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Introduction and Notation

In 2008 , Chen and Gu [11] introduced the Cauchy augmentation operator for basic hypergeometric series, it
was involves two parameters, so it can be consider as a general form of the ¢ —exponential operator T (bDy).
They found that the Cauchy operator is suitable for the study of some terminating summation formulas of
basic hypergeometric series and q —series identities and q —integrals. The method of represent the g —series
by operators was developed by Chen and Liu [7] and applied in more papers such as [1, 2, 3, 4, 6, 7, 9, 10,
12, 13, 14, 15, 16].

In this paper we will use the limit technique of the Cauchy operator to represent the special g —polynomials
Zn(x;q) and derive their generating function, Mehler’s formula, Roger’s formula, extended generating
function, extended Mehler’s formula and extended Roger’s formula.

Let us review some common notation and terminology for basic hypergeometric series in [12]. Throughout
this paper, we assume that || < 1, and q # 0, the g —shifted factorial is defined by:

oo n-1
(a;9)0 =1, (@;9)e = 1_[(1 —aq"h), (a;9), = 1_[(1 —aq®), nezt.
k=0 k=0

where:
a;q)w
(@D o
(aq™ @)
The following notation refers to the multiple q —shifted factorials [12]:

(a1, Az ey Qs Pn = (@ P (A2 Q)5 oo Qs D
Also:

(@ @)y =
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(alfa2' - Ay Q)oo = (al; Q)oo (azi Q)oo (am; Q)oo .

The g —binomial coefficients, or the Gaussian polynomials [12], are given by:
n] _ (4 Dn
Kl =

(@ Die(@ Dn-rc
The basic hypergeometric series .14, are defined by [12]:

¢ (Cl]_; az; ey ar+1 . x) _ 0 (al,az,...,ar“;Q)n xn
r+1@r blr bZ' ) br » Y - n=0 (q,b1.b2.---:br7Q)n '
The Cauchy identity [12] is defined as:
[ee]
(@D, (ax5q)o
X =—,
& (g D (% Qoo
when a = 0, (1.2) gives the Euler’s identity [12]:

x| < 1. (1.2)

i a ! ] < 1 (13)
= o 1X . .
S (@D (6w
which has the following inverse relation [12]:
[e9) k
(~1)*qE)xk
— = (6w (1.4)
(g
The g —difference operator D, and the g —exponential operator T (bD,) are defined in [8] as:
f(@ = f(aq) S (bD)"
D{f(@)} =——7—"—, T(bD,) = :
! a (bD2) £ (43 Dn

Proposition (1.1), [8]: Let D, defined as above, then:

(@ Dn -

Dg*{a"} = (@ Dk

(1.5)

Chen and Gu [11] defined the Cauchy operator as follows:

Definition(1.2), [11]: Let D, defined as above, then:

(@ @
— (¢ Dn
n=0
Cauchy operator is the reminiscent of the Cauchy identity (1.2), they obtained the following operator

T(a,b;D,) = (bD™.

identities where they assumed that the operator acts on the parameter c:

Proposition (1.2), [11]: Let T(a, b; Dq) defined as above, then:

7(a,b; D)™} = ) [] (@ @)y b* ek, (1.6)
k=0
_ 1 ) _ (abt;q)e
(@520 s A = G A7)

where |bt| < 1.
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1 (abt; @) a, ct
T(a,b; D = ! :q,bs ), 1.8
(a q) {(cs, ct; q)oo} (bt,cs,ct; Qe * " ( abt 14 S) (1.8)
where max { |bs, bt| } < 1.
(v Qoo } (abs, cv; q) (a cs, v/t )
T(a,b; D = ’ ’ :q,bt], 1.9
(a q) {(cs, ct; Qo (bs,cs,ct; Q) oo ° > abs , cv q (1.9)

where max { |bs, bt| } < 1.

