; ��L#�#M 	�=; ���#M 	��=, a=; ��L#�#M 	
�

L,�,M�

	�@, S; ���		�a; ��L 		=L 	@�#M	�S@; ���	��; ��L		��; ���		��; ��M . 

where  	max4	|=|, |@|	6 
 1.																																																																																																														�4.5� 
 

 

Proof. 

/ / ��#���; ���
��


�
��
 ���a; �����S; �� =���; ��� @���; ��� 

� limY→��7�, 1; !"8 _/���a; �� �:=����; ���
�
��


c c/ ���S; ��	 �:@����; ���
�

��
 ` 
� limY→��7�, 1; !"8 < �a:=; ���	�a:=; ���]�:=; ���^�	]�:@; ���^�	>	. 
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The desired identity will be followed by applying the role (1.14) of the Cauchy operator with setting � � �,  � 1, F � a=, Q � S@, R � S � @	 and  @ � =, then : → 1. 
Finally we introduce the following identity which is an extension of the previous identity (4.5) of ����; ��	polynomial.   

 

Theorem (4.6): Let the polynomial  ����; ��  defined as in (2.2), we have: 

/ ��#���; ����#L�a; ��	�
�,�,�,L�
 ���S; �����Q; �����5; ���L�t; �� =�@�:�,L��; �����; �����; �����; ��L 
� ��=, S=, Q@; ���]�=; ���^b	]�@; ���^�	 / ��, =; ��u#v#U 	�=; ��v#U	��=, S=; ��u#v#U 	 		�

u,v,U�

	�@, Q; ��v	�S; ��u	=u	@v#U�Q@; ��v	��; ��u	��; ��v	��; ��U 

× �a:, 5:, t,; ���]�:; ���^b	]�,; ���^�	 / �a, :; ��o#p#q	�:; ��p#q	�a:, 5:; ��o#p#q	 		�
o,p,q�


	�,, t; ��p	�5; ��q	:o	,p#q�t,; ��p	��; ��o	��; ��p	��; ��q .	 
where  max4	|=|, |@|, |:|, |,|	6 
 1.																																																																																															�4.6� 
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