In 2009, the author [1] used the Cauchy operator to derive the basic and extended identities for the
homogeneous Rogers-Szegd polynomials, so he introduced the following operator identities, where the
operator acts on a parameter c:

Proposition(1.3), [1]: Let T(a, b; Dq) defined as above, then:

ct (abt; @) (a,ct; q)] P
T(a, b; Dq){(ct q)w} et Z[ i et i (1.10)

where |bt| < 1.

[oe]

n
n :
T(a, b; Dq){ c }= (abt; q) o zz [n (a,ct;q)jv1 (S5 q); pitl en-i gl
(cs,ct;q)w) (bt cs,ct; @)oo e J1 (abt; q) 41 (45 @),
(1.11)

where max{ |bs|, |bt| } < 1.

7(a, b; D,) c"(cv; Qo | _ (abs,cv;q)w zz (a cs; @)y (ct; @) (W/t;q)y

T (es et Q) (bsyes et @) o (abs, cv; @) j+1 (G )
X pJtt ) tl, (1.12)

where max{ |bs|, |bt| } < 1.
_ 1 _ (abt; @) (a,ct; Qi+ (cs; @)y (bs)! (bv)*
7(a,b;Dy) {(cs, ct, cv; q)oo} (bt, cs, ct, cV; @)oo Z Z (abt; Qr+j (@ 9); (@ D
(1.13)

)

where max{ |bs|, |bt| } < 1.

CV, CW; ) o abs, cv, cw; q) o = (a,6559) jrisr (€6 Qpa
SRS N JCET BCER

(cs,ct,cu,cz; Q) ) (bs,cs,ct,cu, cz; q) o e (abs, cv; @) jyk+1
]' ) =

(cu,w/z;q) (/t; q);(bt)! (bz)* (bu)'
(ew; D (@9 (@ D (@59,

(1.14)

where max{ |bs|, |bt| } < 1.

Operator Role and Basic Identities of g —Polynomials

In this section, firstly we introduce new role of the Cauchy operator, then we state the definition of the
q —polynomials Z, (x; q) and represent this polynomials by a special case of the Cauchy operator. So we
deriving the generating function, Mehler's formula and the Rogers formula of Z,(x; q) depending on our
representation and the roles of Cauchy operator.

Theorem (2.1): Let the Cauchy operator T(a, b; Dq) defined as above, we have:

195



Abdlhusein / JZS (2015) 17-1 (Part-A)

T(a,b; D ){ 1 }_ (abs; q) o,
" (e, ct, cu, €z, cV; Q) o (bs, cs, ct,cu, ¢z, cv; q) o

X i i i Z (@, ¢s; Prrivjri(ct; Duajrilcy; Draj(cz; Q) () (b)! (bz) (bu)*
(i £ (@bs; @ +i+j+i (@O TG i@ ),

(2.1)
where max { |bs|, |bt| } < 1.
Proof.
1 > (a; q), b" 1

7(a,b;D,){ = (@@ b7 D" § |

(cs,ct,cu,cz,cv; Q) 4 CH™ (cs,ct,cu,cz,cv; Q)

n=

_ (@ @)n " X 1

1
= ~tn E k(k-n) [Tt Dk {—}D n—k { }
: (@ Dn £ Oq [k] T Wev; Qo) 1 (csq¥, ctqk, cugk, czq¥; q)
n= =

%) n
— (a; q)n bn Z qk(k—n) [Tl] v D n—-k { 1 }
(@G Dn & kI (cv; @) 1 (csq¥, ctq®, cugk, czq®; q)c,

n=0

1 Zw O (& q)n bR D, -k { 1 }

e —— v
(¥ Qoo — (@ D@ Dk 1 (csq*, ctq®, cugk, czq®; q) o
n=k

k=0

_ 1 Z (@ Q™ q 0" { 1 }
(Vi Quta (G Dul@ D * esqh ctqh, cugh, czq¥; )

_ 1 (@ @y b0 N (4" @)n (bg™)" { 1 }
(el @GO & (q; Dn © (csqk, ctqk, cugk, czq*; q) o

1 = a; bv)k 1
= (@ Dy (b) T(aq",bq"‘;Dq){ }
(ol (@ (csq¥, ctqk, cuqk, czq*; q) o
__ 1 (a; @) (bV)* (absq®; @) e
(v @)oo £ (¢;Qr  (bs,csq¥, ctqk, cuqk, czq®; q) o

o (aq®, ¢sq%; Qe (bt) (bz)’ (bu)"
xzz ctg®; q) ., (cugk; q); :
: L (absq¥; )iy (ctq”; @) (cuq®; 4); (@ D@D ;a9

Which becomes the desired identity after using (1.1).

Definition (2.2): Let the g —shifted factorial and Gaussian polynomials defined as above, then:
n

n
) =) o] G 22)
k=0
where the polynomials (2.2) is a special case of g —bivariate polynomials @, (a, x; q) given by Carlitz [5].
the polynomials (2.2) can be represented by the Cauchy operator as follows:

Proposition (2.3): Let the Cauchy operator T(a, b; Dq) and the polynomial Z, (x; q) are defined as above,
we have:

ICI_I)I} T(x,l;Dq){cn} =Z,(x; q). (2.3)
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Proof.

By using the definition of the Cauchy operator and identity (1.5).
For example:

Take n = 1 in proposition (2.3), get:

L.H.S:
B 11mT(x 1;D){c'} = lcl—r}}Z et Dkq{ = c—>1 r g: Z;Z (C(:;;)?ik e
=tim > [ cseet™ = tim ([¢] i ot + [[] i )

k=0

lim(c+1—-x)=2—x.

c—-1

< (q; 91 ct +(q; Q)1(1_x)>
= im @Do @1 (@)1 (@
R.H.S:

1
29 =) [1] G =[g] e +[}] s
k=0

_ (¢:9): 1 CHONC L))
@Do (@)1 (@1 (gD

Now we derive the generating function after representing the polynomials Z,,(x; q) by (2.3) and using the
identity (1.7) of the Cauchy operator.

=1+1-x=2—-x.

Theorem (2.4): (The generating function of Z,, (x; q) ), we have:

N " (e

D 2w = . 24)
P! (q

s On (6@ w]?
where |t| < 1.

Proof

Zzww

| (ct)" !
= 1C1_r>1}T(x,1;Dq) { . (@ D I— lim T(x, 1; D) {(ct; q)oo}

Z lim T(x 1; Dq){c"} )

c—-1

: { (Ot @)oo } (@)oo
= lim = > -
>1{(L, ¢t o) (6 @)ool
Here, we derive Mehler’s formula by using identity (1.9) of the Cauchy operator, where we can represent the
polynomials Z,(x;q) by this operator according to (2.3) as lin} T(x,1;D,){c"} or the
c—

polynomials Z, (y; q) as lirr} T(y,1;D4){c™} to get the following result.
c—

Theorem (2.5): (Mehler's formula of Z, (x; q)), we have:

n

:(xt,yt;q)oo (x, y, t )
@GDn GO P2\ at, ye 1Y)

Z Zn (6 9)Zn(v; q) (2.5)
n=0
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where |t| < 1.

Proof.

Zz AT Z lim 7(x, 1; D) (€™} Zn (3 @)

()n

=1lim7(x,1; ;) {Z Zn(; @) (E;t(;) }—llmT( 1;D,) {—y“' q)°°}
n=0

(ct,ct; Qo
~ lim {(xtyct'Q)oo " (x, y, ct )}_(xt,ytJQ)oo (x, y, t. )
c—>1 (t,ct,ct; Q) ° xt, yct 'V [(t;]® *7 2\ xt, yt s
The Rogers formula of Z,, (x; g) will be given by using (2.3) and identity (1.8) of the Cauchy

operator.

Theorem (2.6): (The Roger's formula of Z,,(x; q)), we have:

n Sm (xt; q)oo X t
+m 2 1 ’  q, ) 2.6
nZ,mz Znam (%3 4) (@ Dn (q; q)m (S Dol P ]? ¢ ( xt 4 S) (2.6)
where max { [¢],[s|} < 1.

Proof:

imi:: Znim(x; Q)(q

(ct)™ C (cs) 1
= 1C1_r>r11T(x L Dq) {n=0 (9 Dn v (q; Q)m} - lcl—r>r1lT(x L Dq) {(cs, ct; Q)oo}

n Sm

s™ +m
Dn (@ Dm nz Z M T (e 13D ™™ (q Dn (@ Dm

_ { (xt; q) oo
= l1im
c—-1

ct )}_ (xt; @)oo
(t,cs,ct; @)oo T

X (x , t )
= ;4,5 ).
9 CONCIP R
An Extended Identities of Z,,(x; q) Polynomials
In this section, we introduce three extended identities, the first is an extension of the generating
function, the second is an extension of the Mehler's formula, and the third is an extension of the Rogers
formula by using the roles (1.10), (1.11), and (1.12) of the Cauchy operator with our representation (2.3).

Firstly, we derive an extension of the generating function after representing the polynomials
Z,(x; q@) by (2.3) and using the identity (1.10) of the Cauchy operator.
Theorem (3.1): (Extended generating function of Z,(x; q)), for k € N, we have:
[o0]

;Zn+k(x; q) C q;i)n E:tqgl)w z [k] (gctt :)),j

where |t] < 1.

(3.1)

Proof.
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Z Zni(x; Q)

| (ct)" ‘
= 1C1_r>1}T(x,1;Dq) {ck (qi - I— limT(x,1;D,) { C }

c-1 (ct; @)oo

- iy éﬁfﬁ;;Z["] T ) G Z["] o

Setting k = 0 in (3.1), get the generating function (2.4) for the polynomials Z, (x; q).

th T(x,1;Dy){c"**} (q D

Now we give an extension of Mehler's formula after representing the polynomials Z, (x; q) by (2.3)
and using the identity (1.12) of the Cauchy operator.

Theorem (3.2): (Extended Mehler's formula of Z,, (x q)) for k € N, we have:
[00]

| " (Y5 Qe k166 Q) 4w (Ga); ) th
;zn+k(x, DIy D) 5= = e ZZ[ | Gt e G
where |t| < 1.
Proof.

;Znﬂc(x; DZ, ;@) (q;tq)n =1Cig}T(x,1;Dq){c";Zn(y; q) (th) ]

(@ Dn
Ck(th; Q)oo
= ]C1_r>111T(X 1; Dq) {m}

. (xt,yct; @) Zz [k] (x,ct;q) j+1 (ct;9); (v @) i tl}
=1 | (6, ¢t ct; Qoo (xt,yet; )i (4 Qs

The desired identity will be follows after substitute ¢ - 1.

Setting k = 0 in (3.2), get Mehler's formula (2.5) for the polynomials Z,, (x; q).

Finally, we introduce an extension of the Roger's formula by representing the polynomials Z, (x; q)
by the Cauchy operator according to (2.3) and using the identity (1.11) of the Cauchy operator.

Theorem (3.3): (Extended Roger's formula of Z,,(x; q)), for k € N, we have:

© | n ™M (xt; @)oo k1ot q) e (s5q); l
Znamse (% O s S T o 1 O ZZ[J Gt Qe @1

=0

3
o
3

(3.3)
where max { |t],|s|} < 1.

Proof.

Z (x; q) Z Z hmT x,1; D, ){c™tm+k}
_ Z mmHET @ On (@ Dim (e, 1:D,) (q Dn (@ D
=0 m=0 =0 m=0
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oo ((;t)n ®© (CS)m Ck
= lim T (x1;0,) { k 4 (@ O &= (a; q)m} = i T 1:00) {(CS'“F ‘J)oo}

[oe]

(Xt Q)w k (X ct; q)]+l(cs q)]
_lcﬂ{(t cs, ct; q)mzz[l] (xt; @) j+1 (g5 9) st

(xXt; @ oo kK10t q)ia (s5q9);
(5 Doo [(t; @)ool ZZ[ ] (ct; @)+ (45 @)y -

Setting k = 0 in (3.3), get Roger's formula (2.6) for the polynomials Z, (x; q).

Another Extended Identities of Z,(x; q) Polynomial
In this section, we continue in our technique to introduce some general extended identities involves a 3@, sum
and »¢; sum in some cases.

Theorem (4.1): Let the polynomial Z,(x; q) defined as in (2.2), for n,m € N, we have:

tk
D Zmss (6 e @) o = (at mZ HIE q),E[ [0t
%=0 49k
(vtq', xtq’*"; @)os yq', tq', x ;
6 tdh S ) & ytqt, xtgitt (T )
where |t| < 1.
Proof.

k

t
Zmsk (6 Qe (V; Q) —
kz=o m+k q)ln+k\Y: q (q’ q)k

(ct)* }
CH

i 7(y,1:,) {CLOCE D Z[ |Coctia)

c~1 (ct,ct; @)oo (xct; q)

= lirrll T(y: 1 Dq) {Cn Z Zin+i (%5 q)
co

m .
o my oo RN A O
= (6 ‘”“’Z) [j ] Gei); tim Ty 1 Dq){ (ct,ctq’; @)oo }
]:

m n n-1 l j+1
m c (ytq,xctqf ;q)oo
=(xt;q)ooz[j](x;q),-lcigq{zrll](y;q)l T

(t, ctq', ctq’*h @)
l
yq-, ctq , X
X iq,t
3¢2<th’, xetq/*t 1 q>}

Which get the required identity when ¢ approuch to 1.

Theorem (4.2): Let the polynomial Z, (x;q) defined as in (2.2), we have:
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m Uk

i Znomon (6 ) e
X; q
k=0 e (@ Dn (@G Dm (@ Dy

>

n=

o

- M

(x;:9); (xtq’; @)oo v’ xq’, tq’
J T s (4.2)

W e L (st e (@ 9); xtq)
where max { |t], |s], [v] } < 1.

Proof.

[0e]
tn sm Uk

D, sk ) g

=0m=0 k=0
o oo

- t" s™ vk
Z Z 11rr11 T(x, 1;Dq){c"+m+k} _

=0 =h =0 (@ Dn (@ Dm (@ Dk

B | o ()" ()™ (cv)k
= ]C1_r>111 T(X, 1 Dq) {n=0 (@D i (@& Dm P (q; Q)kl

li T( 1;,D ) { . }
= limT(x, v ((cs, ct,cv; Q) oo

1 (x;9); (xtq’; @)oo v xq/, ctq’
(CV:q)ooj_o(t,csqf,ctqf:Q)oo (Gq); 7' xtqg) "

3

1N @), @t ). v ¢< ¢, tqj,qs>
;Do 4 (6,507,473 D)oo (@:0); )

Theorem (4.3): Let the polynomial Z, (x;q) defined as in (2.2), we have:
d k 1

i i i A k+1(%; q) = - - -
A (@ O (G D (G D (359),

n=0m=0 k=0 1l=0

_ (x5 Qoo i 6,8 Darpry G Dpay WaDp t@ 28 w¥

(S Del? (U, 2 9)w o (XS; Dt pay (@G Da @GDp (@9,
(4.3)

where max{ |s|, |t], |ul, |z] } < 1.

Proof.
k l

y i iiz k+1 (6 q) ol i - a
e (% Dn (G Dm (@ D (@ D)

=0m=0 k=0 [=0

[ee]

- i i Z ) 11m T(x 1;D ){Cn+m+k+l} s" t™m uk 4!
= “ (@ Dn (@ D (@ D (45 9D

n=0m=0k=01
{‘” ()" O (O™ O (W) X (cz)l}
— (4 Dn 24 (@ Dm 2 (6 D &2 (@39

=1imT(x,1;D,)

c—-1
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=i T( 1;D ){ : }
_C1_r>111 X, 1, Uyq (cs,ct,cu,cz;q) o .

By settingv=w =0, a=x and b =1in(1.14) or setting v = 0 in (2.1) of the Cauchy operator,

then ¢ — 1, the desired identity follows.

Theorem (4.4): Let the polynomial Z, (x;q) defined as in (2.2), we have:
it k 1

o o o o em )
Z Z Z IZ Z Inamiceiry () (@ Dn (qtq)m (quq)k (qzq)z (qvq)p

n=0m=0 k=0

_ (XS; q)oo (X, S; Q)a+ﬁ+y+a(t; q)a'+y+a (u; Q)a’ﬂ/(Z; Q)a’ vatﬁzyuo
[(S; D)2t U, 2,75 @)oo wfoto (XS; Da+py+o CRABCHATICH M CH YA
(4.4)

where max{ |s|, [¢], [ul, |z], [v] } < 1.

i iiiz (x; q) s" tm uk z! vP
n+m+k+l+p X @G Dn(@GDm (GDe (@) (q; Q)p

k l

=222 Z lim (1 D){emrm i ;n (qt:)m TRy (qv:)p

O (O™ O (kO () O (ev)?
(q:q)mk (q:q)k (q q)z (q Dp

=0

- (cs)

(@ Dn m

=0 =0

- iy 130) |- )
P (x q) (cs, ct,cu, cz,cv; Q)

Which equals the required identity by using (2.1 ) and the parameter ¢ approuch to 1.

Theorem (4.5): Let the polynomial Z,(x;q) defined as in (2.2), we have:

Z Z Zim 6 Q) Zn (v ) Zn (2;.Q)

n=0m=0
_ (xtyt, 28 @) e (66 Q) jarsr (G D s,z :9); t/s
[t @) o] [(S; Do ]? e, @ty Dkt @S Ok (@) (@ Dr (@9),

Tl m

S
(G Dn (@G Dm

k+l

where max{ |t],|s| } < 1. (4.5)
Proof

Tl Sm
Z Z Znim (6 Q) Zn(v; )2 (2 q) @D @D

n=0m=0

. (et)" N (es)™
=161£r11T(x'1iDq){ZZ > ZOZm(Z: ) (qc;sq)m}
et @)oo (yct,q)oo }

[(ct; D oo]? [(c5; @) e)? )

= lim T(x,l;Dq){
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The desired identity will be followed by applying the role (1.14) of the Cauchy operator with setting
a=x,b=1, v=yt, w=2zs, u=z=s and s=t,thenc - 1.

Finally we introduce the following identity which is an extension of the previous identity (4.5) of
Zn(x; @) polynomial.

Theorem (4.6): Let the polynomial Z, (x;q) defined as in (2.2), we have:
thsMmckyd

(@ D@ Dm(@ Di(q;9);

Y Lm0 2 05 D) 2 D2 DZF D295 @)

nmk,j=0
[00]

_ Gzt ws; ) Z 6 Darpri G Dpei SW;@)p (29)g O P
[(& Del? [(s; Do ]? (xt, zt; @) qrp+i ws; Db (@ Do (@ Db (@5 9);

y (e, fe, 97 Qoo 0,6 Daspry G Dpry gD (F @)y cCrFY
[(¢; o] [(T5 ) ) . e, fC Daspry 9D (@ Da (@D (@9
where max{ |t|,[s], |c|,|r] } < 1. (4.6)

,b,i=0
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